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PREFACE TO THE THIRD EDITION 


The theory of communication circuits as presented in this textbook is 
intended as first-course material for all students of communication 
engineering, regardless of the frequency range with which they will be 
concerned. The basic principles of communication transmission lines 
and their associated networks are presented, covering the frequency 
range from voice frequencies through the very high frequencies which 
are coming into use today. Chapters XII, XIII, and XIV on Wave 
Guides and XV on Coaxial Cables apply entirely to the microwave 
region. Throughout the text, wherever the problem at hand could be 
appropriately applied to the high-frequency range this was done. 

Owing to the importance of the use of microwaves in the develop- 
ments which have taken place and which will continue to take place, a 
rather extensive treatment of microwave transmission by means of 
rectangular and cylindrical wave guides and coaxial cables is presented. 
This treatment has been included also because of the increasing impor- 
tance of a knowledge of Maxwell's equations. It seems clear that, as 
more progress is made into the field of the hyper-frequencies, every 
electrical engineering student should have at least an elementary knowl- 
edge of the field theory to provide him with the necessary background 
for more advanced work. The treatment presented herewith is designed 
to lead the student into the elements of this theory and at the same time 
to provide practical applications in modern high-frequency transmission. 

An effort has been made to cover the essentials of transmission and to 
lead logically to such subjects as filters, impedance matching, and wave 
guides. No attempt has been made, however, to present a complete 
treatment of any particular field. The books and periodicals to which 
references are made are suggested as additional reading material for 
those students who wish to progress further into the study of these sub- 
jects. The present work is written on the basis of two-dimensional 
fields in the development and use of equations, and at high frequencies 
a three-dimensional field arises which would alter certain concepts as 
presented in this text. However, to keep the work on an undergraduate 
level we choose to restrict it to a two-dimensional field basis. Also no 
account has been taken of the fact that a 2-wire line can become a 



vi 


PREFACE TO THE THIRD EDITION 


radiator of energy when the dimensions of the line are comparable to the 
wavelength of the transmitted frequency. 

A knowledge of calculus and the elements of a-c theory on the part of 
the student has been assumed. More advanced mathematics is needed 
for certain portions of the text, and such material, as needed, has been 
included in suitable appendixes which may be either assigned or omitted 
according to the students’ mathematical background. For those whose 
knowledge of electromagnetic theory is limited an appendix is devoted 
to the development, in a simple manner, of Maxwell's equations in the 
form in which they are most useful for the present treatment of wave 
guides and coaxial cables. The many examples which are introduced 
throughout the text and the chapter problems are designed to illus- 
trate definite points of the text material as well as to provide problem 
exercises. 

Since the text treats of communication circuits from the low voice 
frequencies through the microwave region it is believed that it will serve 
nicely as introductory material for any field of communication which the 
student proposes to enter. 

In revising the text for the third edition, the authors have sought to 
increase the usefulness of the book further by the addition of consider- 
able new material and by a change in certain treatments to conform with 
the procedures which are becoming standard now on account of the great 
advances made during World War II. Chapter I has been almost 
entirely rewritten and greatly improved. The chapter on impedance 
matching has again been extended and brought more nearly up to date. 
To conform with the content of more advanced courses the treatment of 
attenuation in wave guides has been based on Poynting’s theorem. An 
important advance is the addition of many new problems, and an exten- 
sion of the discussion in many places where experience of the past several 
years has indicated that such would be helpful. 

The authors wish to express their appreciation to Professor G. F. 
Corcoran of the University of Maryland, and to Professor T. J. Higgins 
of the University of Wisconsin, for their many valuable suggestions and 
aid given during the preparation of this third edition. 

L. A. WARE 
H. R. REED 

Iowa City, Ia. 

College Park, Md. 
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INTRODUCTION 


The transfer of information constitutes the basis of modem civili- 
zation. The theory associated with the operation of transmission lines 
is fundamental to the general problem of transfer of intelligence and 
arises in all forms of electrical communication systems. Not only is 
the theory important in communication but it also has its application 
in the equally important transmission of power. Only in communi- 
cation, however, due primarily to the wide range of frequencies involved, 
does it reach its greatest complexity and, it may be added, its greatest 
interest. It must be noted, however, that, of the two general types 
of electrical communication, (1) telephonic or wired and (2) radio or 
wireless, radio involves some of the most difficult of wire-transmission 
problems. Thus in any field where it is necessary to transmit informa- 
tion, the wire-transmission line is of basic importance and well merits 
the attention of every student of electrical engineering. 

The transmission of information differs in one important aspect from 
the transmission of power, and this point is one which has often been 
passed over too lightly. Basically, from a power standpoint, the 
telephone line is one of very low efficiency while the power line should 
be of very high efficiency. In order to understand this distinction it is 
advisable to consider briefly the essentials of telephone transmission. 
The only way in which a signal may be transmitted to a distant point is 
by producing at the distant receiving end a change of some kind which 
will be correctly interpreted as meaning a definite event at the sending 
end. In a power line under constant load and stable conditions the 
only thing known at the receiving end about the sending end is that a 
generator is operating at a certain frequency and at approximately a 
certain voltage. If the receiving-end voltage suddenly drops to zero it 
may be inferred that something has thrown the generator off the line or 
that the line has broken down. In any case the information available 
at the receiving end of a power line concerning the sending end is dis- 
tinctly limited. 

In the telephone line, using the term in the general sense of meaning 
any communication line, the information relayed to the receiver must 
be supplied in the form of fluctuations of voltage or frequency, or both. 
In the simplest case this may be brought about by using a key or 
switch at the sending end which will make and break the circuit in a 
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previously agreed manner for the various letters of the alphabet. This 
is the method of the telegraph line. On the other hand, the frequency 
and amplitude of the generated wave may be varied in such a way as 
to produce the sound of the voice at the receiver end. The important 
point is that a telephone line should, in general, be capable of trans- 
mitting unchanged, or nearly so, a rather large number of frequencies of 
varying amplitudes. With the telegraph line above mentioned there 
is still this problem of transmitting a wide frequency band because the 
square-top pulse produced by operating the key is made up of a very 
wide band of frequencies. In general, however, this band is inten- 
tionally limited in width to strike a balance between quality and cost 
of transmission. It is thus seen that a faithful reproduction of the 
sending-end wave, even if it involves only a very small amount of power, 
is all that is required at the receiving end. Thus we may not be as 
concerned about the power received as we are about the fidelity of 
reproduction. This is in distinct contradiction to the power line where 
power is the important element. It must not be thought, however, 
that receiver-end power in communication lines is to be disregarded. 

Communication transmission may be looked upon in two different 
ways. In a sense it is a problem in transients where it is required to 
find the shape of the pulse received when a given pulse is introduced at 
the sending end, or it may be, as is usually the case, a problem of 
transmission of a great number of frequencies each taken separately . 1 
Part of the problem is to show that if transmission phenomena can be 
determined for a single frequency, arbitrarily selected somewhere in 
the frequency range, they are solvable for the band of frequencies. 
This is true for the ordinary line except for the effects of such phe- 
nomena as interference and interchannel modulation. Thus to begin 
with there exists a single frequency problem whose solution must be 
approached through a series of simple developments. 

1 See Appendix I. 



CHAPTER I 

TRANSMISSION-LINE PARAMETERS 

Transmission-line problems are concerned with some combination of 
the four fundamental parameters: self-inductance L, wire-to-wire 
capacitance C y series resistance R, and shunt conductance G. The 
transmission of voice frequencies involves all four parameters since a 
transmission line is composed of the three interrelated circuits — the 
electric, the magnetic, and the dielectric. The electric circuit is formed 
by the wires of the line whereas the magnetic and dielectric circuits lie 
in the medium surrounding the wires. In transmission-line calculations 
the four parameters are assumed to be constants of the circuit ; that is, 
they are independent of the current which may be flowing through the 
line. The present treatment will be limited to linear circuits only. 

A transmission line, although appearing simple, is a somewhat com- 
plex circuit in which all four parameters, L, C, R , and G, are so inter- 
related as to lead to rather involved theoretical developments and to 
many difficulties in actual practice. 

The present chapter is concerned with a brief review of some of the 
facts connected with L, ( 7 , R , and G of a line. It is assumed that the 
student has already dealt with this material elsewhere, so that brevity 
may seem to be the rule. The aim is to arrive with as little disturbance 
as possible at the fundamental T and x configurations of sections of a line, 
and it should be kept in mind that these fundamental T and x sections 
are in reality the starting points for the major parts of this text. 

1. The Essentials of a Line. Two parallel wires of comparatively 
low resistance, properly supported and insulated from each other, make 
up the simple transmission line. On such a line it is only necessary to 
connect a suitable transmitter to one end and a receiver to the other. 
If the line is not too long, a change in the applied voltage at the sending 
end will be noted by an appropriate change in the reading of an am- 
meter at the receiving end. If a variable-frequency generator is con- 
nected to the sending end, a suitable piece of equipment connected at 
the receiving end will make a record of any change in either the fre- 
quency or the magnitude of the generated emf. Thus for a short line, 
little difficulty is encountered in the transmission of the requisite ele- 
ments of communication. 
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As the line is lengthened certain difficulties begin to arise. In the 
first place, if the line is very long and if any reference to circuit param- 
eters other than resistance is omitted for the present, it is found that 
the resistance alone soon becomes so great that a very high voltage 
would be required at the sending end in order to obtain a readable 
current at the receiving end. As an illustration, suppose that two lines 
are made of No. 19 AWG copper wire and the lengths of the lines are 
50 feet and 1000 miles. Assume identical generators having an internal 
resistance of 50 ohms and a generated emf of 10 volts to be connected 
to each line. (In order to obtain maximum current readings, a 
milliammeter of zero internal resistance will be assumed to be connected 
directly across the receiving end of each line.) The resistance of the 
50-foot line is 0.805 ohm, and the received current is 197 milliamperes, 
a value which is easily measured. The resistance of the 1000-mile line 
is 85,020 ohms, and the received current is 0.117 milliampere, a value 
which is below the range of the ordinary indicating instrument. The 
long line, therefore, is seen to require some kind of auxiliary equipment 
in order to make successful communication possible. 

Actually, as the line is lengthened, reactance due to self-inductance 
and reactance due to capacitance become serious. Also a certain 
amount of leakage of current from one wire to the other begins to be 
objectionable. Since the reactances are functions of the frequency 
transmitted, it is immediately seen that a new kind of difficulty has come 
into being because the transmission characteristics of the line, being 
functions of the reactances, become different for different frequencies. 
In the transmission of ordinary speech frequencies, for instance, part of 
the frequency range will be treated differently from other parts, that is, 
will arrive sooner or later, or will be of lower or higher relative intensity. 
It thus becomes necessary to investigate the fundamental parameters 
of a line in order to determine just how important they are in trans- 
mission-line calculations. 

2. Self-Inductance of Conductors in Terms of N$/i. The self- 
inductance of a conductor may be evaluated in terms of the self flux 
linkages ( 'N </> ) established by the conductor per unit current flow in the 
conductor. A unit flux linkage is one unit of magnetic flux linking with 
or* encompassing the entire conductor current. Thus </> ext shown in 
Fig. 1-1 represents a unit flux linkage with the conductor if 4> ext = 
B X A X = unity, because the flux in question links the entire conductor 
current. In a quantitative sense, <t> ext in the figure is distributed over 
the entire area ( dx *1). 

The flux 0in t shown in the figure encompasses only a fractional part of 
the entire conductor current and as such represents only a partial flux 
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linkage with the conductor. If the current density is uniform over the 
cross-sectional area of the conductor, <t> int encompasses or links with 
irx 2 /rr* fractional part of the conductor current, and hence N, in the 
expression L = N<j>/i, is reduced by the- ratio of irx^/n 2 to 1. The 
value of a: in the above fraction is of course less than or equal to r since 
internal flux linkages are being considered. 



Fig. 1-1. Elemental length of conductor showing and <f> ext . 


The concept of partial flux linkage is important in the calculation of 
inductance of all conductors since the internal flux linkages of a con- 
ductor are usually an appreciable percentage of the total flux linkages. 
This percentage is particularly high in coaxial cables at the lower 
frequencies. 

The inductance of the conductor shown in Fig. 1-1 due to the internal 
flux linkages is usually calculated on the basis of unit length of conductor 
and is 


U 


'int 




per unit length 


[ 1 - 1 ] 


where I is the total conductor current, 

B x = nop r H x (magnetic flux density), 

Ho = permeability of free space (4*- X 1CT 7 in rationalized mks units), 
Hr = relative permeability of the conductor material. 
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Since internal flux linkages are being considered where x < r, 


H x = 


2wx 


I* = 



(magnetic field intensity 1 ) 

I (the current linked by H x ) 


Thus in equation 1-1 becomes 


and 


jx 

iinUr ~ — 9 webers/ sq m 
2?rr 


(in mks units) 


Lint = MO Mr 



£ , MoMr 

- — 5 * ax = — — 

27rr 2 8 tt 


Mrl X 1(T 7 
2 


henry/meter 


[1-2] 

[1-3] 


where Mri is plainly the relative permeability of the conductor material. 

The self-inductance of the conductor per unit length due to external 
flux linkages from x = r to x = a is 

T ^Nd> r a ( DX(B x dx) . xl „ 

L ex t = £ — = / ; per unit length [ 1 ^] 

l Jr 1 

where 

— Mo VrHx — Mo Mr ~ (x > r) 

2ttx 


Hence L ext (from x = r to x = a) is 


_ MoMr ^dx _ MO Mr « 

27T Jr x 2 tt r 


[1-5] 


= 2 /i r 2 X 10 7 In - henry /meter [1— 6] 2 * 

r 

where Mr 2 is the relative permeability of the medium outside the con- 
ductor. 

1 In general, rationalized mks units are employed. In this system of units H is 
expressed directly in ampere-turns per meter and B in webers per square meter. 
H x — I x /2wx follows directly from the circuital law of magnetism; that is, the line 
integral of the magnetic field intensity taken around any closed path equals the 
current enclosed. 

2 Throughout this text the symbol In will mean logarithm to the base €, and log 

will mean logarithm to the base 10. 
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The total self-inductance of the conductor per meter length due to 
internal and external flux linkages out to x = a is L int + L ex ; or 

Laeif = + 2Mr2 In X 1(T 7 henry /meter [1-7] 

3. Self-Inductance of Parallel Wires. Communication lines, the 
type primarily under consideration in this text, are usually composed 
of two parallel wires, and as such it is necessary to derive an expression 
giving the total self-inductance of 
the pair. The flux set up by the 
current 7i of the two-conductor line 
shown in Fig. 1-2 may be divided 
into four components 3 : (1) inter- 
nal flux within the conductor itself, 

(2) flux passing between the two 

wires, (3) flux crossing the second p IG \-2. Parallel conductors having 
wire, and (4) flux surrounding both separation d. (/i equals I 2 in magnitude.) 
wires. Similarly, the second conduc- 
tor also sets up a flux which may be divided into corresponding component 
parts. The flux which surrounds both conductors does not link any net 
current and hence produces no flux linkages. Some of the flux which 
crosses the second conductor surrounds nearly all the current I 2 of the 
second conductor while some surrounds only a very small portion. The 
flux which passes between the wires links the total current 7i, and in 
determining the external flux linkages the integration is carried from 
x = r to x = d, the center of the second conductor, thus taking into 
effect, approximately, the flux linkages which have part of their paths 
through the second conductor. In more advanced texts it is proved 
that for nonmagnetic conductors this integration gives exact results. 

The self-inductance of a parallel-wire line, taking into consideration 
both conductors then becomes 

L = 2 + 2ifj, r 2 In ^ X 10“ 7 henry /loop meter [1-8] 

where a of equation 1-5 is now equal to d. If the conductors are of 
magnetic material a small error exists in this equation which becomes 
negligible when d » r. 

r 8 In general electromagnetic theory the basic definition of the inductance of a 
circuit is defined as that parameter which if multiplied by i 2 / 2 yields the energy W 
stored in the magnetic field of the circuit when carrying current i. Thus W — Li 2 / 2, 
or L » 2W/i 2 , and the calculation of L depends on the calculation of W rather than 
on flux linkages per unit current. Since, however, the flux-linkage concept is the one 
normally employed in elementary courses, it will be used here. 
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In terms of logarithm to the base 10, 

L = ^Mri + 9.210)Ur2 log X 10” 7 henry/loop meter [1-9] 
If nonferromagnetic materials are involved, as is usually the case, 

L = ^1 + 9.210 log X 10~ 7 henry/loop meter [1—10] 

or 

L — ^0.1609 + 1.482 log ^ X 10~ 3 henry/mile of line [1-11] 

As the frequency and radii of the conductors increase the internal 
self-inductance decreases in accordance with a relationship which is 
derived in Art. 11 and illustrated in graphical form in Fig. 1-9. At 
high frequencies where skin effect is very pronounced the internal 
self-inductance term of equations 1-8 through 1-11 is negligible, and 

d 

L = 4 In - X 10~ 7 henry/loop meter [1-12] 

r 


or 


L = 1.482 log - X 10 3 henry/mile 
r 


[1-13] 


for nonferromagnetic materials. 

As an illustrative example, calculate the inductance of a transmission 
line made of No. 19 AWG copper wires spaced 12 inches center to center. 
This wire has a radius of r = 0.01794 inch. The use of equation 1-11 
leads to the following : 


d _ 12.0 

r “ 0.01794 


669 


and 

L = (0.1609 + 1.482 log 669) X HT 3 
= (0.1609 + 4.19) X 10“ 3 
= 0.00435 henry/mile of line 

4. Self-Inductance of Coaxial Cables. In the coaxial cable one 
conductor is a hollow cylinder whereas the other is a cylindrical rod 
inside the outer cylinder and concentric with it. These two conductors, 
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being parts of the same circuit, carry the same current ; thus, if the 
current in one is /, the current in the other is — /. 

The self-inductance of the inner conductor L in is due to three distinct 
types of linkages. (See Fig. 1-3.) 



Fig. 1-3. Coaxial pair. 


(a) In the region from r = 0 to r = r lf the internal flux leads to an 
expression for self-inductance similar to equation 1-2, 

” 2 x Mrl X 10~ 5 * 7 

■ ^ — 2 • dx = 

2%r\ 


T f 
1 = MoMrl Jo 


TTX 

Trr\ 


henry /meter [1-14] 


(5) In the region from r x to r 2 , from equation 1-5, 

l] — /* — = 2/i r 2 X 10“ 7 X In — henry /meter [1-15] 

_j n 2ir fJn X T\ 

where a has been replaced by the radius r 2 . 

(c) In considering a linkage which lies between r 2 and r 3 it is noted 
that the current linked is all of the current in the inner conductor / in 
plus a fractional part of the current in the outer conductor. Again, on 
the basis that the current is uniformly distributed over the cross section 
of the conductor, the current linked is 



where / out = — / m . Accordingly the self-inductance for this region is 


“in 

r 

j — 

-In 


2tt 


A-x^_ 

r'i - r\ x 


M0Mr3 F’ r 3 - g* dx 
Jn r? — 


,T* 

2t r(r 3 - r 2 ) L r 2 2 J 


f Mr3 2 r| In — — 1 (r| — r|) X 10 7 henry /meter [1-16] 
i ~ r 2 _ r 2 2 
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The total self-inductance for the inner conductor thus becomes 


L in = 


Mr 1 


+ 


10r7 

henry/meter [1—17] 


The inductance due to the current in the outer conductor may be 
determined in a somewhat similar manner. In this derivation there will 
be only one term, that due to flux in the region between r 2 and r 3 , because 
a uniform current flowing in a hollow conductor cannot produce flux 
inside the cylinder. 4 The fractional part of a complete linkage of the 
flux at r = x with the current / out in the outer conductor is 

TX 2 — 7TT 2 x 2 — r\ 

mi - mi rf - rf 


The current producing the flux through the element dx is 
r rJ-mi 1 r ^ 2 — mi ] f rx 2 - mf ] 

[mi- mi Iout + Iin j Iml - m% J ' ' out ~ L mi- m 2 J 


2 1 out 

vr 2 

where I in = — /out- Thus the self-inductance of the outer conductor 
becomes < 

MoMr3 r n X 2 - r| X 2 — rl dx 
2ir Jn r| 

2/Xr3 


^out “ 


2 ^ 
T 2 X 




rp- 

Jn r 3 — 

henry/meter [1-18] 


4 


The total self-inductance of the coaxial pair is the sum of the expressions 
1-17 and 1-18. 


L = 


Mrl , 0 i r 2 | 

— + 2#tr2 m b 

2 r. 


2 ”~2 r ~ 2 - r3 ~ 2 In — + - r\ - J r§l| X 10 7 
-rivi-4 r 2 4 4 J| 

henry/meter [1-19] 


Equation 1-19 yields the correct total self-inductance of a coaxial line 
at low frequencies (uniform current densities in the conductor), but for 
practical values of r 2 and r 3 the third term is negligibly small, and so the 


4 This fact follows directly from the circuital law of magnetism since the line 
integral of free-space magnetic intensity around any closed path in a magnetic field 
is equal to zero, provided the path of integration does not link with a current-carrying 
region. The path of integration around the inside of the conductor would not link 
a current-carrying region; hence H is zero inside the conductor. 
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low-frequency self-inductance is expressed as 

L = + 2n r2 In ^ X 10 -7 henry/meter [1-20] 

If nonferromagnetic materials are employed, 

L = Q + 2 In X 10 -7 henry/meter [1-21] 

or 

L = ^0.08045 + 0.741 log ^ X 10“ 3 henry/mile [1-22] 

For very high frequencies and thus for high skin effect, the current is 
confined essentially to the inner surface of the outer conductor and to the 
outer surface of the inner conductor. This leads to a condition where 
there is practically no flux inside the inner conductor and where the 
effective thickness of the outer conductor is practically zero. Thus the 
terms in equations 1—17 and 1-18 reduce to the single term : 

L = 2nr2 In p X 10” 7 henry /meter [1—23] 

For nonferromagnetic material and using a for the radius of the inner 
conductor and b for the inner radius of the outer conductor, 

L = 2 In - X 1(T 7 henry /meter [1-24] 

a 

or 

L = 0.741 log - X 10” 3 henry/mile [1-25] 

a 

Note that the inductance as given by equation 1-25 is approximately 
one-half that for two parallel wires separated by a distance b as given by 
equation 1-11. 

Illustrative Example . The low-frequency self-inductance of a coaxial cable 
will be calculated giving the components of L !n and L 0 ut, thereby showing that 
equation 1-20 is valid for the particular cable being considered. For the 
coaxial cable ri = 1/64, r 2 = 1/8, and r 3 = 5/32, all in inches. 

From equation 1-17, for nonmagnetic materials 

^ - Is + 2 ln 'i + rTh [ H to l - l - ri) J x 

= (0.5 + 2 ln 8 + 0.239) X 10“ 7 = (0.5 + 4.16 + 0.239) X 10" 7 
= 4.899 X 10 -7 henry/meter 
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From equation 1-18, for nonmagnetic materials, 


2 T rfr 

2 2 2 

n - r 2 L r 3 - 


r ‘A ,r 3 I . 2 


-In (r§ + r|) X 10~ T 

fj ri 4 1 


>] 


= —0.074 X 10” 7 henry/meter 
L = L in -f Lout = 4.825 X 10~ 7 henry/meter 
From equation 1-20, for nonmagnetic materials, 

i *G +2i v;) xi0 '' 


= (0.5 -f 2 in 8) X 10“ 7 = 4.66 X 10~ 7 henry/meter 

It is to be observed that the net effect of the third term of equation 1-19 
is to add 0.165 X 10“ 7 to 4.66 X 10~ 7 henry per meter or an increase of 3.5 
per cent in the low-frequency value. 

The high-frequency value of self-inductance is given by equation 1-23 and 
for nonmagnetic materials is 

/, = 2 In - X 10~ 7 

n 

= 4.16 X 10~ 7 henry/meter 
which is 86.4 per cent of the true low-frequency value. 


6. Capacitance of Parallel-Wire and Coaxial Lines. Parnllcl-Wirr 
Lines . The capacitance of two parallel wires which are separated by 

more than 10 times the radius of 
the wires may be determined di- 
rectly from the basic definition of 
capacitance, namely : 

c = ^ 



In Fig. 1-4 it is only necessary to 

Fig. 1-4. Parallel conductors having assi gn +? units of charge per unit 
separation d. length to one conductor and — q 

units of charge per unit length to the 
other. A cylindrical Gaussian surface of radius x and unit length 
enclosing the +</ conductor will then be pierced by +# coulombs of 
electric flux, the density of which is 


D^ = 


coulombs/sq m 

2 TTX 


(where x> r) 


[1-26] 


The corresponding electric intensity vector at any distance x from the 
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center of the +g conductor is 


&+« = — 7 : — volts/meter 
+ e 0 € r 2irx 


[1-27] 


where 


€ 0 is the permittivity of free space ( — — —5 in rationalized mks units), 

\3o7r X 10 / 


e r is the relative permittivity of the medium between the two conductors. 

An expression similar to equation 1-27 may be written for S__ 9 and the 
voltage drop from A to B in Fig. 1-4 evaluated as 


_ q T r d ~ r dx F dyl 
e 0 € r 27rt Jr X Jd-r y J 
a d — r 

= In volts [1-28] 

e 0 € r 7T r 


where the first integral accounts for the effect of the charge on wire A 
and the second for the charge on B. Since the path of integration may 
be along any path connecting the two wires, the line connecting the 
centers of the wires is chosen since it is the simplest path. 

The approximate wire-to-wire capacitance per unit length of line is 


CWu, = Jr = = -^7 when d » r [1-29] 

V d — r d 

In In - 

r r 


(See Art. 6 where proximity effect is taken into consideration.) Or, in 
more convenient forms, 


C\ 


*r 


W>-tO-M' 


36 X 10 9 In 36 X 10 9 In - 

r r 


„ 27.78 €r . 27.78c r r/ , 

C w - to-» = — MMf /meter 

d — r d 

In In - 

r r 

„ 0.0194e r . 0.0194 €r r/ _ M 

C w— to- w , 3 ""TjT" mv mile 

d — t d 

log log- 

r r 


farad/ meter [1-30] 


[1-31] 


[1-32] 


when d^r. 

The above formulas for wire-to-wire capacitance have been derived by 
considering that the conductors are far removed from the ground plane. 
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If the wires are strung close to the ground plane, the presence of the 
ground increases the wire-to-wire capacitance to some extent. For 
example, two No. 0000 AWG wires spaced 8 feet, center to center, have 
a wire-to-wire capacitance of 0.0074 microfarad per mile, neglecting the 
presence of ground. If these wires are located only 10 feet above the 
ground plane, the wire-to-wire capacitance is increased by 1.3 per cent 
or to 0.0076 microfarad per mile. The per cent increase in the wire-to- 
wire capacitance of the ordinary communication line due to the presence 
of ground is usually negligibly small and is not considered further in this 
text. (For details, see Basic Electrical Engineering by G. F. Corcoran, 
p. 364, John Wiley & Sons, New York, 1949.) 


Illustrative Example. It is desired to determine the capacitance, wire to 
wire, in microfarads per mile, of a line constructed of No. 19 AWG wires 
spaced 12 inches center to center in air. For this wire and spacing, 


and 


d _ 12.0 

r ~ 0.01794 


669 


log - = 2.825 
r 


Equation 1-32 becomes, since e r = 1 

„ 0.0194 

2.825 


J IQ-tO-tD 


= 0.00687 /xf/mile 


Coaxial Lines. The capacitance of the 
two conductors of a coaxial line or pair, Fig. 
1-5, may be obtained directly from the deriva- 
tion given above for parallel-wire lines if it 
is observed that the charge on the outer 
conductor of the coaxial line establishes no 
electric field in the region between the con- 
ductors. (This follows directly from Gauss , 
theorem.) 

The expression for the electric-field inten- 
sity in the region between the two conductors 
is given by equation 1-27, and the voltage difference between the con- 
ductors due to the assigned + and — charges is 



Fig. 1-5. Coaxial pair. 
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The capacitance of the two conductors per unit length of line is 


r _ £ _ *o 
“ V h 
In - 

a 


H-34] 


or, in more convenient forms, 


Cco farad/meter 

[1-35] 

18 X 10 6 * * 9 In - 
a 


Cco - , M^f /meter 

In? 

a 

[1-36] 

„ 0.0388e r 

C co — MV mile 

0 

U-37] 


log- 

oi 


Illustrative Example. Let it be required to determine the capacitance of 
the coaxial cable given in the illustrative example of Art. 4 in which t r is unity, 
the dielectric being air. From equation 1-36, 

C co = = 26.7 wuf/meter 

In 8 

where a = ri = in. 

b = r 2 = in. 

or, from equation 1-37, 

C co = = 0.043 Mf/mile 

log 8 


6. Parallel-Wire Capacitance Taking Proximity Effect into Consider- 

ation. If the center-to-center separation of the cylindrical conductors 
shown in cross section in Fig. 1-6 is less than about 10 times the radius 

of the conductors, the attraction of the +? and —q charges effects a 
sensible redistribution of the line charges which in turn affects the wire- 
to-wire capacitance to some extent. The redistribution of charge is 
indicated in Fig. 1-6 by s < d where $ is the separation of the line 
charges which are employed to represent the actual charge distributions 
present on the cylindrical conductors. (In the derivation of equation 

1-29, it was tacitly assumed that the actual surface charges could be 
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replaced with line charges which coincided with the centers of the 
conductors.) 

In Fig. 1-6, the potential difference between surface 1 and surface 2 
due to both the +q and — q line charges, is 

Fj 2 = 2 (-2- In V) = ;36 - ~ — In —} volts [1-38] 

\27T€o6 r a / 6 r a 

The potential difference V 12 is of course a constant and could be eval- 
uated directly, provided b ' and a were known. Since b' and a are 
unknown at this stage of the derivation, it is desirable to show that with 
the line charges separated by a distance s there exist equipotential 



Fig. 1-6. Redistribution of charge for calculation of proximity effect. 


surfaces which are circular in cross section, one pair of which has centers 
located at x = d/2 and x = —d/2. And these two equipotential sur- 
faces are of exactly the correct size to accommodate the two line con- 
ductors which are themselves equipotential surfaces. To this end, the 
potential at any point in the vicinity of the two line charges, such as 
point P in Fig. 1-6, is written as 


y p — — j n ^ vo j£ s ( ( j ue +0 and —q) [1—39] 

€r a 


For Vp to be constant, 



a 


[1-40] 


where k is a constant to be determined. 

It follows from Fig. 1-6 that 

b = \l(i + x ) +y2 and ° = ~ x ) + y2 
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From equation 1-40, 

(j + *) +y 2 = fc 2 - *) + j/ 2 ] [i-4i] 

It follows that 


(fc 2 + 1) 
(k 2 - 1) 


•sx + 


where the 


(fc 2 + l ) 2 

(k 2 - l) 2 


4 


(k 2 + l) 2 s 2 s 2 (k 2 + l) 2 s 2 

(k 2 - l) 2 ' 4 + V 4 + Q k 2 - 1) 2 ‘4 

[1-42] 

term has been added to both sides of the equa- 


tion in order to complete the square in x. Equation 1-42 may be 
written as 



(k 2 + 1 ) si 2 
(J k 2 - 1) # 2_ 


+ y 2 




Jcs l 2 
(k 2 - 1). 


[1-43] 


thus showing that the cross section of the equipotential surfaces estab- 
lished by the +g and — q line charges are circles. The conductor 
equipotential surfaces have radii equal to r ; hence 


r = 


k 2 - 1 


[1-44] 


Since the center of the +q conductor is known to be at y = 0 and 
x = d/2, it follows from equation 1-43 that 


d k 2 + l s 
2 = k 2 - 1*2 


[1-45] 


Solving equations 1-44 and 1-45 for k in terms of the known values of 
d and r, there is obtained 



C = 


V12 


3OXlO»,„(! + N /(0-l) 


farad/meter [1-48] 


6 The use of the minus sign before the radical leads to a mathematical incongruity. 
When d is large compared to r, equation 1-48 reduces immediately to equation 1-30, 
but such is not the case if the minus sign is used before the radical. 
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Equation 1-48 yields results which are somewhat more accurate than 
the results obtained by equation 1-30, but where d is large compared to 
r the difference is negligible. 

Equation 1-48 may be expressed in terms of the inverse hyperbolic 
cosine® of d/2r. Since tables of hyperbolic functions are readily avail- 
able (see Appendix IX), the following form of equation 1-48 may be 
used to advantage : 

C = <r “farad/meter [1— 48a] 

36 X 10 9 cosh" 1 - 

2 r 


Illustrative Example. In Fig. 1-6 it will be assumed that the conductors 
are surrounded by air (e r = 1) and that d = 4 cm and r = 1 cm. Let it be 
required to find the capacitance of the two conductors per meter length by 
means of equations 1-31, 1-48, and l-48a, recognizing that equation 1-31 can 
yield only an approximate result since, in this case, the proximity effect 
cannot be neglected because of the low ratio of d to r. 

The approximate result obtained by means of equation 1-31 is 


^w — to—tc — 


27.78 


In 


d — r 


27.78 
In 3 


27.78 

1.1 


25.2 MMf/meter 


From equation 1-48, 
C W — to— 10 = 


10 12 


10 3 


36xl0 ’ ,n [l + \/(l)’- 1 ] 3tu " 


[2 + V 2 2 - l] 


27.78 27.78 


In 3.73 1.317 


= 21.1 nnf /meter 


e* 4- r* 

6 The hyperbolic cosine of x (abbreviated cosh x) is by definition (See 


Appendix III and Appendix IX.) 
If 


cosh x - € “ — then c 2 *— -«* + 1 = 0 

2 2r r 


and 


(£ + yj (£ )'-») 



SERIES RESISTANCE 


17 


From equation 1-488, 

('tc—to—u — 


10 12 


36 X 10“ cosh“ l — 
2r 


10 « 


27.78 


36 X cosh" 1 2 1.317 


= 21.1 ppf/meter 


where cosh -1 2 is obtained from the tabular values given on page 389. 

7. Series Resistance. It is in the series resistance of a current- 
carrying line that the greatest percentage of the line loss occurs. The 
loss in question is the result of the irreversible transformation of electric 
energy to heat energy in the series resistance. If this loss is to be 
properly accounted for, the series resistance must be evaluated as 
accurately as possible for the particular conditions under which the line 
is operating. 

The series resistance is a function of both the operating temperature 
and the operating frequency as well as the size of the line conductors 
and the conductor material. It will be remembered that in general for 
direct currents 

R = PJ [1-49] 

where p is the resistivity of the conductor material, 
l is the length of the conductor, 

A is the cros8-8ectional area of the conductor. 

As applied to a loop of a two-conductor line of length l, 

l l 

Sloop = Pi ~r + P 2 ~t~ [1-50] 

A\ A 2 

where the subscripts 1 refer to one of the two conductors and the sub- 
scripts 2 to the other. 

In practice the unit length of l is often selected as 1 foot and the unit 
of A is selected as 1 circular mil. In this case p is expressed in ohm- 
circular-mils per foot, which for standard annealed copper is 10.37 ohms 
at 20°C. For hard-drawn copper (97.3 per cent conductivity), p is 
10.66 ohm-circular-mils per foot at 20°C. (See Appendix VIII for table 
of standard annealed copper and hard-drawn copper conductors.) 

The value of p and hence of R varies considerably with temperature. 
For the case of copper the variation in resistance with variation of tern- 
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perature can be accounted for quite accurately by means of the following 
relationship: 


/?2 240 “b t 2 
R\ 240 + t\ 


[1—51] 


where R\ and R 2 are the resistances at the temperatures t\ and t 2 degrees 
centigrade, respectively. The number 240 in equation 1-51 is actually 
the reciprocal of the zero-degree-centigrade value of the temperature 
coefficient of resistivity. The coefficient is 0.00427 for annealed copper 
and 0.00415 for hard-drawn copper ; hence 240 represents a compromise 
between these two grades of copper. 

In derivations which are carried out in mks units it is sometimes 
desirable to know the resistivity of the material in ohm-square-meters 
per meter. If the resistivity in ohm-circular-mils per foot ( p cm /) is 
known, it follows that the resistivity in ohm-square-meters per meter 

GO is 


Pm ~ Pcmf 


/ sqm V ft \ 
\cir mils/ \meteiv 


= Pcmf ( 5.06 X 10 -10 )(3.28) 
= 16.6 X 10 - 1( W 


For the case of hard-drawn copper the resistivity is 
Pm = 16.6 X 10“ 10 X 10.66 

= 1.77 X 10~ 8 ohm-square-meter /meter at 20°C 


It is this value of p which is used in the following two sections where 
the series resistance is considered as a function of frequency. A dis- 
cussion of resistance variation with temperature at high frequencies is 
given in “ The Transmission Characteristics of Open-Wire Telephone 
Lines,” by E. I. Green, B.S.T.J., Oct. 1930. 

Illustrative Example. Let it be required to determine the resistance per 
1000-foot loop of line made up of concentric cylindrical conductors having a 
No. 14 hard-drawn copper conductor for the inner cylinder and a hard-drawn 
copper tube of ri = 0.10 in. and r 3 = 0.130 in. for the outer cylinder. Resist- 
ance to be determined at an operating temperature of 35°C. 

From the wire table the resistance per 1000 feet of No. 14 hard-drawn 
copper conductor is 2.595 ohms at 20°C. 

I 

For the outer conductor use P2 — from equation 1-50. 

A 2 
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where At = d\ - d\ = 260 s - 200 2 = 27,600 cir mils 

From equation 1-50, 

#ioop = 2.595 + 0.386 = 2.981 ohms at 20°C 
To determine the resistance at 35°C use equation 1-51 : 

240 + t 2 

R ' oov ~ 240 + h XRl 

24Q _l qk 

= - - - -- - X 2.981 = 3.153 ohms at 35°C 

240 + 20 

8. Change in Resistance and Inductance Because of Skin Effect. When 

a wire is carrying an alternating current or in general any current whose 
magnitude is varying, the current has a tendency to crowd toward the 
surface of the wire. This phenomenon is called skin effect. The reason 
for its existence may be seen from the following elementary analysis. 
Assume the wire to be divided into a large number of very small circular 
elements all exactly alike and parallel to the conductor axis. Assume 
also that the wire is carrying a current which is uniformly distributed 
throughout the cross section and that this current begins to increase in 
value. The elements near the axis have more flux encircling them and 
hence have a higher self-inductance (because of the higher number of 
flux linkages) than those near the surface. Hence an easier path for 
current will lie toward the surface of the conductor, and since the 
material is uniform, the current will seek to flow along the paths of least 
impedance. 

Another concept of skin effect may be explained in terms of RI and 
XI drops. The drop over any unit length of each of these elements, 
since they are in parallel, must be the same for all. Therefore, because 
of the higher inductance and hence higher resultant voltage drop near 
the center of the wire, there must be higher RI drop near the surface. 
Since the resistance of all elements is the same, it follows again that the 
current near the surface must be greater. Hence there must be a redis- 
tribution of current throughout the wire when a current of variable 
magnitude is flowing. An increase in current in the outer portions of 
the wire will cause a greater heat loss than the reduction due to a decrease 
of current near the center. This redistribution of current must result 
in an increase of total conductor resistance since effective resistance is 
defined in terms of heating effect, which is proportional to current 
squared. 

The correction factor to apply to solid round wires to account for the 
redistribution of current due to skin effect is shown in Fig. 1-7 where the 



20 


TRANSMISSION-LINE PARAMETERS 


ordinate represents the ratio of the effective a-c resistance, #«<?, to the 
zero frequency or d-c resistance, Rdc- (The derivation of the results 
shown in Fig. 1-7 are given in the following sections.) 



Fig. 1-7. Correction factor for skin effect for solid round wire to be applied to 

resistance. 


The ratio R ac /Rdc is a function of the frequency, the conductor mate- 
rial, and the radius of the conductor. These variables are usually 
grouped together as indicated by mr on the abscissae of Fig. 1-7, where 


mr = 



(in rationalized units) 


[1-52] 


and r is the radius of the conductor. 



co = 2 rf (radians/sec) 

n = mo Mr (the product of the permeability of free space and the 
relative permeability of the conductor material) 

p = resistivity of the conductor material 
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The product mr may be evaluated in any systematic set of units since it 
is a dimensionless factor, 7 but, if unrationalized units are employed, it is 
necessary to use m = Vijrwjt/p. The reason for the difference in the 
forms for m will become evident after the derivation of Rae/Rde is con- 
sidered. (See Art. 9.) 


Illustrative Example. In order to illustrate the use of Fig. 1-7 let it be 
required to find the resistance of 1000 feet of No. 10 AWG hard-drawn copper 
conductor at 20°C operating at a frequency of 4 megacycles. (See Appendix 
VIII for the dimensions and d-c resistance of the conductor.) 

In rationalized mks units, the known data are 

r = X 0.0254 = 0.001294 meter 

2 

M = no = 4tt X 10“ 7 (since Hr of copper is essentially unity) 
p = 1.77 X 10“ 8 ohm-sq m/meter (See Art. 7.) 

(a = 2 irf = 87r X 10 6 radians/sec 
Rde = 1.027 ohms 

hence 

“■ ■ ( t X l 1 .77 X W-» ~) U 294 * llr ‘ , * M ' 7 


The ratio R ac /Rde for mr = 54.7 is found from the B scale of Fig. 1-7 to be 19.6 
and R ac = 19.6 X 1.027 = 20.1 ohms. 

The same result might be obtained employing any other set of systematic 
units. In the unrationalized ab-cgs system, for example, where 


m 




and 


'4 TTOl/l 

P 

Mo = 1 

p = 1.77 X 10 3 abohms-sq cm/cm 


mr 


U 


4x X 8x X 10* X 
1.77 X 10* 


> 


1294) « 54.7 


7 Knee mo is dimensionally F l I~ 2 (where F represents force), Mr is dimensionless, 
and to is dimensionally T~ l y it follows that 








or, since RI 2 is dimensionally equal to F l l l 3P"" 1 , 

It-'fH 1 Jt-'fH 1 
~ yjFH'T- 1 


mV 1 *■ 
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which is the same as that obtained when rationalized mks units are em- 
ployed. 

The reason for the dual evaluation of mr is to e mphasize the fact that 
m — a/ o>m/p in rationalized units and rrt = VAttojju/p in unrationalized units. 
Both forms of m appear in the literature. 

9. Derivation of R ac /Rdc> Consider any cylindrical element of a solid 
round conductor which has a radius x and an axial length of unity. A 
cross-sectional view of one such element is shown by the abdc rectangle 



Fig. 1-8. Showing cylindrical element of solid round wire. 


in Fig. 1-8. Qualitative reasons for the difference in current density J 
at radii of x and (x + dx) were given in Art. 8. Mathematically, 

J is the current density at a distance x from the center ; 

( J + — dx ) is the current density at a distance ( x + dx) from the center. 
dx ) 

It should be recognized that in general J (or J) is a function of both x 
and time t. 

If the frequency of the alternating current carried by the conductor is 
fairly high, an appreciable d<t>/dt voltage is generated in the abdc loop of 
Fig. 1-8 which for voltage equilibrium requires unbalanced RI drops 
along the ab and cd paths. These RI drops may be written on a unit 
length basis as 


RabI ab — P . I ab P*J 

A 


[ 1 - 53 ] 


RcdJ cd — P A ‘%cd 
A 


-'(■ 


J H dx 

dx ) 


[ 1 - 64 ] 


dl (around any closed loop) 

dt 
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we may write 

Rablab - Re Jed = pJ ~ p (j + ^ dx^ = [1-55] 


or 


from which 


dJ dB x dpH x 

p — ax = —— dx — — — ax 
dx dt dt 


dJ dH 

p — = n (assuming n constant) [1-56] 


dx 


dt 


If rationalized mks units are employed, 


H x = ampere-tums/meter 


U-57] 


where I x is the current enclosed within the irx 2 portion of the conductor 
area or the current which establishes H x . 

Recognizing that J is a function of x as well as of t> 


’-Jl 

From equations 1-57 and 1-58, 


J2irxdx 


[1-58] 


xH 3 


-jT 


Jxdx 


[1-59] 


If this equation is differentiated with respect to x } there is obtained 

dHx u r 

x — h H x = Jx 

dx 


or 

dH x ,H x _ r 
dx x 

which if differentiated with respect to t yields 

d 2 H x i dH x dJ 
dxdt + x ' dt ~ dt 

Equation 1-56 rearranged gives 

dH x 


[1-60] 


[1-61] 


p dJ 
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and, differentiated with respect to x, 

d 2 H x _ p d 2 J 
dtdx p dx 2 


[1—63] 


Substituting the above values for dH x /dt and d 2 H z /dxdt in equation 
1-61, an equation in J is obtained 

d 2 J 1 dJ p dJ 
-j4--— = 0 


dzf 


x dx p dt 


[1—64] 


If the current in the conductor is a sinusoidally time-varying current 
having an angular frequency of o>, J may for analytical purposes be 
represented as J x ^ wt where e ju1 = cos o>t + j sin ut and J x is a function 
of x only. Under these conditions equation 1-64 becomes 


d 2 J x 1 dJ x . wp 

—2 + ”•"7 J — Jx 

dx z x dx p 


= 0 


[1-65] 


where ./( = V — 1) is used in its customary sense to mean an operator 
which advances the time phase of a complex quantity through 90°. 

Equation 1-65 is a Bessel's equation which defines the current dis- 
tribution within the conductor, and a solution of this equation will yield 
the results shown in Fig. 1-7. This equation is customarily written as 


d 2 J x 

dx 2 


, 1 dJx . o r ^ 

4 jm 2 J x = 0 

X dx 


[1-66] 


where m = V «p/p, and, since this derivation has been performed in 
terms of rationalized units, the value of p to employ is X 10“ 7 if the 
mks system is used. 

10. Solution of Equation 1-66. If m in equation 1-66 is assumed to 
be constant for any specified conductor, a solution of this equation for 
J x takes the form : 

J x — Q o 4~ d\x 4- 4” ® 3 *e 3 4” 04# 4 4~ flg # 6 4“ 4" U 7 X 7 4“ Q&cP 

+ ■•• [1-67] 

—jm?J x = —jm 2 ao—jm 2 a\x—jm 2 a2X 2 --jm 2 azx z --jm 2 aiX*--jrn 2 a{ ) x b —jm 2 aGZc B -- 


1 

a; dx 

d 2 J x 
dx 2 


01 - 4- 2®2 + 3oaa; + 404 a ; 2 4- Sa^ 3 + 6 a& A 4- 7a7S 8 -f 8o8® # 4- 
4- 2a 2 -|- datfc 4~ 12a i^ 2 -f 20a&x 3 4* 30aea: 4 4* 42a7£ 8 4- 56asx 8 4- 


If the a’s can be evaluated and determined uniquely in terms of the 
boundary conditions, then the assumed form of J x will be useful pro- 
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vided the infinite series converges rapidly. Since ao is the value of J, 
at * =0, the other o’s will be evaluated in terms of «o. It is to be noted 
that the above three functions whose sum is always zero (see equation 
1-66) have been arranged in columns of 1/x, constants, x, x 2 , etc. With 
this arrangement a given a can be evaluated in terms of ao almost by 
inspection, as 

2 o 2 + 2 o 2 — jm 2 ao = 0 


or 


C 2 


jm?ao 

4 


The a’s are then seen to be 


. 3 m2a o jm 2 ai n jm 2 a 2 

Oj = U, o 2 = — - — > a 2 = — - — = 0, a 4 = 


16 


m 4 a 0 

2 4 ( 2 !) 2 ’ 


jm 2 a 3 jm 2 ai 

®5 = nr — 0> °6 = 


jm 6 a 0 


a 8 = 


25 

jm 2 a 6 


36 


2 6 (3!) 


2 > a 7 = 0, 


64 


m 8 a 0 _ jm 2 a 8 

a® = U, aio = 


jm 10 a 0 


2 8 (4!) 2 


100 2 10 (5!) 


» etc. 


Hence 


/. , .m 2 x 2 


m 4 x 4 
2 4 (2!) 2 
*io„io 


- J 


/vm6«.6 

m x 


+ 


/w.8^,8 


2®(3!) 2 ' 2 8 (4!) 2 
12^12 


= Oo(l - 


m 4 x 4 


. m 10 x w m 12 x 12 . \ 

+ - 7 2 10 (5!) 2 2 12 (6!) 2 J ") 

•) 


^8^.8 
771 X 


m 12 * 12 


2 4 (2!) 2 2 8 (4!) 2 2 12 (6!) : 


nullml hor . • 


+ J a o 



77? 6 X 6 77l 10 X 10 

2 6 (3!) 2 + 2 10 (5!) 2 



( called bei mx •) 

The series designated by ber mx and that for bei mx are abbreviations 
for the real and imaginary parts of the Bessel function J n (x). Note: 
J is used as a mathematical symbol in the solution of Bessel’s equations 
and here as a current density. The text material should clearly indicate 
the subject matter under discussion so that no confusion should arise 
from this dual usage of the symbol J . 

11* Evaluation of R ac /Rdc and L ac /Ld C . The voltage drop along any 
path like ab or cd in Fig. 1-8 is equal to the voltage drop along the outer 
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lamination where x = r since the flow of current is directed along the 
axial length of the conductor. The voltage drop along the outer lamina- 
tion per unit length of conductor is 

e r = pJ r = pu 0 ( ber mr + j bei mr) [1-69] 

This voltage drop divided by the total conductor current I represents 
the internal impedance of the conductor per unit length. At any instant 
of time 

/ = j* J x 2wxdx = 2tt a 0 J H a; (ber mx + j bei mx)dx [1-70] 


Employing the series forms shown in equation 1-68 for ber mx and bei 
mx, it is easily shown by termwise integration that 


2Tra 0 rr/mr 6 m 5 r 5 10m V 

m L\2~ ~ 2 6 (3!) 2 + 2 10 (5!) 2 


( called bei 7 mr • 

/ 4m 3 r 3 8 m 7 r 7 12m n r u 

\2 4 (2 !) 2 _ 2 8 (4!) 2 + ¥ 12 (6!) 2 

( called —ber 7 mr • • • 



[1-71] 


where bei 7 mr is the first derivative of bei mr, and ber 7 mr is the first 
derivative of ber mr, as may be readily checked by differentiating bei mr 
and ber mr with respect to mr. 

The internal impedance per unit length of conductor is 



pm 

27 rr 


( ber mr + j bei mr \ 
bei 7 mr — j ber 7 mr) 


[1-72] 


Rationalizing gives 


Zi = 


pm 

2rr 


X 


"(ber mr bei 7 mr— bei mr ber 7 mr) +j (bei mr bei 7 mr + ber mr ber 7 mr)‘ 


bei 72 mr + ber 72 mr 


[1-73; 


The real part of equation 1-73 is interpreted to be the effective series 
resistance of the conductor and the j part as the internal self-inductance 
of the conductor per unit length. Thus 


Zi = R ac + jwL ac (per unit length) 


[1-74] 
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Since 


Rdc = 

p 

xr 2 

on a per unit length basis, 

Roc = 

mr i 

^ber mr bei r mr — bei mr ber' mr y 

Rdc 

y ‘ 

\ bei /2 mr + ber /2 mr 


[1-75] 


Since the d-c internal self-inductance is p/ 8ir units of inductance per 
unit length of conductor (see equation 1-2) and since the internal 
inductive reactance is 

T pm /bei mr be/ mr + ber mr ber' mr\ M (Tal 

uLac = 2wr V be/ 2 mr + ber /2 mr / [1_76J 

then 

L ac 4 /bei mr be/ mr + ber mr ber' mr 

Ldc mr \ be/ 2 mr + ber' 2 mr 


) 


[1-77] 


By means of equation 1-75, the ratio R a c/Rdc may be evaluated for 
various values of mr and plotted as shown in Fig. 1-7. 

By means of equation 1-77, the ratio L ac /Ldc may be evaluated for 
various values of mr and plotted as shown in Fig. 1-9. 

Illustrative Example . In order to illustrate the use of equations 1-75 and 
1-77 let it be required to determine these ratios for an mr value of 3. Ber mr 
and bei mr are evaluated from the respective series given in equation 1-68 and 
ber' mr and bei' mr from the series given in equation 1-71. 

ber mr = ber 3 = —0.2214 


bei mr = bei 3 = 1.9376 
ber' mr = ber' 3 = —1.5699 
bei' mr = bei' 3 = 0.8805 


From equation 1-75, 

Ra* ^ 2 1" (-0.2214) (0.8805) - (1.9376) (-1.5699) 

R dc * L 0.8805 2 + 1.5699 2 

It will be observed that this ratio agrees with that shown in Fig. 1-7 and 
indicates that the a-c resistance is 1.318 times the d-c resistance. From 
equation 1-77, 

Lac [ (1.9376) (0.8805) + (-0.2214) (-1.5699) 

L de 66 L 0.8805 2 + 1.5699 2 

This result agrees with that shown in Fig. 1-9 and indicates that the internal 
self-inductance of a conductor (operating under conditions such that mr = 3) 
is 0.845 times the low-frequency or d-c internal inductance. 


J = 0.845 
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0 1 2 3 4 ScaleA 5 

mr 

Fig. 1-9. Correction factor for skin effect for solid round wire to be applied to 
inductance. Multiply the term due to internal flux linkage by the ratio L ac /Ldc. 


The value of mr = 3 may of course be obtained in a variety of ways. The 
value of m for a copper wire carrying a current of 10,000 cycles per second is 


m = 


I aw _ /2tt X 10 4 X4w X 10~ 7 

\ P ” \ 1-77 X 10- 8 


= 2115 


For mr = 3, 


r 


o 

- — = 0.00142 meter or 0.142 cm 
2115 


The same value of mr would apply to a copper conductor which is half the 
diameter and carries a current of 40,000 cycles per second. 

12. Approximate Expressions for R ac at Very High Frequencies. At 
very high frequencies, the a-c resistance of a conductor of ordinary size 




APPROXIMATE EXPRESSIONS FOR R t 


29 


is approximately the same as the d-c resistance of a hollow conductor 
having the same outer dimension 8 and a thickness of 


8 = 503 



meter 


[1-78] 


where p is the resistivity in ohm-square-meters per meter, 

/ is the frequency in cycles per second, 

Hr is the relative permeability of the conductor material. 



Fig. 1-10. Exponential decay of current from surface of conductor. 


Equation 1-78 is called the depth of penetration formula, and it may be 
used to derive approximate expressions for the a-c resistance of either 
parallel-wire lines or coaxial cables. As applied to a solid round con- 
ductor, it is evident that the effective area of the equivalent hollow 
conductor is 

= Trr 2 ~ w(r - 8) 2 = 2 tt8 - r8 2 [1-79] 

8 After Maxwell’s equations have been considered, it can be shown that, as a good 
approximation, the current density decays exponentially in magnitude from the 
surface of the conductor, as indicated in Fig. 1-10. (See Appendix VI.) The total 
current in a conductor of any fixed width y is 

J(ydx) * t/jf J 9 fT xl *dx * f » ybJ $ 

where J 9 is the current density at the surface. 

Thus the total current I may be taken into account by the simple expedient of 
assuming a uniform current density of J 9 over the entire depth of penetration $. By 
means of this assumption the high-frequency resistance is approximated as 

Rac * Rdc 

provided Rdc is evaluated as pl/y6, where y is the periphery of the conductor. 
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If 8 is very small compared to r, the a-c resistance of the conductor 
may be written as 


P ^ P 
A a 2 tt 8 


1 

2 IT X 503 


^/MrP 

r m 


ohms/meter of single conductor 


[1—80] 


where r m indicates that the radius of the conductor is to be expressed in 
meters. 

Convenient working expressions for R ac may be obtained directly from 
equation 1-80. In transmission-line work it is often desirable to have 
R ac of a copper line expressed in ohms per loop meter and in ohms per 
loop mile. In this case p = 1.77 X 10*~ 8 ohm-sq-m per meter and 
Hr = 1. Inserting these values into equation 1-80 and expressing the 
radius in centimeters rather than in meters, there is obtained for parallel 
hard-drawn copper conductors, 


V/ 


Rac = 84.2 — X 10 7 ohm/loop meter 

Tern 


or 


Vf 

R ac = 135 — X 10- 

T cm 


ohm/mile of line 


[1-81] 


[1-82] 


where r cm is the radius of the conductor in centimeters and / is the trans- 
mitted frequency in cycles per second. 

For a coaxial line composed of hard-drawn copper conductors, 


or 


R ac = 42.1 Vf Q + ^ X 10 7 ohm/meter 
Rac = 67.5 V/ X 10 -4 ohm/mile 


[1-83] 


[1-84] 


where a is the radius of the inner conductor, b is the inner radius of the 
outer conductor, each in centimeters, and / is the transmitted frequency 
in cycles per second. 

In using equations 1-80 through 1-84 at intermediate frequencies 
(those in the order of 100,000 cycles per second) one may estimate the 
degree of approximation involved by noting the magnitude of 8 2 relative 
to 2 rd where 8 is evaluated by means of equation 1-78. It will be 
remembered that w8 2 of equation 1-79 was considered to be negligible 
relative to 2rr8 in arriving at equation 1-80. 

Illustrative Example . In order to emphasize the limitations of equations 
1-81 through 1-84, let it be required to find the ratio R ac /Rdc of a copper 
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conductor 0.142 centimeter in radius operating' at 10,000, 1,000,000, qnd 
10,000,000 cycles per second by means of equation 1-81 and compare the 
results with those given in Fig. 1-7. The latter values are the more precise 
since they are based on equation 1-75. 


Rdc 


l 


P A 


1.77 X 10- 8 X 


2 

?r(0.00142) 2 


= 0.00559 ohm/2-meter length of wire (loop meter of line) 


Employing equation 1-81, at 10,000 cycles per second, gives 


Rac ~ 


84.2 X VlO.OOO X 10~ ? 
0.142 


0.00593 ohm/loop meter 


Rac = 0.00593 
Rdc 0.00559 


1.06 


The value of mr of this conductor operating at 10,000 cycles per second is 


mr 


l^-r = J 2T X 10< X . fr A . 1 ? . ! x (0.00142) = 3 
\ p \ 1.77 X 10- 8 


From Fig. 1-7, 


= 1.32 at mr = 3 
Rdc 


For this case, from equation 1-78, 

1^77 * in -8 

8 = 503 * - — = 0.000669 meter or 0.0669 cm 

\ 10 4 X 1 


and Scm (= 0.00447) is not negligible relative to 2r8 cm ( = 0.019). 

The results of the calculations for the other frequencies are made in a 
similar manner, and all are given in the following table for comparison. 


f 

Rac/ Rdc 


Rac/ Rdc 


A 2 

°cm 

cycles/sec 

from eq. 1-81 

mr 

from Fig. 1-7 6 2 cm 

2 rdcm 

2 rdcm 

10 4 

1.06 

3 

1.32 0.00447 

0.019 

0.235 

10® 

10 6 

30 

10.9 0.0000447 

0.0019 

0.0235 

10 7 

33.5 

94.8 

33.8 0 00000447 

0 0006 

0.0075 


As shown in the table, the correspondence becomes better as the value of 6 2 
becomes smaller relative to 2rb. 


13. Shunt Conductance. When two parallel conductors have a 
potential difference between them, a certain amount of current will flow 
because of the finite resistance of the insulation. For a line mounted 
on glass insulators this leakage may be very small in dry weather. For 
a cable where the wires are close together and the insulation is not too 
good, or perhaps damp, the leakage may be rather large. Since we 
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customarily speak in terms of units of 1 mile of line, it is usual to state 
conductance as a certain number of mhos (or micromhos) per mile. 
The phenomenon of leakage on a line is analogous to having a large 
number of very high-resistance wires, uniformly spaced along the line, 
connected between the two wires. Conductance is usually treated as 
all lumped at one place in each section of a line or uniformly distributed 
along the line. Actually it may be neither, but any error due to this 
discrepancy is entirely negligible. Leakage conductance will be denoted 
by the letter G, and it is in general specified on a per-unit-length-of-line 
basis if it has a significant effect on the operation of the line ; otherwise 
it is considered to be zero. 



0123 


Fig. 1-11. Representation of a transmission line. 

14. The Short Line with Lumped Constants. We have seen that a 
line has distributed along its entire length a great number of infinitesi- 
mal series resistors, coils, capacitors, and shunt resistors. The con- 
sideration of these units to the present time is sufficient to tell us how 
these are arranged. With every element of length along the line, no 
matter how small, there is associated a small series resistance R y an 
inductance L, a shunt capacitance C, and a shunting resistor whose value 
of conductance we have designated as G (= l/# S h). Thus it is clear 
that, if accuracy is desired in the schematic representation of a line, the 
line should be drawn somewhat as shown in Fig. 1-11, where the length 
of each section, as 0 to 1, 1 to 2, etc., is infinitesimal. It thus appears 
that a diagram of the communication line cannot be drawn exactly 
correctly. Furthermore, for the purposes of calculation according to ele- 
mentary circuit methods, such a circuit does not lead to exceptional 
simplicity. 

The next best compromise, and one which immediately suggests 
itself, is to employ, not an infinitesimal section, but a section of finite 
length. It is clear that, if one uses as a section the entire line of per- 
haps many miles and places the shunt capacitance and conductance 
across the center, the results would be considerably in error. Actually 
current is leaking across the line all the way from the generator, and 
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thus, as we proceed along the line to the center ^ the current in the wir^s 
is progressively different, and the elementary inductance and resistance 
near the center are not carrying the same current which started from the 
generator terminals. However, in placing the capacitance and con- 
ductance across the center of the line, the assumption would be made 
that no change in current occurs until the current arrives at the center. 
Thus a compromise must be made between a long section which is too 
inaccurate and a very short section. Since all sections can be con- 
sidered alike, the characteristics of one short section can beTcalculated 
and the results extended to include the required number of sections 
necessary to make up the entire line. 

r L L R 



(a) T section (6) jr section 


Fig. 1-12. Representation of a transmission line. 

Thus it is possible to settle on a relatively short section as represent- 
ing the line provided that the total capacitance across the line, or any 
other parameter, is made equal to the measured or calculated amount for 
that length. This statement does not imply that the capacitance and 
leakage conductance must be across the center of the section. Indeed 
they may be divided with a part placed at one end and the remainder 
at the other end. In other words, both the sections shown in Fig. 1-12 
are permissible since these two sections have the same total L, C, R, 
and G. However, if calculations are made using these two sections 
while employing a given generator voltage at one end and load resistor 
across the other, the same results will not be obtained, nor will either 
answer be correct. Frequently the results obtained using either type 
of section are sufficiently good for practical purposes. Work on trans- 
mission lines thus usually begins with a consideration of these relatively 
simple components — the elementary sections, 

PROBLEMS 

(All copper conductors specified in these problems are assumed to be hard drawn 
and operating* at 20°C, unless otherwise noted.) 

1—1. Given a line constructed of two parallel No. 000 conductors spaced 15 inches 
center to center, find the low-frequency self-inductance in henrys of 5 miles of line. 
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1 - 2 . Find the self-inductance per loop meter in microhenrys of a parallel-wire 
line operating at a very high frequency (where the internal inductance of the con- 
ductor is negligibly small) if the line is made of copper tubing having an outside 
diameter of 34 i nc h separated center to center by a distance of 6 inches. 

1 - 3 . Find the low-frequency inductance per meter length of an unorthodox 
parallel-wire transmission line which is composed of one No. 10 iron wire and one 
No. 10 copper wire. The center-to-center separation is 12 inches, and the average 
relative permeability of the iron wire is 100. 

1 - 4 . Calculate the self-inductance of the inner conductor of a coaxial arrangement 
when carrying low-frequency currents if n = J4 r 2 = 134 , and rs = 1%, all in 
inches. Note that the units of n, r 2 , and are immaterial, provided all units 
employed are identical. Nonferromagnetic materials are employed. 

Calculate the self-inductance of the outer conductor of this coaxial arrangement. 

Express the total self-inductance in henrys per meter and in millihenrys per mile. 

Calculate the self-inductance of this coaxial arrangement when very high-frequency 
currents are carried. Compare with the total self-inductance obtained when low- 
frequency currents are carried. 

1 - 6 . Repeat Prob. 1-4 for a coaxial arrangement wherein ri - 3^2» ^2 = 34> and 
r,i = all in inches. 

1-6. The radius of the inner conductor of a coaxial cable is 0.1 centimeter, and 
the inner radius of the outer conductor is 0.4 centimeter. Find the low-frequency 
inductance in millihenrys per mile of cable neglecting the flux linkages in the outer 
conductor. 

1 - 7 . Assume that a metal tape having ferromagnetic properties and a thickness 
of 0.02 centimeter is spiraled around the inner conductor of the coaxial cable of Prob. 
1-6 to form a single layer. (The tape is insulated from the inner conductor.) The 
relative permeability of the tape is assumed to be constant at a value of 50. Find 
the self-inductance in millihenrys per mile of cable. 

1 - 8 . A line is constructed of two parallel No. 000 copper conductors spaced 15 
inches center to center. Find the capacitance of the line in microfarads per mile. 

1 - 9 . Find the capacitance in micromicrofarads per loop meter of the parallel- 
wire line described in Prob. 1-2. e r = 1. 

1 - 10 . Find the capacitance in microfarads per loop mile of the coaxial cable de- 
scribed in Prob. 1-6 if a dielectric material having a relative permittivity of 5 is 
employed between the inner and outer conductors. 

1 - 11 . Find the capacitance in micromicrofarads per loop meter of a parallel-wire 
line consisting of two No. 0000 AWG copper wires spaced 1.38 inches center to center. 
e r — 1. 

1 - 12 . The conductors of Fig. 1-6 have a center-to-center separation of 4 centi- 
meters and a radius of 1 centimeter. Calculate the separation of the two equivalent 
line charges which may be used to replace the distributed charges on the two con- 
ductors with due regard for the proximity effect. 

1 - 13 . What is the a-c resistance of a conductor operating under conditions such 
that mr * 20 if the d-c resistance is known to be 0.6 ohm? 

1 - 14 . What is the ratio Rae/Rdi of an aluminum conductor having a resistivity 
1.6 times that of hard-drawn copper if the operating frequency is 500 kilocycles per 
second? The radius of the conductor is 0.3 centimeter. 
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1 - 15 . Evaluate mr for a hard-drawn copper wire 0 482 inch in diameter at 60 
cycles per second in rationalized mks units. 

1 - 16 . If the current density at the center of the conductor given in Prob. 1-15 
is 1000/0° amperes per square inch, find the current density at the surface of the 
conductor in complex polar form. 

1 - 17 . (a) Evaluate ber mr, bei mr, ber' mr, and bei' mr for mr = 2, employing 
only the first two terms of the respective series forms of these functions. 

(b) Compare the values of ber 2 and bei 2 found above with the following values 
which are correct to four significant figures. 

ber 2 = 0.7517 bei 2 = 0.9723 

1 - 18 . Evaluate the ratio R ac /Rdc when mr = 2, using the first two terms of the 
respective series for the ber, bei, ber', and bei' functions. 

1 - 19 . Determine the ratio of the internal self-inductance to the internal d-c self- 
inductance of a conductor operating under conditions such that mr = 2, employing 
ber, bei, ber', and bei' functions. 

1-20. A parallel-wire line is composed of two No. 10 AWG hard-drawn copper 
conductors separated center to center by a distance of 5 inches. The length of the 
line is 100 meters. 

(а) Determine the low-frequency inductance of the line. 

(б) Determine the 1000-kilocycle inductance of the line. 

1 - 21 . What is the ratio of c oL/R at a frequency of 1000 kilocycles per second of 
the line described in Prob. 1-20? 

1 - 22 . Two parallel copper conductors are 0.5 inch in diameter and are spaced 2.50 
inches center to center. The frequency to be transmitted is 580,000 cycles per 
second. Find the resistance of a mile of the line at this frequency. 

1 - 23 . What is the resistance per meter length of a hard-drawn copper conductor 
which is elliptical in cross section if the outer periphery is 0.5 inch and the operating 
frequency is 100 megacycles per second? The operating temperature is 60°C. 

1 - 24 . Find the resistance per meter length of a copper conductor of circular cross 
section which has a periphery of 0.5 inch and which is operating at a frequency 
of 100 megacycles per second. The operating temperature is 60°C. 

1 - 25 . Given a copper coaxial line having the following dimensions: 

Diameter of the inner conductor = 0.2 cm 
Inner diameter of the outer conductor = 0.8 cm 
Outer diameter of the outer conductor = 1.0 cm 

Find the resistance per mile of cable if the operating frequency is 36 megacycles per 
second. 



CHAPTER II 

NETWORKS, T AND tt SECTIONS 

In the previous chapter it was made reasonably clear that a part of a 
transmission line may be represented by a suitable T or v section. In 
general, it is advisable to be able to reduce any network to some standard 
form such as a T or w section and to use on it certain short-cut methods 
which often greatly simplify the work involved. This chapter, which 
will treat certain transformations of the elementary T and tt sections, 
will begin with a rather general discussion. 

16. Importance of Network Theorems. In the ordinary simple circuit 
problem, such as that involving a resistance connected across a cell 
which has a certain emf and internal resistance, the equation represent- 
ing Ohm’s Law can be easily used. As circuits become more and more 
complex, one begins to wonder if there should not exist relationships or 
equations which could handle whole groups of minor ideas in somewhat 
the same manner that Ohm’s Law handles the basic ideas of resistance, 
emf, etc., or Kirchhoff’s Laws handle the elements of more general cir- 
cuits. The analogy is not exact by any means; nevertheless it is 
useful to keep in mind. 

Network theorems provide certain short cuts in the calculation of 
circuits. It is often possible by means of them to reduce a relatively 
difficult problem to a simple one. 

16. 3-Terminal Networks, T and tt Sections. The letter Z with suit- 
able subscript will be assigned to represent the impedance of an ele- 
mentary R-L-C series circuit where 
any of the three parameters may or 
may not be missing. Thus in gen- 
eral . 

z = R+i (“ L -Zc) 

Any circuit or network, then, will 
be considered as made up of a num- 
ber of Z’b connected in a suitable Fig- 2^1. Network, 

manner. Such a circuit with three 

terminals may be represented as in Fig. 2-1, and elementary T and r 
sections can always be found in it. It is possible to reduce each ele- 
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4 


mentary v section to a T section and then recombine all series impedr 
ances, obtaining a new mesh. It is possible again to reduce the resulting 
ir sections to T sections, and such a procedure would eventually reduce 
the entire circuit of Fig. 2-1 to one T section. 

17. Transformation From xr to T Section and Vice Versa. Let it be 
required to find the T section which is equivalent to a given ir section 
(at one frequency). The given ir section is as shown in Fig. 2-2a. The 



(b) T section 

Fig. 2-2. Transformation from t to T section. 


circuit required is that shown in Fig. 2-26. If these circuits are to be 
equivalent, measurements made between the terminals a, 6, c, and d 
must be the same for both circuits. Since there are three impedances, 
only three measurements are needed. Let these be the impedance 
measurements Z a &, Z ac , and Zed, and for each measurement let all other 
terminals be disconnected. Then for both circuits 


Za(Zb + Z c ) 
2a + Zb + Zc 


= Zi + 


2 3 


2b (Za + Zg) 
Za + Zb + Zc 


= Z\ + z 2 


Zc(Z A + Zb) 
2 a + Zb + Zc 


— Z 2 + Z 3 


[2-1] 

[2-2] 

[2-3] 


These equations can be solved for Z u Z 2 , and Z 3 in terms of Z A , Zb, 
and Zc, or vice versa, provided Z A + Z B + Zc ^ 0. First solve for 
Zi, Z 2 , and Z3. Add equations 2-1 and 2-2 and subtract equation 2-3 : 

2Zi + Z 2 + Z 3 — Z% — Z3 = 

Z A Z B + ZaZc + ZaZb + ZbZc — Z A Zc — ZbZc 
Za + Zb + Zc 
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or 


2Z l = 


2 ZaZb 

Za + Zb + Z c 


ZaZb 

Za + Zb + 



Going through the same procedure for the other combinations of equa- 
tions 2-1, 2-2, and 2-3 yields 


and 


*2 = 


ZbZc 

Za + Zb + Zc 


[2-5] 


ZcZa 

Za + Zb + Zc 


[2-6] 


Thus equations 2-4, 2-5, and 2-6 can be used for reducing any tt section 
to an equivalent T section. 

In order to obtain the equations for the inverse transformation the 
following procedure is suggested. From equations 2-4, 2-5, and 2-6 is 
obtained 


Z1Z2 + £2^8 “F Z$Z\ = 


ZaZ%Zc + ZbZcZa + ZcZ\Zb 
{Za + Zb + Zc) 2 
ZaZbZc 


Za + Zb + Zc 


[2-7] 


Dividing equation 2-7 by equation 2-4, and then by equations 2-5 
and 2-6 in succession gives 


Z c = 


Z A 


Z\Z2 ~h Z2Z3 -f- Z3Z1 

* zT~ 

Z1Z2 + Z2Z3 + Z%Z\ 


Z B = 


Z1Z2 + ^ 2^3 + Z$Z\ 


[2-8] 

[2-9] 

[2-10] 


Thus transformation in either direction can be made, provided , as 
stated above, Za + Zb + Zc 0. It is necessary now only to show 
that the two circuits are equivalent. Connect a generator across 
terminals a-b in Figs. 2-2a and 2-26 and attach an impedance Zr across 
terminals c-d . In solving these two circuits KirchhofFs Laws and 
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determinants will be used as a review of the methods. In the ir section 
of Fig. 2— 2a i 


E - Z A (Ii - h) 

0 = Za(1 2 — A) + Zsh + Zc(l 2 — -fe) 

0 = Zc(Ir — 1*2 ) + ZrIr 

where £ is the generator voltage, 

I\ is the generator current, 

I 2 is the current through the impedance Zb, 

Ir is the current through Zr. 


Thus 


and 


E = /xZx - / 2 £i + 0 

0 = —I\Za + + Zb + Z c ) — IrZc 

0 = 0 — hZ c + Ir(Zr + Zc) 


A = 


Z A - Z A 0 

—Za (Za + Zb + Zc) — Zc 

0 — Zc Zr + Zc 


Za{Z b Zr + Z B Z C + ZcZr) 


Za — Za E 

— Za (Za + Z B + Zc) 0 

0 - Z c 0 


E(ZaZc) _ EZaZc 

A (Z b Zr + Z B Zc + ZcZr)Za 

EZ C 

ZbZr + ZrZq + ZqZr 


[ 2 - 11 ] 


From Fig. 2-26 

E = I\Z\ + Z$(Ii — Ir) 

0 = Zz(Ir — h) + (Z 2 + Zr)Ir 
or 

E = hiZt+Zz) - IrZz 

0 = - hZ s + Ir(Zz +Z 2 + Zr) 

\2 X +Zz — Zz I 
I — Zz Zz + Z 2 + Zr \ 

s* Z\Z 2 *4" Z 2 Z\ + Z\Zr + Z$Z 2 + ZzZr 
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and 


Ir 


Z\ Z% E 
-Za 0 


A 


EZ 8 

Z\Za + Z%Z\ + Z\Zr + Z$Za + ZaZs 


[ 2 - 12 ] 


Divide numerator and denominator of equation 2-11 by Zc- 


Ir 


E 

~~ + Z B + Z R 


Then 
[2-1 la] 


Substitute equations 2-8 and 2-10 into equation 2-1 la, 

E 


Ir = 


ZrZ\ Z\Z 2 + Z 2 Z% + Z3Z1 

"7 1 ~ r Zr 

* 3 ^3 

EZs 

ZrZi + Z\Z 2 + Z 2 Z 3 + Z3Z1 + Z^Zr 


which is identical with equation 2-12. It can also be shown that the 
input currents are the same for the two circuits. 

The actual procedure in making transformations is often somewhat 
involved. In order to clarify the problem, one of the possible procedures 
for changing the circuit of Fig. 2-3a into its equivalent T section will be 
given. 

(а) Change the w section Z a , Z b , Z c into a T section using equations 
2—4, 2—5, and 2—6. 

(б) The network becomes that shown in Fig. 2-36, where Zi, *2, Za 
are the elements of the new T section. 

(c) Change the r section Z e , Z s , Z tt into a T section as shown in Fig. 
2-3c and combine Z 2 and Z d into a single impedance Z 2d . 

(d) Change the ir section Z h , Z* , Zj into a T section as shown in Fig. 
2-3d and combine Z% and £4 into a single impedance Z 34 . 

(e) Combine Z s and Z 7 into one impedance Z &7 and change the ir 
section Z&, Z 67 , Z 9 into a T section as shown in Fig. 2-3e. 

(f) Combine impedances Z a4 , Z i0 into one impedance Z3410. Com- 
bine impedances Za, Zn into one impedance Z sn , and change the ir 
section Z3410, Z 2 d, Z 8 u into a T section as shown in Fig. 2-3/. 

(1 g ) By adding Z x and Z 13 , Z 12 and Z\ 5 , a T section is immediately 
obtained which will be the final result of the series of transformations. 
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Fig. 2-3. Network reduction. 


18. T and w Sections Determined from Impedance Measurements. 

In the preceding articles it has been shown that T or t sections are 
fundamental to any discussion of electrical communication networks. 
Let the problem be proposed to find the equivalent T section if there is 
given a box with four terminals, inside of which is a circuit connected 
in any manner whatever to these terminals. The terminals are marked 
in pairs, “ input ” and “ output. 1 ' 

The easily measured quantities are the open- and short-circuit imped- 
ances at each pair of terminals. If it is possible to obtain Zi, Z 2 , and Z 3 
in terms of these impedances, then equivalent T (and *■) sections may be 
easily set up. Let the two equivalent circuits be as shown in Fig. 2-4. 

Input impedance with output open, Z abo = Z\ + Z 3 [2-13] 

Z 2 Z 3 

Input impedance with output shorted, Z abs = Z x + ~ — —=r [3-14] 

^2 + ^3 


42 NETWORKS, T AND ir SECTIONS 

Output impedance with input open, Z C do — Z 2 + Z 3 


Output impedance with input shorted, Z C d 8 — Z 2 + 
Subtracting equation 2-13 from equation 2-14 


Z,Z 


1^3 


Z\ + z% 


[2-15] 

[2-16] 


tabs 


Zabo = Zy + 


Z^Zg 
Z->. Zr 


- ■ Z \ . - - z 3 


zA 

7. n -4- .7, 


a 


0 


Input Output 


b 


d 




(a) 



a 

Of 


b 

O- 


^1 
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*2 
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d 
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Fig. 2-4. Four-terminal network represented as a T section. 


Multiplying by equation 2-15 

Zcdoi.Z'abi* Zabo) 53 ^3 

or 

Z% — Z c do(Z a b 0 ^abs) 


Then from equation 2-13 

^1 = ^abo — Zz 

== ^abo ^ Z c do(Z a bo Z a bs) 


[2-17] 


[2-18] 


and from equation 2-15 

Z2 = Z c do Zz 

= Z c do "f” ^ Zcdo{,Z a bo Z a bs) [2—19] 

Having found the equivalent T section, the equivalent ir section 
can be found from equations 2-8, 2-9, and 2-10; or a set of equations 
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giving Za , Zb, and Zc in terms of the open- and short-circuit impedances 
can be derived. 

There are four equations (2-13, 2—14, 2-15, and 2-16), one of which 
was not used. It is of interest to express this one in terms of the others. 
Substituting equations 2-17, 2-18, and 2-19 into equation 2-16 


Zeds ~~ Z c do ^ Z c do(^abo ^abs) 


| \ZgJbo 2__ ZcdojZgbo 


ZcdoZab8 


"abo 


Zgbs)] [^ ZcdojZgbo Z a b 8 )] 
Zgbo 


[2-20] 


which can be written 




[ 2 - 21 ] 


19. Simple 4-Terminal Networks. In Art. 17 it was shown that a 
3-terminal network may be reduced, at a single frequency, to an equiva- 
lent T or ir section. Can the same be said of a 4-terminal network? 


a 

z t 

— AAMMMMMA ■ 

c 

0 J 

< 
< 

r — YVYYVWWVYY ,,ll "n 

[ ; 
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< 
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Lvwvwwwwv — 1 

t t 



Fig. 2-5. A 4-terminal network. 


If one is allowed to make measurements between any pair of terminals 
the reduction cannot be made. Consider Fig. 2-5. Assume that it is 
required to reduce this circuit to a w section. Obviously if it can be 
reduced to a t section it can also be reduced to a T section according to 
Art. 17. In order to find Za, Zb, and Zc for the equivalent t section it 
is necessary to have three defining equations, and for these use Z ab , Z ac , 
and Zed • Now suppose the problem is completed and Za, Zb, and Zc 
are found to have some definite values. Obviously, in the it section, 
Z b d = 0, and just as obviously, in Fig. 2-5, Zbd ** 0. Thus if it is 
necessary to have an exact equivalence between the two circuits the 
problem is impossible. Usually, however, in work of the kind treated 
here only an equivalence between Z ab and Z cd is necessary. Thus let 
only impedances involving the input and output terminals be employed. 
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In order to obtain three equations use 

Zab with cd open-circuited = Z a bo 
Z a b with cd short-circuited = Z a \> 8 

Z C d with ab open-circuited = Z c d 0 
and 


Zed with ab short-circuited = Z c a 8 


Thus there are really four equations for determining the three impedances 
Z A , Zb, and Zc- 

j? 7 . ^i(Z 2 + ^3 + Z 4 ) _ Za(Zb + Zc) 

or a6 ° : z x + Z 2 + Z s + Z 4 ~ Z A + Z B + Zc 


For Z a b 8 : 


Zi(Z 2 + Z 4 ) 

Z\ + z 2 + z 4 


ZaZb 
Za + Zb 


For Z c do • 


Zs(Zi + Z 2 + Z 4 ) __ Zq(Zb + Z A ) 
Z\ + Z 2 + Z% + Z 4 Za + Zb + Zc 


It is to be noted in the above equations that Z 2 and Z 4 always appear 
together as a sum and nowhere separately. Thus we can write Z f for 
(Z 2 + Z 4 ) and rewrite the equations : 


ZijZs + Z') = Z A (Z B + Z c ) 
Z\ + Z% + Z f Za + Zb + Zc 
Z X Z' = Z A Z B 
Z\ + Z f Za + Z B 


Zz(Z x + Z f ) = Z C (Z B + Z A ) 
Z\ + Z 3 + Z f Za + Zb + Zc 


[2-22] 

[2—23] 

[2-24] 


It is easily seen that all three of these equations would be satisfied if 

Za - Z x ] 

Z B = Z' = Z 2 + ZA [2-25] 

Z c — Z s J 

Thus, if the input and output terminals only are to be used, an equiva- 

lent ?r section can be made to represent the 4-terminal circuit of Fig. 2-5. 
This is of importance in transmission lines and was assumed in Art. 14 
where the impedance of the lower wire was placed in the upper wire. 

Another 4-terminal network of importance is the lattice network of 
Fig. 2-6. Let it be required to find an equivalent T section to represent 
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the lattice. Using the open- and short-circuit impedances again 
» (Za + Zc)(Zb 4- Zd) s 

z "~ ' z A + ~zb + /»'+ r D + 

_ ZaZb , ZcZ d ( _ , ^ 2^3 \ 


(= Z\ 4 - Z a ) 


y —A—JD 1 — — LJ 

ab ° ~ Z A + Zb Zc + Zd 


Zcdo ~~ 


(-*■ 


Z2 + Z3 


(Za 4- ZbHZc + Zd) 
Za + Zb 4- Zc + Zd 


(= Z 2 4* Z z ) 


[2-26] 


[2-27] 


[2-28] 



Fig. 2-6. lattice network. 

Substitute Z ab „, Z abe , and Z c do from the above into equation 2-17. 
After considerable algebraic manipulation there is obtained 

_ db (ZaZj) — ZbZc) 

( Za + Zb + Zc + Zd) 

Note that, in Fig. 2-6, if Zd — 0 the circuit reduces to a jt section and 
equation 2-6 applies with the appropriate change in notation. Thus 
the negative sign in the above equation is to be used to obtain the equiva- 
lence for this special case, and the equation is 

= ZbZc - ZaZd 

3 Z A + Z B + Z c + Z D f2 291 

Equation 2-29 can be substituted into equation 2-18 (or 2-26) to obtain 
7 — (^-4 + Zc)(Zb + Zd) — {ZbZq ~ ZaZd) 

1 Za + Zb H” Zc + Zb 

ZaZb + %aZd + ZcZb + ZqZd ~ ZbZc + ZaZd 
2a + Zb + Zc + Zb 

2aZb + 2 ZaZd + ZcZb ro-oni 

Z A + Z B + Z C + Z D 1 

Similarly from equation 2-19 (or 2-28) can be obtained 
7 _ 2c + 2 ZaZd + ZbZd 
2 Za + Zb + Zc + Zb 


[2-31] 
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Summary . In summarizing the foregoing articles it should be noted 
that 

(a) Any 3-terminal network can be reduced to an equivalent T or t 
section having only three impedances. 

( b ) These impedances may or may not be readily simulated in the 
laboratory, as, for instance, when one or more of them are composed of 
negative resistances. However, as far as calculations are concerned 
they are perfectly satisfactory. 

(c) Any 4-terminal network used for transmission which has two 
input terminals and two output terminals has an equivalent T or w 
section which may be determined by making short- and open-circuit 
measurements at the input and output terminals. 

(d) Any circuit having four terminals to be used in this manner can 
also be reduced to an equivalent T or t section. 

PROBLEMS 

2 - 1 . If the impedances in Fig. 2-3 a are all pure resistances (ohms) as follows, find 
the equivalent T section : 


Z a * 30 

Zf *= 10 

11 

g 

10 

CM 

II 

O 

CM 

II 

s 

II 

Z d - 2 

Zi = 60 

Z e = 15 

Zj * 100 


5a 

-nmw- 


6q 


ioa 


Fig. 2-7. 


i - i o 

For use in connection with Prob. 2-2. 


2 - 2 . Transform the i r section of Fig. 2-7 into an equivalent T section. 

2 - 8 . Transform the network of Fig. 2-8 into an equivalent T section. 

Z\ = 50 ohms resistance Z 5 = 10 + ./10 ohms 

Z<i = ;30 ohms inductance Ze = 20 — j 30 ohms 

Zz = — j20 ohms capacitance Z7 = 12 + jlO ohms 

Z4 = 60 ohms 

2 - 4 . Transform the resultant T section of Prob. 2-3 into an equivalent w section. 
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Z t 2% 



2-5. Find the equivalent T section of the length of line shown in Fig. 2-9. / * 
796 cycles/sec. 


3q 3c 




r— WWWW- 

— I 



: 

: 0.2/tf 
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30 
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Fig. 2-9. For use in connection with Prob. 2-5. 


2-6. Find the open- and short-circuit impedances looking into both ends of the 
circuit of Fig. 2-10. 


2c 30 


20 


-WWW- 


30 


=r lOfl 


O 111 ' . H ill o 

Fig. 2-10. For use in connection with Prob. 2-6. 


2-7. For a certain T section 

Zabo = 6.71 / — 63.45° ohms 

2ab* — 7.28 /15.95° ohms 
Z cd8 = 12.4 /6.17° ohms 
Find the elements of the T section. 

2-8. Show that the T section obtained through use of equations 2-29, 2-30, and 
2-31 is equivalent to the lattice network. 

2 - 9 . Derive equations for a ?r section giving Za, Zb* and Zc in terms of the open- 
and short-circuit impedance measurements. 



CHAPTER III 
NETWORK THEOREMS 


As mentioned in the previous chapter, network theorems contribute 
greatly to the ease of handling certain problems involving a consider- 
able number of impedances and generators. It should be noted that 
only impedances which are linear and bilateral are assumed in these 
theorems. A linear impedance is one which is independent of the 
amount of current flowing through it, and a bilateral impedance is one 
which will conduct electricity equally well in either direction. This 
eliminates such elements as vacuum tubes, copper oxide rectifier units, 
etc. The theorems to be taken up in this chapter are: Thevenin’s, 
superposition, reciprocity, compensation, and maximum power transfer. 
All of these are useful in the material which follows. 



Fig. 3-1. Equivalent T section. 

20. Thevenin’s Theorem. 1 One form of Th^venin’s theorem is: If a 
network containing any number of sources of emf has in it two terminals 
a and b which are the terminals of a subnetwork , the current through this 
subnetwork is the same as if it were connected to a source of emf whose 
open~circuit emf is the voltage across a and b when the subnetwork is dis- 
connected and whose impedance is the equivalent impedance looking back 
into the network from the terminals a and b with all sources of emf replaced 
by their internal impedances . 

As an illustration of the use of the theorem assume that the original 
network between the source of emf and the load impedance is replaced 
by its equivalent T section, as shown in Fig. 3-1, and that Zi, Z 2 , and 

1 For a generalized proof of Th6venin’s theorem see Basic Electrical Engineering 
by G. F. Corcoran, p. 149, John Wiley & Sons, New York, 1949. 
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Zz have been determined by means of equations 2-17, 2-18, and 2-19. 
Then the current Ir is found from the relation, ’ 


/ = 


E 


Z g + Z x + 


Zz(Z 2 + Zr) 
Z 2 H” Zz “I" Zr 


Since 

Ir Zz 

I — Ir Z 2 + Zr 


it follows that 


Ir = 


Zz 

Z2 + Zz + Zr 


E 


Z Q + Z x + 


Zz(Z 2 + Zr) 
Z 2 “h Zz “H Zr 


EZz 


Z 2 (Z g + Zi + Zz) + Zz(Z g + Z\) + Zr{Z q + Z x + Zz) 
EZz 

[3-1] 


Zg + Z\ + Zz 


Z 2 + 


Zz (.Zg + Zl) 


+ Zr 


Zg + Z\ + Zz 
The voltage across a-b with Zr disconnected is 


E a b = 


EZz 


Zg + Z\ + Zz 


[3-2] 


The impedance Z 0 &> measured back into the terminals a-b with Zr 
out, is 


Z a b = Z 2 + 


Zz(Z g + Zj) 
Zg + Z\ + Zz 


[3-3] 


Reference to equation 3-1 shows that the current Ir is the same as that 
obtained from a circuit such as is shown in Fig. 3-2 where E a b as given 
by equation 3-2 is the source of emf and Z a 6 as given by equation 3-3 
is the equivalent internal impedance of the source, in series with ZR. 
Thus the theorem is verified for the network of Fig. 3-1. 

21. Superposition Theorem. If a network has two or more sources of 
emf in it, the current through any component impedance is the sum of the 
currents obtained by considering the emfs one at a time, each of the other 
sources of emf being replaced during this procedure by its internal impedance. 
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The truth of this theorem follows from a consideration of the linearity 
of the impedances because, if the fact that current is already flowing in 
the impedances cannot change the value of the impedances, when an 
additional emf is added to the network at any point the current set up 
by it will not be affected by the current already flowing nor will it affect 



Fig 3-2 Illustration of Fig 3-3 Illustration of superposition 

Th6vemn , s theorem theorem 


the current already flowing To illustiate the superposition theorem 
by a simple example, consider the network of Fig 3-3 Let it be 
required to find the current / 3 First it will be found taking into con- 
sideration both souices of emf simultaneously 

E\ = ZJi + Z3I3 = 

E 2 = Z 2 I 2 — Z\l\ — 7 i 0 + I2Z2 — 

0 = h-h-h 

Thus 

Z\ 0 Z3 

A = 0 Z 2 — Z3 — — Z\Z 2 — Z 2 Z% — Z%Z\ 

1 -1 -1 

and 
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Z2 > Ei 

Z 2 + Z g » , ^ 2^3 

Z ' + Z 2 + Z 3 

ElZ2 

Z1Z2 + ^ 2^3 + Z 3 Z 1 


Similarly 


/" 

*‘A 


E2Z1 

Z 1 Z 2 + ^ 2^3 + Z%Z\ 


Now /g and I" both flow through Z 3 but in opposite directions, as indi- 
cated by the arrow directions of E x and 2? 2 * Thus the total current 
through Z 3 is 

h = I3 - /" 


which gives the same result as equation 3-4. 



Fig. 3-4. Illustration of reciprocity theorem. 


22. Reciprocity Theorem. If a single source of emf E produces a 
current I R in any given conductor of a network, the same current I R will 
be produced at the original location of the source of emf if E and the de- 
tector, reading the current , are interchanged, provided the internal impedance 
of the source of emf and of the detector are identical . 

As an illustration assume that in Fig. 3-4 the T section represents the 
network between the source of emf and detector D. The current Ir 
in D has been shown in Art. 20 to be (when Zr = Z Q ) 

EZ S 

Ir = Z 2 (Z„ +17+ z») + Zz(Z 0 + Zi) + Z 0 (Z g + h + Zg) 
which may be written in the form, 


/* 


EZs 

(Zl + Z g )(Z 2 + Zg) + Zs(Zl + Zg) + Zz(Z 2 + Z g ) 


[3-5] 


Now, if E and D are interchanged, the effect is the same as an inter- 
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change of (Z t + Z 0 ) and (Z 2 + Z 0 ). However, it is seen that an inter- 
change of these two impedances in equation 3-5 does not alter the 
equation. Hence the current Ir maintains the same value on inter- 
change of the emf E and detector D. 

23. Compensation Theorem. In any network containing emf’s any 
impedance may be replaced by a source of emf of zero internal impedance 
whose emf is equal to the potential difference (IZ) in magnitude and phase 
across the impedance. 

It is to be noted that this replacement does not involve any change 
of current either in direction or in amount anywhere in the network. 



Fig. 3-5. Illustration of compensa- 
tion theorem. 


Fig. 3-6. Illustration of maximum 
power transfer theorem. 


Thus this theorem will apply even though the impedances may be non- 
linear and unilateral. The truth of the theorem may be seen by refer- 
ring to Fig. 3-5. Here the impedance in question, Z, has been isolated. 
A current I in flowing through it produces at the terminals a-b a volt- 
age drop IZ such that a is positive with respect to b. Now as far as the 
network in Fig. 3-5a, exclusive of Z, is concerned it sees at the terminals 
a-b nothing but this potential difference, V a b = IZ- The amount of 
current carried by Z is determined by this potential difference V a b 
only. Thus to the network it is a matter of indifference whether 
between a and b there is an impedance Z or an emf E , Fig. 3-56, whose 
value is IZ and which is connected so that a is the positive terminal of 
the source of emf for the instant illustrated. 

24. Maximum Power Transfer Theorem. If a source or sources of emf 
which feed through a network are to supply maximum power to an imped- 
ance Z at the terminals a-b, Z must be as follows for two different cases: 

(1) If the angle of Z is unrestricted , Z must be the conjugate of the imped- 
ance Z^ looking back into the network at the terminals a-b. 
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(2) If the angle of Z is fixed , then the absolute values Z and must 
be equal . 

According to Th6venin’s theorem the source of emf and network may 
be represented by the circuit of Fig. 3-6. The current delivered by 
this network into Z will be 


2 a b 4" 2 


If Z — R + jX, then the power delivered to Z will be 


P = RI 2 


E 2 R 

\Z ab + Zj 2 


Let Z a b — R' + jX' . Then 

E 2 R . E 2 R 

\ R + R' + j(X + X')| 2 ( R + R') 2 + (X + X') 2 


[3-6] 


[3-7] 


It can be seen by inspection that for arbitrary R and R' the maximum 
power will be obtained when X = — X'. Then 


P 


max 


e 2 r 

(R + R') 2 


Differentiate this expression with respect to R and set the derivative 
equal to zero in order to determine the value of R for maximum power. 

ax ( R + ftO 2 # 8 - 2 E?R(R + R/) 

dR ( R + R ') 4 


Therefore 

R + R' - 2/2 = 0 

and 

R = R’ 

Thus for maximum power Z = R' — jX' or the conjugate of Z a 4. 
If the angle of Z is restricted then let 

Z= Z[6 

R = Z cos 6, and X = Z sin 0 


Equation 3-7 becomes 

E 2 Z cos 6 

1/2' + Z cos 6 + j(X r + Z sin ff)| 2 

E 2 Z cos 6 


(R' + Z cos O) 2 + (X' + Z sin 0) 2 


[3-8] 
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Differentiate equation 3-8 with respect to Z and set the derivative equal 
to zero. Then 

dP _ l (ft' + Z 008 9 ) 2 + (X'+Z sin 0) 2 ] E 2 gob d-E*Z cos 6\2{R’ + Z oos B) cob 6 + 2(X' + Z sin $) ring] 
dZ “ DENOMINATOR 

-0 

from which 

(«' + Z cos <?) 2 + (X' + Z sin $) 2 

— 2Z(/?' cos 6 + Z cos 2 0) — 2Z(X' sin 0 + Z sin 2 0) = 0 

R' 2 + X' 2 - Z 2 cos 2 0 - Z 2 sin 2 0 = 0 
or 

B' 2 + X' 2 = R 2 + X 2 

Hence the absolute value of Z must be equal to the absolute value 
of Z ah . 

PROBLEMS 

3-1. Reduce the network of Fig. 3-7 a to the form in Fig. 3-76. 


+i 30 



Fig. 3-7. For use in connection with Fig. 3-8. For use in connec- 
Probs. 3-1 and 3-7. tion with Prob. 3-2. 


3-2. A bridge network is shown in Fig. 3-8. Find I c b for 

(а) Z — — j0.434 ohm, 

(б) Z = 0.32 - j0.434 ohm. 

3-8. In the network shown in Fig. 3-9 a 1-kilobm resistor is to be inserted across 
the break x-x'. The output voltage of the network is to be taken as the voltage 
drop across the 1-kilohm resistor. In the final adjustment of the network a maxi- 
mum output voltage is desired per unit of input voltage E, and it is permissible to 
insert in series with the output resistor that value of reactance which will maximize 
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the output voltage. Find the reactance which if placed in series with the output 
resistor will produce maximum output voltage. Note: Employ Th&venin’s theorem. 



3 - 4 . Given the network shown in Fig. 3-10, determine I a in complex rectangular 
form. Hint: Take advantage of the symmetry by making Th6venm-theorem breaks 
at the points of symmetry. 


2+7*212 


7O.6Q 


2+7*212 



10/0° tf 


3 - 6 . A network is shown in Fig. 3-11. Find the current in the 3-ohm resistor by 
the method of superposition. 

+3n +j4n j 3 -j4 



— 'VWW^— 

] 
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wwr- 



T 
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Fig. 3-11. For use in connection with 
Prob. 3-5. 


Fig. 3-12. For use in connection with 
Prob. 3-6. 


3 - 6 . Find the value of E in the circuit of Fig. 3-12 by using the method of super- 
position. /i = 4.88 /57.62° and h — 4.09 /— 58.20° amperes. 

3 - 7 . If Zr in Fig. 3-7 is a 3-ohm resistor, find the emf which can be substituted 
for Zr. 

3 - 8 . A network can be represented as in Fig. 3-13. Find the value of Zr which 
will result in the maximum transfer of power. 
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8 - 9 . In Prob. 3-8, if Zr is restricted to an impedance with an angle of 30°, what 
must be its value for maximum transfer of power? 



8 - 10 . Compare the actual power transferred in Prob. 3-8 with that of Prob. 3-9. 
3-11. In Prob. 3-8 if Zr is equal to the impedance measured back into the circuit 
at o-6 find the power transferred. 


0.6 +;1.2Q 4G 



Fig. 3-14. For use in connection with Prob. 3-12. 


8 - 12 . Reduce the network of Fig. 3-14o to the form of Fig. 3-146. Specify 
clearly 

(а) Et in complex polar form, 

(б) Zt in complex rectangular form, 

(c) Zr in complex rectangular form for maximum transfer of power. 



Fig. 3-15. For use in connection with Prob. 3-13. 


8 - 13 . Reduce the circuit of Fig. 3-15 to its simplest form by the use of Th6venin’s 
theorem, and find Zr so that the power delivered to it will be a maximum. 


CHAPTER IV 

THE LINE COMPOSED OF FINITE SECTIONS 


In the previous chapters it has been established that a communica- 
tion line can be considered as composed of a large number of T (or t) 
sections in tandem. The treatment of such a line leads to certain 
basic ideas which are useful in material to follow, although the treat- 
ment, as applied to lines in this chapter, is only approximate. This 
chapter introduces the ideas of characteristic impedance , propagation 
constant, and distortion and leads to the consideration of certain simple 
transmission lines. 



Fig. 4-1. Infinite line constructed of T sections. 


25. Characteristic Impedance. A line which is composed of two par- 
allel wires of infinite length has distributed along its entire length, resist- 
ance, inductance, capacitance, and leakage conductance. If the line were 
divided into a great many small sections there would be associated with 
each of these sections a small L , C , R, and G. The true situation, which 
is approached by making these sections infinitesiinMly small, is treated - 
later. However, for the time being, it will be assumed that the sections 
are of finite length and that each section mav be considered ft T section . 

The condition shown in Fig. 4-1 exists for a line reaching to infinity 
in one direction. The input impedance to this line, Z 0 , obviously has 
some definite value. Suppose that at some distance along the line, as 
at A , the line is cut and the first part is taken away. Then, clearly, the 
impedance Zq looking into what is left (still an infinite length of line) 
is still equal to Z 0 because conditions have not been changed. This is 
true whether one section or a hundred sections are cut off at the end of 
the line, and furthermore there is no restriction on the length of the 
sections. 

For the immediate purpose consider one section only, at the be ginning 
< 57 
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of the line. Then there exists the condition that the section itself has a 
certain input impedance, Z 0 , and at its output it also works into an 
impedance of Z 0 . This situation 
is as shown in Fig. 4-2. 

Here it must be noted that the 
notation has been changed be- 
cause of the essential equality of 
theZi and Z 2 as used in the prev- 
ious chapter. The relation be- 
tween the old and the new nota- 
tion, which is shown below, is 

specifically mentioned because many books on this subject make use 
of both systems. 



Old System 
Zi 
Z 2 
z* 


New System 
Z\/2 
Zi/2 
Z 2 


This is certain to cause confusion unless the student is very careful al- 
ways to distinguish between the two systems. The new system is such 
that the following holds: 

Zi is the total series impedance per section, 

Z 2 is the total shunt impedance per section. 

Referring again to Fig. 4-2, it is seen that there is no possibility of 
determining by impedance measurements at a-b whether the line is 
actually infinite toward the right or is terminated, after even one section, 
by the impedance Z 0 . This Z 0 is called characteristic impedance or 
iterative impedance . The term characteristic impedance will be used in 
this text. If the section is not uniform, then Z 0 is called the iterative 
impedance only and the name characteristic impedance does not apply. 
The characteristic impedance is the impedance which, if used for a 
terminating impedance, causes the line to act as an infinite line. Since 
it is an infinite line a wave started at the sending end will continue to 
travel out to infinity. Thus a wave sent out on such a line will travel 
only outward and will never be reflected, just as a water wave in a 
canal of infinite length will never be reflected because it never meets 
the end or any discontinuity. In other words, a line terminated in Zq 
will not cause reflections. This will be taken up later in more detail. 

It is of interest to determine Z 0 in terms of Z\ and Z 2 . This can be 
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done using Fig. 4-2 and the following development: 


Z o = 


* * a (f + *°) 

2 ^ + Z 2 + Z 0 


^Y + ZoZi+Zl 


Z\ ZjZ* ZiZq 
4 + 2 ^ 2 


2 


+ 


or 


Thus 


Zg = Z\Z 2 + 


Zf 


Z 0 r = ^Z\Z 2 + 


[4-1] 


where the subscript 07 7 is used to refer to a T section. 

It is also useful to have an expression for Z 0 in terms of the open- and 
short-circuit impedances. First the values of Z aho and Z ab8 will be calcu- 
lated and then these will be combined to give equation 4-1. 


Z ab o = ^+Z 2 * 


Z\Z 2 


Z\ 


* ah * “ 2 + Z x 


+ Z X Z 2 


J+Z 2 


Z 1 


+ Z2 


[4-2] 

[4-3] 


If equations 4-2 and 4-3 are multiplied together there results 


Z 2 

ZaboZaba = + Z\Z 2 

4 


or on referring to equation 4-1 it is seen that 


tor 


I 72 

= dtz ^ ZiZ 2 + = zfc V ZaboZaba 


[4-4] 


Let it be required to find the characteristic impedance of a ir section 
making use of the elements in the T section of Fig. 4-2. This t section 
and its terminating impedance Z 0 will be as shown in Fig. 4-3. It has 
been arranged so that the total series impedance and shunt impedance 
for the section remain the same as for the T section. 
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Using a procedure similar to that preceding equation 4-1 results in the 
following development : 

■" 2Z 2 Zo 


2Z 2 Z\ + 


Z 0 = 


2 Z 2 -(■ Z ( 


r 

oJ 


2Z 2 + Z\ + 


2Z 2 Zq 


2Z 2 + Zq 

4 Z X Z\ + 2ZqZ\Z 2 + 4Z 0 Z 2 2 
4Zf + 2ZqZ 2 + 2Z\Z 2 + Z§Z\ + 2Z 0 Z 2 

Z x 



— « VWWW* 

0 3 i 


| ^ 

|2 Z, < 

2 Z 2 | 


Fks. 4-3. 7 r section terminated in Zo. 


Thus 


from which 


0 4Z 2 + Z \ 

= z\z\ 

ZiZ 2 + 5 
4 


^Ott — 


Z\Z 2 


>/*■*• + 7 


^ 1^2 


[4-5] 


which can be seen to be the case by reference to equation 4-1. Here the 
subscript (hr refers to the w section. 

When the sections are infinitesimal in length the Z \) 4 term disappears 
and then Z 0 t = Zon- (See Chapter V.) 

It can also be easily shown that 


Zoir y/ ZaboZabs [4— 6] 

where Z a bo and Z a b 8 are measured on the t section. 

I 72 

Although both signs before the radical <JZ 1 Z 2 + or VZ a boZ a bs are 

of significance in general theory, only the positive radical is employed 
in subsequent derivations. 
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28. Illustrative Example. To find the value of Zqt for a T section having 
Zi = 50 + jl25 = 134.6 /68.2° ohms 
Zi = 200 -ilOO = 223.6 7-26.6° ohms 

Zot = ^JzJ 2 + J [ 4 - 1 ] 

ZiZi = 30,100 /41.6° 

Zi = 18,120 /l36.4° 


7or = J 30,100 /41.6° + 


18,120/136.4° 


= V22,510 + j'20,000 - 3280 + j3125 
= Vl 9,230 + j’23,125 
= 173.6 /25.1° ohms 

Let it be required to find also the value of Zo r when Z\ and Z^ are rearranged 
into a t r section. Here equation 4-5 applies. 


Accordingly 


30,100 /41.6° 
173.6 /25.1°~ 


= 173.4 /l6.5° ohms 


27 . Propagation Constant. A section such as that illustrated in Fig. 
4-2 has been shown to represent a part of a line. If the total number of 
such parts that make up a line is known and if the effect which each 
section has on the transmitted signal is known, it is possible to calculate 
the effect of the entire line on the transmitted signal. To this end it is 
necessary to determine the effect, on a transmitted signal, caused by 
the impedances of a single section. In Fig. 4-2 it will be considered 
that the input current is /i and that the current delivered into Z 0j that 
is, into the remainder of the line, if any, is h- The current I 2 can be 
written in terms of I\ as follows : 


h = h 

* 7 ^ + Zqt + Z% 
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or 


- H- 



7 2 

4 Z 'Z 2 + f 


+ 1 


£.+ !* + £ [4 _7]i 

2Z 3 + \Z 2 + 4Zf 14 7J 


The ratio Ii/h is complex and may be expressed as Ac J &. In other 
words the current in passing through this single section is changed in 
both magnitude and phase in accordance with equation 4-7. 

The change in magnitude is caused by the flow of current through the 
shunt impedance Z 2 , and the change in phase is due to the finite amount 
of time required for the current to be propagated through the section. 
The change in phase may be interpreted as a time lag between the signal, 
input and the signal output. The angle is independent of the phaseF 
angle which exists between the current and voltage at a particular point! 
on the line, and the two should not be confused. * 

As an example, find the complex current ratio of the T section having Z\ 

= 50 +il25 and Zi = 200 — jlOO when terminated in its characteristic 
impedance. This ratio is given by equation 4-7 : 


* = i+* 
h 2 Z 2 


1 + fe+i i 

h \Z 2 4 Zl 


- l = 0.603/94.8° = -0.0505 + j'0.601 
Z 2 


z[ 

4Z? 


= 0.0907 /189.6° = -0.0894 -^0.0151 


Thus 
/ 1 


1 - 0.0253 + j’0.3005 + V-0.0505 + j'0.601 - 0.0894 - J0.0151 


= 1.455 + j'0.908 
= 1.716 /31.95° = 1.716*" 1 -"’ 
whence 

A = 1.716 and 0 = 31.95° 

The propagation constant, written as y, is defined, as the logarithm to 
the base e of this complex current ratio. Hence 

, h h , 

y = In — or — = e 7 

*2 h 

1 Equation 4-7 is valid also for the ir section. See Prob. 4-10. 


[4-8] 
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Thus 

„(-«+*> -h^-b[ ‘+^+>/| + ^] m* 

In this equation, a, the real part of y, is defined as the attenuation con- 
stant and p is the wavelength constant , or phase constant. Equation 4-9 
may be written as 

y = a + jp = In A + In = In A + jp [4-10] 

where p is in radians , and a, expressed as In A, is the logarithm of the 
absolute value of the ratio given by equation 4-7. Note then that a 
expresses the amount of change in the absolute value of the current and 
P the change in phase of the current. The unit of a is the neper , defined 
by 

N - In^l I (4-11) 

h ) 

Thus 1 neper corresponds to a current ratio of 2.71828._ 


From the previous example = 1.716 /31.95°. Let it be required to find 

h 

y, a , and P for the section. From equation 4-10, 
y = ol + jP = In A + jP 

= In 1.716 +i31.95° 


= 0.540 +J0.558 . 


U 


Thus 


a = 0.540 neper 
/3 = 0.558 radian 


7 n fi * . 

■f “t* 


The above results mean that in traversing the section the current vector 
magnitude decreases by 0.540 neper and the vector itself is rotated through 
0.558 radian. 


28. Attenuation. In the study of psychology and acoustics it is 
known that the ear considers as equal changes those changes which are 
in the same ratio. Thus the change from 20 to 30 milliwatts (10-milli- 
watt change) would seem the same as the change from 200 to 300 milli- 
watts (100-milliwatt change) because 30/20 = 300/200. These levels 
are equally spaced on a logarithmic scale. This leads to the logical use 
of some unit in attenuation which is proportional to the logarithm of the 

2 See also equation 7-17 for an alternative expression for y. 
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change ratio. The use of a logarithmic scale leads also to a certain 
simplification in calculations. 

The attenuation factor is defined as the ratio of currents I 1 /I 2 ( — «*). 
In the previous article the logarithmic method of representation was 
assumed where there was written a = In /1//2. Now it is advisable to 
investigate the procedure for taking care of a number of sections in 



Fig. 4-4. Long line terminated in Zq. 



tandem, each of which has a certain value of a. Consider Fig. 4-4. 
Over any number of these sections the attenuation factor will be 

I\ _ Ii 1 2 1 3 1 4 I5 In 

In + 1 1 2 1 3 I 4 1 5 1 6 In - fl 

The propagation constant will be 
yt ■ <*t + jpt = In 7^- 

InH-1 

= («i + a 2 + as + • • •) + j(fi 1 + P 2 + ft + * * *) 


where 


«i = In y + In y + In ~r + 
I2 I3 I4 


— + «2 + «3 + 


Thus the total attenuation constant a t for n sections in tandem is equal 
to the sum of the attenuation constants of the separate sections, and & 
is the sum of the individual phase shifts of the n sections. If the sec- 
tions are all alike, the total attenuation in nepers is N — na and the 
total phase shift in radians is n&. 

As shown above, the neper corresponds to a current ratio change of 
2.71828. This is a rather large change, and accordingly a new unit is 
defined on the basis of power ratio and logarithms to the base 10. Thus 
the bel is defined : 


Number of bels = 


log 


Pi 

P 2 


where P\ and P 2 are the input and output powers respectively. For a 
practical unit the decibel which is one tenth of a bel is used. The num- 
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ber of decibels (db) is given by 

p 1 

Number of db = 10 log [4-12] 

which is a positive quantity in losses, that is, for Pi > P%. One decibel 
thus corresponds to a power ratio of 1.259. If the sending- and receiv- 
ing-end impedances of a line remain constant at the value Z 0 during 
a ratio change, and since power is proportional to the current squared, 
it follows that 

db — 10 log (j~j 

=(20 log ^ ) [4-13] 

\ -iy 

Since Z 0 is independent of the position along the line at which it is 
measured : 

Ei = Z 0 h 
E2 — Z0I2 


so that the ratio E 1 /E 2 is the same as / 1 // 2 . Thus 

db = 20 log [4-14] 

Ej2 

One decibel thus corresponds to a current (or voltage) ratio of 1.122. 

1 db 33 0.115 neper 1 neper = 8.686 db 

In its original definition, the decibel is the unit of power attenuation 
whereas the neper is a unit of attenuation of current (or voltage). If, 
however, the network is terminated in its characteristic impedance 
either decibels or nepers may be employed to specify the attenuation, 
and it is in this sense that the neper is a unit of attenuation which is 
8.686 times larger than the decibel. 

29. Illustrative Example. Find the ratio of power input to power output 
for the T section of the preceding examples and determine the loss in decibels. 

The current ratio has been given as 1.716. According to equation 4-13 this 
corresponds to a number of decibels given by 

db = 20 log 1.716 

- 20 X 0.234 = 4.68 
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Since the section has been terminated in its characteristic impedance, its 
input impedance is also Zor ( = Zqt / 0°) . The input power thus becomes 

Pi = IiZot cos 0 

and the output power is 

P 2 = l\Z QT COS 0 


The power ratio then becomes 

5 - § = d- 716 ) 2 = 2.94 

■T2 *2 

Equation 4-12 gives 

db = 10 log 2.94 = 4.68 


which agrees with the decibel loss calculated from the current ratio. It will 
be noted, however, that this agreement depends on the equality of the input 
and output impedances. 


30. Line Attenuation and Power Levels. Obviously attenuation is 
detrimental to the best interests of the communication company as it 
not only means low transmission efficiency but, what is more important, 
it introduces distortion due to the fact that a differs as the frequency 
changes. These facts necessitate a careful consideration of its effects 
and present the problem of its elimination if possible. As an illustration 
to bring out a few interesting facts, consider a hypothetical unloaded 
cable pair 2000 miles long made of No. 19 AWG copper wire which is 
terminated in its characteristic impedance and which has the following 
characteristics at 796 cycles per second : 

a — 0.1118 neper/mile 
Z 0 = 524.7 ohms 


The total N for the entire line is A = 0.1118 X 2000 = 223.6 nepers, 
and the ratio of input to output current I 8 /I r = € 223 - 6 = 10 97 . This 
means that if one ampere were introduced at the sending end the output 
current I r would be 1/10 97 = 10” 97 ampere. Since there is a flow of 
63 X 10 17 electrons per second for one ampere, the number of electrons 
per second received at the receiving end would be 

63 X 10 17 X 10~ 97 = 63 X 10~ 80 


or one electron would arrive at the receiving end every 500 X 10 68 years. 
This brief summary indicates that attenuation is very detrimental on 
actual commercial lines. 

The power ratio for the above line would be 

(jJ = ( 10 97 ) 2 = 10 194 



LINE ATTENUATION AND POWER LEVELS 


67 


Suppose one microwatt were required at the receiving end ; then the 
input power would be 10 194 X 1CT 6 = 10 188 watts, which would be sus- 
pected of being more power than is available in the world[. Obviously 
such a line used in this way would not work. 

The difficulty is overcome by providing amplifiers, or so-called 
“ repeaters,” spaced along the line at reasonable intervals. One 
repeater at the line center would not be satisfactory because a simple 
calculation shows that it would receive power at too low a level (down 
in the noise area) and would have to supply power at such a high level 
that suitable vacuum tubes are not available nor likely to be for some 
time. The student is advised to work out this problem for himself to 
see just what is involved. A commercial repeater may have a gain, as an 
illustration, of 60 decibels and for this purpose may be considered to 
deliver a power of 5 watts. 

The power ratio corresponding to 60 decibels is given by R in 
— 60 = 10 log R (See equation 4-12) 
log R = —6 
R = 10~ 6 

where the negative sign appears before the 60 because there is a gain. 
The input power = 5 X 10“ 6 = 5 microwatts. 

Since the repeater has a gain of 60 decibels, receiving power at 5 micro- 
watts and delivering at 5 watts, it should be placed at points of the line 
where the power level has dropped to 5 microwatts. The repeater will 
then raise the power level at this point to 5 watts and the line from this 
repeater to the next will again reduce the power to 5 microwatts, and 
so on across the country. Thus each section of the line produces an 
attenuation of 60 decibels. In this hypothetical case, what should be 
the distance between repeaters? 

The current ratio corresponding to 60 decibels is given by R c in 
60 = 20 log R c (See equation 4-13) 
log R c = 3 

R e = 1000 = J- 

*2 

Nepers, N = In 1000 = 0.1118 X number of miles 


Number of miles 


6.91 

0.1118 


61.8 


Therefore 
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Thus in the 2000 miles of line, 33 repeaters would be necessary to accom- 
plish transmission, and at no time would the power level be either too 
low or too high. 

The above illustration which employs both nepers and decibels should 
serve as an introduction to the use of these units. It should be kept in 
mind that the assumption was implicitly made that the line impedance 
remained constant at Z 0 throughout the calculation. Use was made of 
this fact when it was stated that the 60 decibels represented both the 
power gain and the current gain. 

From what has been considered previously it is easily seen that, since 
a is a function of Z x and Z 2) and thus of the frequency, the amount of 
amplifier gain must be different for different frequencies. The differ- 
ence in attenuation for different frequencies produces a distortion of the 
received signal which is called frequency distortion. Also, since P is a 
function of frequency, the phase of signals at different frequencies may 
not be a linear function of the frequency, thus causing a delay or advance 
of certain parts of the range over other parts. This is called delay 
distortion. 

The immediate question which may be asked now is “ What can be 
done to decrease attenuation and to make P the correct function of 
frequency?” These questions are considered in the next chapter. 

PROBLEMS 

4-1. Calculate Zot, a and /3 at 1592 cycles per second for the T section shown in 
Fig. 4-5. 


0.02 h 


0.02 h 

-nmm 


0.1 



Fig. 4-5. For use in connection with Prob. 4-1. 

4-2. (a) Calculate Zor at 1592 cycles per second for the ir section shown in Fig. 
4—6. 

(6) Calculate the attenuation in decibels and phase shift in degrees at 1592 
eycles per second. 



Fig. 4-6. For use in connection with Prob. 4-2. 



PROBLEMS 


4-3. A line represented as a T section has a series impedance, Z\ m 80 + >>(0.050) 
and a shunt impedance, Z% — 0.620 X 10“ 8 ) ohms. Find its characteristic 

impedance at 796 cycles per second. 

4-4. Find the characteristic impedance if the impedance elements of Prob. 4-3 
are rearranged into a x section. 

4-6. Find a and 0 for the section of line mentioned in Prob. 4-3 if it is terminated 
in Zo. 

4-6. Assume that a line is composed of 20 T sections such as in Prob. 4-3. Find 
the total attenuation in decibels, assuming that the line is properly terminated. 

4-7. If the line of Prob. 4-6 has a 1-volt generator with an internal impedance 
of 100 ohms resistance connected at the sending end, find the current at the receiving 
end and the power received. 

4-8. Calculate the efficiency of the line of Prob. 4-7. 

4-9. A portion of a line is represented as a x section in which Za =» Zc * 
—}/ (w0.500 X 10“ 6 ) and Zb » 50 4- >0.040 ohms. Find the characteristic im- 
pedance of this section at 1000 cycles per second. 

4-10. Prove that equation 4-7 is valid for the x section as shown in Fig. 4-3. 

4-11. Find a and 0 for the x section of Prob. 4-9. The x section is to be termi- 
nated in its characteristic impedance. 

4-12. Ten T sections obtained through rearrangement of the elements of the x 
section of Prob. 4-9 are connected in tandem, and the resulting line is terminated in 
its characteristic impedance. If the input current to the line is 10 milliamperes, 
find the current and the voltage at each junction between sections. 

4r— 13. (a) Determine the maximum length of line that can be used to transmit 
power under the following conditions : 

Sending-end power = 5 X 10~ 6 watt 
Receiving-end power — 10 X 10” 5 watt 
Line attenuation =* 0.10 neper per mile 
One repeater station having a gain of 60 db 

(6) What is the maximum distance from the sending end to the repeater in 
order that the power input to the repeater be not less than 5 X 10“ 6 watt? 

(c) What is the power output of the repeater in part b? 

4-14. A 20-mile length of coaxial transmission line has a characteristic impedance 
of 50/0° ohms and an attenuation of 2 decibels per mile. Assuming that the line is 
terminated in its characteristic impedance and that the power input is 0.5 watt, find 
(a) the output power in milliwatts, (b) the output current in milliamperes. 
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4 - 16 . A line is made up of 15 sections as shown in Fig. 4-7 and is terminated in 
its characteristic impedance. Z\ = 2 0/30° ohms and Z% * 250 /45° ohms. 

(a) Find the input impedance. 

(&) If Z g = 600/0° ohms, find the input current and power. 

(c) Find the total attenuation in decibels. 

(i d ) Find the efficiency of the line. 

4 — 16 * Assume that the 2000-mile line of Art. 30 has an input power of 5 watts and 
must deliver 1 microwatt at the receiving end. A repeater is to be placed at the 
center of the line to make this possible, (a) What is the power input to the repeater? 
(6) What is the power output? (c) Find the gain of the repeater in decibels. ( d ) 
Is such an amplifier possible with present-day equipment? 



CHAPTER V 

THE LINE HAVING UNIFORMLY DISTRIBUTED PARAMETERS 


The natures of Z 0 , a, and 0 have been touched upon, having been 
defined and treated on the basis of finite sections of line. It is now 
proposed to determine their expressions as used on a line which has 
uniformly distributed parameters instead of lumped parameters and 
whose length is either infinite or properly terminated. This problem 
involves the cutting of the line into incremental lengths and using the 
methods of the calculus. The present chapter will proceed through 
that development and will treat a few special lines which are of par- 
ticular interest. The material 
leads to the consideration of re- 
flection caused by improper termi- 
nations, that is, by terminating 
impedances different from Z 0 . 

31. An Infinity of Infinitesimals. 

Assume that a line is divided into 
an infinity of infinitesimal lengths, Fiq 5 _ l Element of transmi88 i 0 n line. 
dx, and that one such section of the 

line is as shown in Fig. 5-1. Each length dx has associated with it an 
incremental Z x and Z 2 . A change in previous notation is made as 
follows: 

Let z mean Z h series impedance per unit length (usually a mile) of line, 
and y mean 1/Z 2 , °r the line shunt admittance per unit length. 

v 

Thus for the elemental length dx the series impedance is zdx , and the 
shunt admittance is ydx. At the input terminals of the element in 
question the voltage across the line is V, and the current into the element 
is /. The voltage drop across the element, along the line is 

dV = Izdx 

and as the current flows through the element, there is a decrease 

dl = Vydx 
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The following development is based on these equations. 

dV 


dx 

dl 

dx 


= lz 


= Vy 


[6-1] 

[ 6 - 2 ] 


Differentiating equation 5-1 gives 

d?V 


d[ 

dx 2 Z dx 


Substituting equation 5-2 into this equation gives 


d?V 

dx 


—2 = *yv 


[5-3] 


Similarly, by first differentiating equation 5-2 and then substituting 
from equation 5-1 there is obtained 


f! 

dx 


U, A 

T3 = 


[5-4] 


The usual procedure in electrical engineering is to assume solutions 
of these equations and try them out. Based on a study of differential 
equations, a safe guess for the solution of equation 5-3 is V = Ae ax . 
If this turns out satisfactorily the solution of equation 5-4 is most 
easily found by substituting for V in equation 5-1. Making the above 
substitution in equation 5-3 


d 2 V 

dx 2 


= AoV* = zyAt* 


From this it is seen that 


or 


a 2 = zy 

a = ±V7y 


Thus, since a takes two values, the solution becomes 
V = Ae^ x + Be-'™* 


[5-5] 
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Substituting into equation 5-1, there results 

= 1 dF 
z dx 


= AVzg ' Vlix _ BVzy ^ v , 
z z 

= Ayl*e viix - Byj^e~ y/iis 


[5-6] 


The constants of integration A and B can be evaluated from any known 
boundary conditions. For boundary conditions use V T and I r as receiv- 
ing-end values when x = 0. For this condition then 


and 


V r = A + B (from equation 5-5) 

I r = A — B (from equation 5-6) 
Solving for A and B 


+ bJ 


*4-4, 

'-■4-4 


or adding 


Therefore 


2A 


^,-4 


+ Ir 


_ Yi a. (I h 

2 + \y 2 


and 


2 \j/2 

Equation 5-5 becomes 


- E + ^ + [r 


[5-7] 


[5-8] 
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t s/zyx . -y/zyx- 1 [Z r jVzyx _ -Vzy x - i 

Mr—] Wif— r— ] 

= V r cosh Vzyx + I r sinh Vzy x 


In the same manner, equation 5-6 becomes 


_ y ^y j~ 6^ - fT^l j + J 
= 7 r cosh Vzy x + V r sinh Vzy x 


[5-10] 


Equations 5-9 and 5-10 are general equations of a transmission line 
when the distance is measured from the receiving end. These equa- 
tions can be written in terms of sending-end voltage and current and 
with distance measured from the sending end, provided — x is substi- 
tuted for x in equations 5-9 and 5-10. Since, in the above derivation, 
positive x direction is measured back along the line from the receiving 
end (with x = 0 at the receiving end), distances along the line (with 
x = 0 at the sending end) are to be regarded as — x. Substituting 
—x for x in these equations gives 

V = V s cosh (- Vzy x ) + / 8 ^- sinh (- y/zyx) 

I = I 8 cosh (— Vzy x) + V 8 sinh ( — Vzy x) 
or 

V = V 6 cosh Vzy x — I 8 ^ sinh Vzy x [5-11] 

I = I 8 cosh Vzy x — V s sinh Vzy x [5-12] 

since cosh (— x) — cosh x and sinh ( — x ) = —sinh x. 

32. Determination of Z 0 • Let equation 5-11 be used, and impose 
the condition that the line be infinitely long. Under this condition it 

1 Refer to Appendix III for a discussion of hyperbolic functions. 
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has been seen that the input impedance is the characteristic impedance 
Z 0 . Thus, if the input impedance can be found, Z 0 is determiried. 
At infinity both V and I are zero. Thus, leaving in the x which — ► oo, 
we obtain from equation 5-11 


V 8 cosh V zy x — I, sinh Vzy x 

» y 

[6-13] 

Hence from equation 5-13 


V, jz sinh Vzy x /*.,/— 

— = Z,- \ -=— = * - tanh Vzy x 

h cosh V zy x *y 

r~ 

[5-14] 

** 

II 

11 

[5-15] 

since tanh oo = 1. 

LerTis note in passing how this Z 0 compares with that 
viously for a finite section of line. In Chapter IV 

found pre- 

Zo = ■Jz 1 Z 2 + j 

[4-1] 

Since Z 2 = 1/y, and Z x is the present z 


m 1* 2 2 

Zo = \y + l 

[4-la] 

In this derivation 


*° = >| 



Thus-4he differencejjesjn the z 2 / 4 term which is not present Jn_the 
treatment of the_uniform ^ine or when t he sections are infinite simal. 
(SgeApp^odix. IV.) 

The Z 0 as given in equation 5-15 for a line with distributed param- 
eters besides being called characteristic impedance is also called surge 
impedance. 

33. Illustrative Example. A transmission line, constructed of 104-mil- 
diameter copper wire with an 18-inch spacing between wires, has the following 
measured parameters per loop mile (measured C will differ from that calculated 
by means of equation 1-32 because of the effective relative permittivity of the 
medium between the conductors differing from unity) : 

R = 10.15 ohms 
L = 3.93 mh 

C = 0.00797 nf wire to wire 
G = 0.29 n mho 
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Determine the characteristic impedance Zo for this line at 796 cycles per 
second (« = 5000) using equation 5-15 for the infinitely long line, and com* 
pare with that found by using equation 4-la. 

l - R + juL - 10.15 +J5000 X 0.00393 = 10.15 + i 19.65 

= 22.12 /62.68° ohms 


G+juC = (0.29 + j5000 X 0.00797) X 10“ 6 

= (0.29 + j'39.85) X 10“ 6 = 39.85 X 10~* /89.58° mho 


i= ft / 22. 

yy ’ 39.85 > 


.12 /62.68° 


X IQ— 8 7 89.58° 
= 745 /-13.45° ohms 


10 3 Vo.555 7 -26/90° 


From equation 4-la for a section of line one mile long, 

Z a = „ /- + - = V555 X 10 3 / -26.90° + 1(22.12 /62.68°) a 

yy 4 

= V 554,880 7-26.89° = 744.9 /- 13.45° ohms 


If the section is 1000 feet long instead of 1 mile, then 
Zo = V 555 X 10 3 / — 26.90° + 1(4.19 /62.68° )^ 
= 745 / — 13.45° ohms 


34. Determination of Propagation Constant. The propagation con- 
stant represents the change in magnitude and phase in a wave as it 
passes along the line. Thus, in order to find this constant, it would be 
helpful to have an equation of V in terms of V 8 and x or an equation for 
I in terms of I 8 and x. 

Written in terms of exponentials, equation 5-12 is 


/= Is 


js/zyx 


+ 6 


-Vzyx 


V,* 

z o 


yzyx ^ —Vzyx 


[5-16] 






[5-17] 


If the line is terminated in its characteristic impedance, then the 
input impedance is Z 0 , and V a /Z 0 = I 8 . The first term of equation 
5-17 then drops out, and the equation reduces to 

J,t~ yx [5-18] 
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Thus at a distance l we have 


or 




ffillfl] 


where yl now plays the same part as the y of equation 4-8, which de- 
fined the propagation constant. Thus yl is the propagation constant 
for the length under consideration, and y ( = Vzy) is the propagation 
constant per unit length, which is taken here to be the mile. 

Similarly, equation 5-11 will yield 


or 



[fr-21] 



[5-22] 


The constant y was given in Chapter IV as a more or less compli- 
cated function of Z x and Z 2 . The great simplification in its present 
expression is to be noted. In order to determine a and 0, the real 
and imaginary parts of y as previously defined, it is only necessaiy to 
evaluate Vzy as a complex quantity and take the real and imaginary 
parts. 

In equation 5-18 (and 5-21 also) y may be complex. Thus 

I x = I 6f .- (a+ili)x 

= i,t- ax r ipx 

Y = «-“*( cos fix - j sin fix) = C N /-fix [5-23] 

*8 


This shows that as one proceeds along the line the absolute value 
/»//, decreases according to the constant a, and the vector I x /I, rotates 
clockwise at a rate fixed by fi. This is repeating again what has already 
been pointed out concerning a and 0. 

In equation 5-23, /3 occurs as circular radians per unit length. Since 
a occurs in the equation in a manner similar to 0, it might be expected 
that a also should be expressible in something analogous to radians. 
Equation 5-23 can be written as 

h 

’ /. 


(cosh ax — sinh ax) (cos fix — j sin fix) 


[5-24] 
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wherein the complex ratio I x /h is expressed in terms of hyperbolic 
and circular functions. (See Appendix III.) The P occurs only in the 
circular functions and, as before mentioned, is in radians per mile. 
The attenuation a occurs only in the hyperbolic functions and by 
analogy may be said to be in hyperbolic radians per mile. Thus it 
is seen that the neper corresponds to a unit called the “hyperbolic 
radian per mile,” and thus there is an analogy between a and P which is 
useful to keep in mind although the concept of a hyperbolic radian per 
mile is difficult to visualize. 

35. Illustrative Example. Consider the line of Art. 33 to be 200 miles in 
length, and determine the relation between the vector /*//, and distance x. 

7 = Vzy = V22. 12 /62.68° X 39.85 X lQ- 8 /89.58° 

= 0.0297 /76.13° = 0.00712 +/0.0288 
a = 0.00712 neper/mile 
P = 0.0288 radian/mile 

l* __ ^ — 0.00712:r^ —J0.0288x _ € *“ 0>00712j /^0 0288^ 

I* 

For x = 50 miles 


{x _ ^ -0.356 / 

1.44 radians 

= 0.70/ -82.5' 

I* 



X 

e -a* 

Px° 

0 

1 

0 

25 

0.836 

-41.3 

50 

0.700 

-82.5 

75 

0.586 

-123.8 

100 

0.490 

-165.0 

125 

0.411 

-206.3 

150 

0.344 

-247.5 

175 

0.288 

-289.0 

200 

0.241 

-330.0 


The variation of /*//. with distance is a logarithmic spiral as shown in Fig. 
5-2. As attenuation decreases, the locus of /*//« gradually evolves into a 
circle. 

36. Wavelength and Velocity of Propagation. From equation 5-23 
and the immediately preceding material it is seen that P represents the 
rotation of the V or I vector with respect to V 8 or I 8 in radians per unit 
length. Thus, in this case, P is given in radians per mile. A rotation 
of 360° subtends a complete wave or effects a change from a positive 
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maximum at x = x\ to the next positive maximum 
This X is known as the wavelength, and it follows that 

at x — Xi + X. 

f 

$ 

II 

to 

** 

[5-25] 

or 


2ir 

[5-26] 




Fig. 5-2. Illustration of attenuation and phase shift. 


Let v be the velocity of propagation or phase velocity in miles per 
second. In one second the vector will rotate through a number of radians 
equal to v/3 which is then equal to the number of radians per second. 
However, the number of radians per second is the frequency multiplied 
by 2 tt. Therefore 

vfi = 2tt/ [5-27] 


or 



< » ) 
P 


[5-28] 


Thus, if /3 were known, both the wavelength and the velocity could 
be found from equations 5-26 and 5-28. It will be shown later that 
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the velocity of propagation may lie between the limits of about 10,000 
miles per second and the velocity of light, 186,285 miles per second, 
depending on the line constants. It thus becomes helpful to have 
equations giving P (and a) explicitly in terms of the fundamental con- 
stants. 


37. Illustrative Example. To determine the wavelength of the line con- 
sidered in Art. 33 and the velocity of propagation of the 796 cycles-per-second 
wave on this line. The value of P was determined in Art. 35 and found to be 
0.0288 radian per mile. Hence 


and 


2ir _ 2 ir 

J “ 0.0288 


= 218 miles 


2 irf _ w _ 5000 
~P ~P~ 0.0288 


173,500 miles/sec 


38. a and p as Functions of I, C, R t and G. It has been seen that 
Y = a + jp - Vzy, that z = R + juL, and y = G + jo>C. In these 
equations it must be remembered that L, C, R } and G are for the unit 
length under consideration, here taken as 1 mile. Writing out Vzy 

« + jp = V(«' + juL)(G+juC) [5-29] 


Let both sides of this equation be squared: 

a 2 - P 2 + j2ap = (R + jo>L) (G + jo>C) 

= (RG - « 2 LC) + j(GuL + RaC) 


By equating real and quadrature components there are obtained two 
equations from which a and p can be found : 

a 2 - p 2 = RG - o) 2 LC [5-30] 

2 aP = Go)L + Rq)C [5-31] 


Solving equation 5-31 for a and substituting into equation 5-30 

Go>L -|- RooC 


and 


(GwL + ftcoC) 2 


2 P 


-p 2 = RG- <x> 2 LC 


or 

or 


(GwL + RuC) 2 -4P 4 = (RG - <» 2 LC)4P 2 
/S 4 + p 2 (RG - u 2 LC) - (gtoL + Ro>C ^ = 0 
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This is a quadratic equation in fi 2 and can be solved readily giving 

0 * + U?L 2 )((? + oPC 2 ) - ( RG - u 2 LC)] 15-32] 

In a similar manner a can be found: 

« = ^[V(R 2 + W 2 L 2 )((? 2 + o>W) + (RG - <a 2 LC)] [5-33] 

The equations 5-32 and 5-33 will be useful later in the treatment of 
special lines. 

39. Illustrative Example. The values of a and /3 will be determined for 
the line of Art. 33 employing the parameters L, C , R y and G. For the cal- 
culation of a and 0 the following are needed: 

R 2 = 103 (a )L) 2 = 386 

G 2 = 0.084 X lO" 12 (a>C) 2 = 1588 X 10~ 12 

RG = 2.94 X 10" 6 c o 2 LC = 783 X 10" 6 

Substituting these values into equation 5-33 gives 

« = V'. £[ V 489 X (1588 X 10~ 12 ) - 780 X 10“*] 

= Vi (881 X 10 ~® - 780 X 10 “®) = 0.00712 neper/mile 

An inspection of equations 5-32 and 5-33 shows that /S may be obtained by 
changing the sign of the last term in the above equation for a ; hence 

0 = V |(881 X 10“ 6 + 780 X 10 “ 6 ) = 0.0288 radian/mile 

It is seen that these are the same values as obtained for a and & by the 
method given in Art. 35. 

40. Special Lines, (a) Cables, In most cable circuits for use at 
voice frequencies the inductive reactance is low compared to the resist- 
ance, and the leakage conductance is negligible with respect to the 
capacity susceptance. The inductance is very low owing to the prox- 
imity of the conductors, which causes the external flux linkages to be 
very small. (See equation 1-11.) The conductance is very small if 
the cable is well constructed with good insulation. Under these con- 
ditions, approximations can be made which will greatly simplify the 
calculations. Thus 


z = R + j<j)L = R 
y ~ G + jwC = jwC 
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For these conditions equations 5-32 and 5-33 become 
0 = 



[5-34] 

[5-35] 

[5-36] 

[5-37] 


The above equations for v, a, and @ show that each is proportional to 
the square root of the frequency transmitted ; thus the higher-frequency 
portions of the band arrive earlier and are reduced more in magnitude 
than the low-frequency portions. The phase distortion occurs since 0, 
in equation 5-34, is not directly proportional to co. 

Since the RC cable exhibits both frequency and phase distortion, it 
is not suitable for the transmission of a wide frequency band. 

It is well to note also that, since this is an infinite line, the input 
impedance is 



which has a fixed angle of negative 45° regardless of frequency. Thus 
the current at the input leads the voltage by 45°. 

(b) Distortionless Transmission . An optimum state of affairs would 
be represented by an a which is independent of frequency and of as low 
a value as possible, and a p proportional to frequency so that v would be 
independent of frequency. The determination of the line parameters 
for such a condition would be rather difficult if attempted by any 
straightforward development. However, a rearrangement of equations 
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5-32 and 5-33 leads to the following: 

0 = + VLC) 2 + (LG - RC) 2 V - (RG - VLC)] [5-38] 

« = W^Wf^VfiG^VLC)] [5-39] 


In these equations it is seen that a considerable simplification will result 
if the condition that LG = RC exists. Then 


0 = + VLC) - (RG - VLC)] 

= V« 2 LC = co VLC [5-40] 

and 

a = V\[(RG + VLC) + (RG - c 7LC)\ 



[5-41] 


Thus a and 0 reduce not only to very simple forms but also to precisely 
the functions which were desired: a is independent of frequency, and & 
is proportional to frequency. From this 


CO _ CO 1 

0 ~ uVlc - Vlc 


[5-42] 


The assumption LG = RC is the same as L/R = C/G. In other 
words z(= R + juL) and y(= G + juC) have the same angle. 

Z 0 can be calculated from 


Z o 
Zo 


4 

4 


R + jcoL 

G + jc oC 


J 


/? -|- jcoL 


G +j 


.uLG 


R 


lR(R+jo>L) Ir II 
\G(R+juL) \G~\C 


[5-43] 


The condition of L/R = C/G for the above relatively perfect case is 
difficult to attain because G is generally very small on well-built lines, 
making it necessary for L to be very large or for R to be small. R cannot 
be decreased sufficiently because of economic limitations, and it is not 
advisable to increase G artificially owing to its effect on a. Thus on an 
actual line it may be suspected from the above discussion that artificially 
increasing the inductance would have the effect of decreasing R and thus 
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should improve the attenuation constant. This addition of inductance 
is called loading. 

41. Elements of High-Frequency Coaxial-Cable Transmission. A 

type of line which is of very great importance at high frequencies is the 
coaxial cable. The equations for L and C of such a line have already 
been written. They are 


0.741 log - X 10 3 henry /mile 
a 

[1-25] 

0.0388 .. .. 

7 “ ^f/mile 

[1-37] 

log- 

a 



and 

Rac = 67.5V/ (" + l) X 10 _4 %hm/mile [1-84] 

where c r is now taken as unity, a and b are in centimeters, and / is 
expressed in cycles per second. 

At very high frequencies G can be neglected, and wL will be very large 
in comparison with R. Hence at high frequencies 

Zo = %/t+fi " \f [5_44] 

With these assumptions, a of equation 5-33 can be written 
a = V|[V^ 2 C 2 (ft 2 + VL 2 ) - <o 2 LC] 

■ Vt [“ z '( 1 + -iJh) ~“ L ] 15-461 

/ f? 2 

where 11 + Tjji) i® expanded by the binomial theorem and all terms 
above the second degree are dropped. Thus 
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The attenuation of the line can be written now in terms of dimensions 
if equations 1-25 and 1-37 are substituted into equation 5-44 and r this 
with equation 1-84 into 5-46. 




== 138 log -ohms [5-47] 

a 




Thus a is given in terms of a and b. The derivative of this function with 
respect to a may be set equal to zero to obtain a value of a in terms of b 
which will produce a minimum value of a. In this derivative b must be 
considered as a constant. It is found that for a minimum a, b/a = 3.6, 
in which case Z 0 becomes about 77 ohms. 

It is seen that once a and b are fixed the attenuation will be propor- 
tional to the square root of the frequency. Also it will be noted that 
for coaxial lines the characteristic impedance is relatively low, being 
about 75 ohms compared with the value of 745 ohms obtained for the 
aerial line discussed in Art. 33. The velocity of transmission on such a 
line is very near to the velocity of light, as can be easily seen from the 
following equations. It is only necessary to change the sign of the 
last term in equation 5-45 in order to obtain /3. Thus 
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From this 


03 1 I 

S" ^7m \ , r 2 

+ 8a w 


This shows that the velocity will be slightly less than v = 1/VXC. 
Substitute equations 1-25 and 1-37 into this equation for v'. Then 


v = 


„ _ _ b 0.0388 X 10~ b 

0.741 log - X 10 3 X 

a , b 


log 




= 186,285 miles/sec 


or using equations 1-24 and 1-35, / = 3X 10 8 meters per sec. 
If R were actually zero and there were no leakage conductance, as 
assumed, then the maximum velocity this transmission could have 
would be the velocity of light. 



Z 0 « 745 A 13.45 


Fig. 5-3. For use in connection with illustrative example of Art. 42. , 


42. The General Line and the Effect of Loading. The values of Zo, 
a, and /3 as obtained from the foregoing calculations will be applied to 
the 200-mile line. Assume that the line is terminated at the receiving 
end in Z 0 , and a generator (796 cycles per second) with an emf of 2 volts 
and internal resistance of 600 ohms is connected to the sending end. 
(See Fig. 5-3.) 

/ 0 = 745 / -13.45° = 725 - jl73 ohms 

j Ee 2 2 

* R g + Z 0 600 + 725 - jl73 1335 / -7.45° 

= 0.0015 /7.45° ampere 

The total nepers attenuation of the line is 

N = 200 X 0.00712 = 1.424 

— = e 1 424 = 4.16 

If 
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Therefore the received current, since the line is correctly terminated, is 

• T I 8 0.0015 „ 

I r = ——7 = ■ = 0.000360 ampere 

4.16 4.16 

The decibel attenuation of the line is easily found from the current ratio, 
db = 20 log 4.16 = 20 X 0.619 = 12.38 

The phase rotation of the current will be 6 = 200 X 0.0288 = 5.76 
radians or 6 = 330°. 

Let it be recalled again that the effect of is to multiply the sending- 
end current, or voltage, by a factor 

r ? 1 = r al r m = r N r je = 

As was pointed out previously, the factor e~ N merely decreases the 
magnitude of the sending-end quantity, and the factor (= cos0 — 
j sin 0) rotates the vector of the quantity through an angle 0 in the clock- 
wise or negative direction. Thus the receiving-end current has an angle, 

7.45° - 330° = —322.55° 

Therefore the receiving-end current is 0.000360 / — 322.55° ampere. 

The received power is the power lost in the resistance component of the 
terminating impedance. It is seen above that the resistance component 
of Z 0 is 725 ohms. Thus 

Pr = I 2 r Rr = (3.60 X 10- 4 ) 2 • 725 
= 94.0 X 10 -6 watt 
= 94.0 fiw 

In order to consider a loaded line it will be assumed that an inductance 
coil with R = 7.3 ohms and L = 246 mh is placed in the line at intervals 
of 7.88 miles. At low frequencies this inductance can be considered as 
uniformly distributed so that the added inductance per mile is 
246/7.88 = 31.25 mh and the added resistance per mile is 7.3/7.88 = 
0.927 ohm. Thus the fundamental parameters become 

R = 10.15 + 0.927 = 11.08 ohms/mile 
L = 3.93 + 31.25 = 35.18 mh/mile 
C = 0.00797 Mf/mile 
G = 0.29 X 10~ 6 mho/mile 
Again calculating Z 0 

l = 11.08 + j5000 X 0.03518 
= 11.08 + jl76 = 176 /86.39° ohms 
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From Art. 33, 

y = 39.85 X 1Q- V89.58 0 mho 

Hence 


?0_ \| - \L.f 


176 


; /-3.19 c 


1.85 X HT 6 
= 2102 /- 1.59° = 2102 - j58.4 ohms 


For the calculation of a and P : 
R 2 = 122.8 
G 2 = 0.084 X 1(T 12 
RG = 3.21 X 1O" 0 


(wL) 2 = 31,000 
(<oC) 2 = 1588 X 10 -12 
u 2 LC = 7013 X KT 6 


Substituting into equations 5-32 and 5-33 


P = v'|[v'31,123 X 1588 X HT 12 + 7010 X HT 6 ] 
= VJ (7030 + 7010) X 1(T 6 
= 0.0838 radian/mile 


a = V|(7030 - 7010) X HT* 
= 0.0032 neper/mile 2 


X 


v 


2t 2t 

T = 0.0838 

co _ 5000 

B ~ 0.0838 = 


75.0 miles 


59,700 miles/sec 


Applying these results to the 200-mile line in the same manner as for 
the nonloaded line, the input current becomes 


a 600 + 2102 - ,7*58.4 
- 2702 /-T235 - ’ 0000740 ^! -P- 

Now calculate e~ yl , and operate directly with it on /„. 

= r al r m = r al /-&i 

2 When the value of a is very low it is better to calculate it by determining the real 
part of Vzy directly. 
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f -00032X200 / - 0 0838 X 200 
= c-o-Q 4 /- 16,76 rad. 

= J^ Z-QGO 0 = 0.527 / -960° 

Thus I r = 0.000740 /1.235° X 0.527 / -960° = 0.000390 / - 958.76° am- 
pere. The resistance component of the terminating Z Q is 2102 ohms. 
Thus the power delivered is 

P r = (0.000390) 2 X 2102 
= 320 microwatts 

The decibel attenuation of the line is 


db = 20 log 1.898 = 20 X 0.2780 = 5.56 


A comparative summary of the two lines follows: 


Zo 

a 

P 

X 

v 

h 

Ir 

db 

Pr 

Pi 


Non LOADED 

745 /- 13.45° ohms 
0.00712 neper/mile 
0.0288 radian/mile 
218 miles 
173,500 miles/sec 
0.0015 /7.45° ampere 
0.000360 /- 322.55° ampere 
12.38 

94.0 microwatts 
5.76 radians 


Loaded 

2102 /- 1.59° ohms 
0.0032 neper/mile 
0.0838 radian /mile 
75.0 miles 
59,700 miles /sec 
0.000740 / 1.235° ampere 
0 .000390 /— 958.76° ampere 
5.56 

320 microwatts 
16.76 radians 


The important item to note in the above tabulation is that the attenua- 
tion for the loaded line is approximately one-half that for the non- 
loaded line. The power delivered over the loaded line is about 3.5 
times the power over the nonloaded line. However, loading has caused 
a great decrease in the phase velocity. 

Instead of placing loading coils at intervals along the line, the effect 
may be obtained by wrapping the conductors with iron or permalloy 
tape which uniformly distributes the added inductance. 


PROBLEMS 

Make all calculations for Probs. 5-1 to 5-6 inclusive at 796 cycles per second. 
6-1. Given a line A which has the following parameters per loop mile: 

R — 4.02 ohms 
'L « 3.37 mh 
C - 0.00898 /xf 
(?»5X 10“ 6 mho 

This line is 200 miles long and is terminated in its Zq. Calculate Zq, a , 0, v, and X. 
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/ 5 - 2 . A generator of 500 ohms internal resistance and 10 volts generated emf is 
connected to the sending end of line A. Find the voltage across the line and the 
current in the line at the receiving and sending ends and at intervals of 25 miles along 
the line. Plot results using both polar and cartesian coordinates. 

5 - 8 . Given a line B with the following parameters per loop mile: 

R — 5.08 ohms 
L = 2.22 mh 
C = 0.01454 /xf 
G = 0.58 X 10~ 6 mho 

(o) Calculate Zo, a, p, v , and X. 

(6) Load the line with an additional L — 246 mh and R — 7.3 ohms at inter- 
vals of 7.88 miles, and recalculate Zq, a , p, v, and X. Note any differences caused 
by loading. 

5 - 4 . Calculate the decibel attenuation of 200 miles of line B when properly termi- 
nated, when both loaded and unloaded. 

5 - 6 . A cable line C has the following parameters per loop mile: 

R = 42.1 ohms 
L = 1 mh 
C = 0.062 /xf 
G = 1.5 X 10~ 6 mho 


Calculate Zo, «, P, v, and X. 

6-6. Loading is added to the line C at intervals of 1.135 miles. The additional R 
and L for this interval are 2.7 ohms and 31 millihenry s respectively. Recalculate 
Zo, a, P, v , and X. 

5 - 7 . (a) Calculate and plot curves showing the relationship between attenuation 
constant versus frequency and between wavelength constant versus frequency for 
the cable line of Prob. 5-5 over a frequency range of 100 to 5000 cycles per second. 

(i b ) Calculate and plot curves showing the relationship between characteristic 
impedance versus frequency, velocity of propagation versus frequency, and wave- 
length versus frequency for the above line and frequency range. 

✓ 6-8. A parallel-wire line is composed of two No. 10 AWG hard-drawn copper 

conductors separated center to center by a distance of 5 inches. Determine the 
characteristic impedance of the line at 1000 kilocycles: 

(a) When resistance and shunt conductance are neglected, 

(b) When shunt conductance only is neglected. 

5-9. The line of Prob. 5-8 is 100 meters long. Determine a and p, the decibel 
loss for the line, and the total change in phase of the current in degrees: 

(a) When shunt conductance is neglected, 

( b ) When shunt conductance is taken as 3.82 X 10~ 6 mho per meter. 
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OPEN-CIRCUIT AND SHORT-CIRCUIT LINES 

The previous chapter treated the uniform line which was properly 
terminated. Such a line led to the condition under which the propaga- 
tion was unidirectional, that is, no reflected wave ever could return from 
the far end. Everyone has had experience with water waves in channels 
or elastic-displacement waves on long stretched wires, and it is well 
known that, if there are irregularities in either, a reflection results. If a 
wave is sent from one end of a long wire fastened firmly at the far end, 
in a short time a wave returns. This returned wave is the result of the 
discontinuity at the distant end. Echoes are another illustration of 
reflection caused by irregularity or discontinuity of the conducting 
medium. On account of the similarity between the electric wave on a 
transmission line and the waves mentioned above, reflection would be 
expected in every line which is not infinite (or terminated in Z 0 ). 

The present chapter introduces the problem of reflection and considers 
the two limiting conditions of mismatch at the receiving end — that 
of an open circuit and that of a short circuit. The basis is also laid for 
further development of reflection phenomena and various miscellaneous 
treatments which are taken up in Chapter VII. 

43. General Equations. In the preceding chapter two equations, 


V = V s cosh Vzy x — I 8 Z 0 sinh Vzy x [5-11] 

and 

y 

I = I 8 cosh Vzy x — -r sinh Vzy x [5-12] 

Z 0 


were derived, and on the basis of an infinite line the term Vz/y was 
identified with Z 0 . It should, however, be carefully noted that the 
derivation of equations 5-11 and 5-12 did not depend on the line termi- 
nation. The only boundary conditions used were at the receiving end 
where x = 0, V = V n and I = I r . Thus these equations can be easily 
extended to cover lines terminated in a more general Z r which may or 
may not be equal to Z 0 . Obviously, of course, in such a line the input 
impedance is no longer equal to Z 0 , but Z 0 , being a constant of the line, 
can be kept in the equation. 
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Letting the length of the line be represented by S, the above equations 
will give the receiving-end quantities in terms of S as follows : 

V r = V 8 cosh Vzy S — I 8 Z 0 sinh Vzy S [6-1] 

I r = I 8 cosh Vzy $ — ~ sinh Vzy S [6-2] 

Z 0 

Similarly from equations 5-9 and 5-10 

V 8 = V r cosh Vzy S + I r Z 0 sinh Vzy S [6-3] 

I 8 = I r cosh Vzy S + sinh Vzy S [6-4] 


These four equations are the general equations of a transmission line 
and do not involve the terminating impedance explicitly. Therefore 
the indicated voltages and currents can be considered as existent at any 
two points on a line separated by a distance aS, which in this case is to be 
taken as the length of the line under consideration. 

Keeping in mind that Z r must equal V r /I r , equation 6-3 can be 
rearranged as follows : 

Ir = ■=— [6-5] 


Z r cosh Vzy S + Z 0 sinh Vzy S 
and from equation 6-4 

/« = I r ^cosh Vzy S + y sinh & j 


[6— 5a] 


V„ ( Z f) cosh Vzy S + Z r sinh Vzy S) 
Z 0 (Z r cosh Vzy S + Z 0 sinh Vzy S ) 


[6-6] 


These equations are derived in a different manner in Appendix V. 

44. Direct and Reflected Waves. In order to appreciate more fully 
the purpose of terminating a line in its characteristic impedance, let 
equations 5-9 and 5-10 be rewritten employing exponentials and the 
attenuation and phase shift constants. Then 


V = 


1 = 


V r + I r Z 0 , Vr IrZo - a » T —j0t r 


[ e <*’r f jl Ur _j_ 


*0 


Ir - 


2 

V r 


£o ( —aSr f —}0*T 


[6-7] 

[6-8] 


2 


f cUr ( )P»r 


2 
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where 8 r will be used to indicate distance alopg a line of length S from the 
receiving end. Since V r — I T Z r 

V = 1 T — * ~ f* r e ,l3 ‘ r + It ~ ~ — r a,r f-rt' T [6-9] 
z z 

I = [l \ Zr ± e <x8r € j(38r _ 2f Z-2± € -<*Sr € -jp8 

Zol 2 2 

Equation 6-7 is seen to consist of two terms, the first of which increases 
in magnitude (due to e a8r ) as we go from the receiving to the sending 
end or decreases in magnitude proceeding from the sending to the 
receiving end. This term, when associated with the time variation of 
voltage (which has been canceled out of equation 6-7), results in a 
voltage wave which originates at the sending end of the line and is often 
referred to as the direct wave. The operator e 3 ^ 8r causes the direct wave 
to advance in phase from its position at the receiver as we proceed from 
the receiving end. 

The second term of equation 6-7 decreases in magnitude (due to 
e~ a8r ) as we go from the receiving to the sending end. Hence this wave 
may be thought of as originating at the receiving end, and as such it is 
called the reflected wave. The operator e“ ;/3sr causes the reflected wave 
to drop back in phase from its receiver position. 

The voltage at any point on the line is the sum of the two terms shown 
in equation 6-7. Since the actual time variation of the voltage has been 
eliminated from this equation, the two terms combine to form a standing 
wave , that is, a plot of V versus s r . 

The loci of the direct and reflected voltage components for a case in 
which Z r < Z 0 are shown in Fig. 6-1 together with the resultant standing 
wave. The resultant wave is the vector sum of the direct and reflected 
components. Since Z T < Z 0 , the reflected wave appears as a negative 
wave with respect to the direct wave. If Z T were greater than Zo, then 
the reflected wave would appear as a positive wave. (See Fig. 6-9 for 
the open-circuit case of Z r — ».) At the load the resultant wave is 
the arithmetic difference between the direct and reflected waves, whereas 
at the 90° point it is equal to the arithmetic sum of the two components. 
At the 180° point the resultant is again the difference and at 270° again 
the sum. In rectangular coordinates, the loci plot as shown in Fig. 6-2. 

Examination of equation 6-9 shows that when Z r — Z 0 (the line 
properly terminated) the reflected component disappears. The loci of 
the voltage wave for the matched case are shown in Fig. 6-3 in polar 
coordinates and in Fig. 6-4 in rectangular coordinates. It is to be noted 
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Fig. 6-1. Voltage loci for mismatched condition. Z r < Zo. 
K = 0.5 /180° (See page 211.) 



Fig. 6-2. Voltage along mismatched line showing the standing wave. 

(See Fig. 6-1.) 



Voltage 
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Fig. 6-3. Voltage loci for matched condition. No reflected wave. 



s r miles between sender and receiver f 

Receiver end 

Fig. 6-4. Voltage along matched line. (See Fig. 6-3.) 
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that the spiral is smooth, the voltage variation is uniform, and no 
standing waves are present under these conditions. 

46. Sending and Transfer Impedances. The sending-end, or input, 
impedance of the line has not yet been mentioned. However, in any 
practical treatment of the line its value is necessary in order to deter- 
mine the input current when a given generator voltage is applied to the 
a e u din g end. Equation 6-6 gives this impedance directly by trans- 
position. Thus 

z = Zf = z 0 [~ Zr cosh s + h . siph ^5 s ~\ [e_n] 

* h Lz 0 cosh Vzy S + Z r sinh V zy sJ 

It is seen immediately that, if Z r = Z 0 , the input impedance reduces to 
Z 0 as it should. 

The sending-end transfer impedance of a line is defined as the ratio 
VJlry and using equation 6-5 this becomes 

Z tr = Z r cosh Vzy S + Z 0 sinh Vzy S [6-12] 


46. Input Impedance, Open- and Short-Circuit Line. If Z r becomes 
infinite, an open-circuit line results. The reflection which takes place 
under this condition is characterized by the fact that the current I r at 
the end of the line is zero. In such a line the input impedance varies 
widely as either the length of the line or the frequency of the trans- 
mitted wave is changed. 

If numerator and denominator of equation 6-11 are divided by Z r , 
and Z r allowed to approach an infinitely large value (open circuit), the 
input impedance of the open-circuit line is 


Z 80 — Zc 


cosh Vzy S 
sinh V zy S 


[6-13] 


Thus 


V sinh 2 a + cos 2 b 


Z 80 = Z 0 coth Vzy S = Z 0 


/ tan" 1 — 
/ co 


sin b sinh a 


cos b cosh a 


V sinh 2 a + sin 2 b / tan 1 — 

/ cc 


where a = aS and b = fiS from Vzy S = a + jb . 
The input current to the line becomes 


sin b cosh a 
cos b sinh a 

[6-14] 


V 8 _ V 8 tanh Vzy S 
Zso Z 0 


[6-15] 
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For the short-circuit line it is only necessary to set Z T — 0, or what 
amounts to the same thing, V r = 0. The input 'impedance can again be 
determined from equation 6-11 as 


_ _ sinh Vzy S _ . , — _ 

Zgg — Zq ~r~ =m tanh y/ zy S 

cosh v zy S 


or 


Z g8 — Zq 


sin b cosh a 
cos b sinh a 


Also 


V sinh 2 a + sin 2 b / tan 1 — 

/ c( 

/“TTi ; o~r / , ft sinh a 

V sinh a + cos b / tan — 

cos b cosh a 


Is 8 = 


v 8 


Zss Z 0 tanh Vzy S 


[6-16] 


[6-17] 


[6-18] 


It will be seen from equations 6-14 and 6-17 and Fig. 6-5 that the 
impedances Z 80 and Z 8S fluctuate in value as the length of the line is 



Fig. 6-5. Variation of Z 80 and Z 8S with length of line. 


increased. This variation is due to a gradual change in the value of 
sinh a and a periodic fluctuation in both sin b and cos 6. If the sinh a 
term is not so great as to mask the fluctuation caused by the circular 
functions, then maximum (or minimum) values of both Z 88 and Z 90 
will be passed through at approximately every half wavelength. This 
follows from the fact that b in these equations is fiS and, if S is expressed 
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in terms of the number of wavelengths n, b becomes 2im. Z 80 will be 
maximum at n = 0, whereas Z 88 is a minimum. The sinh 2 a term merely 
increases gradually and eventually predominates over the fluctuation 
caused by the circular functions. Continuing with the increase in n, 
when n becomes 34 , b is t/2, and Z 80 is a minimum while Z 88 is a maxi- 
mum. Again at n = 34 , Z 80 will be a maximum and Z S8 a minimum, 
because of the circular function being squared. Thus two maxima 
(or two minima) may be encountered in one-half wavelength. 

To illustrate a practical case, curves are plotted in Fig. 6-5 for open- 
and short-circuit impedances of a nonloaded line versus length of line. 
Here Zq = 619 / — 3.53 0 ohms, a = 0.0048 neper/mile, ft = 0.0275 
radian/mile, and X = 228.5 miles. It is seen that maxima are passed 
through every 114.2 miles. 

47. Voltage at Open-Circuit End. It is of interest to determine the 
voltage at the open-circuit end of the line wherein I r = 0. Writing 
equation 6-1 in terms of open-circuit notation 


V ro — V 8 cosh Vzy S — I SO Z 0 sinh V zy S 

Upon substituting for I so the value as given in equation 6-15, there 
results 


V 10 = V 8 cosh Vzy S - V s 


sinh 2 V zy S 
cosh Vzy S 


V 8 (cosh 2 Vzy S — sinh 2 V zy S ) 

cosh Vzy S 

V s 

* [6-19] 

cosh v zy S 


If Vzy S is written as a + jb , where a = aS and b = PS, the equation 
becomes, using equation A-25 : 


V ro = 



sin b sinh a 
cos b cosh a 


Vsinh 2 a + cos 2 b 


[ 6 - 20 ] 


This relationship is interesting because of the fact that there may be 
lengths of the line or frequencies of transmitted waves for which V ro 
may be greater than V 8 . This is called Ferranti effect. 

Confining attention to the absolute value only of equation 6-20, 
V ro may be greater than V 8 only when 

sinh 2 a + cos 2 b < 1 
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As the length of the line increases, sinh 2 a increases from zero to ever 
higher values. At the same time cos 2 b decreases from 1 to 0 and back 
to 1, etc. Thus there may be certain relatively short lines where the 
above condition holds. This must be before sinh 2 a = 1 because the 
lowest value which cos 2 b can have is zero. 

The limiting condition for Ferranti effect exists when V ro is equal to 
the sending-end voltage, that is, when the denominator of equation 6-20 
is unity. Then 

sinh 2 a + cos 2 6=1 

sinh 2 a = 1 — cos 2 6 
sinh 2 a = sin 2 b 
± sinh a — zt sin b 

=b sinh a S = ± sin pS [6-21] 

If a and p are such that the line is subject to Ferranti effect, then 
Ferranti effect will occur for all values of line lengths S for which equa- 
tion 6-21 is satisfied. 

The limiting condition necessary for the occurrence of Ferranti 
effect is to be found by applying equation 6-21 to very short lines. For 
low values of S, sinh aS = aS, and sin PS = PS. Accordingly the limit 
given by equation 6-21 is P = a. The same result fhay also be ob- 
tained by differentiating the absolute value of equation 6-20 with 
respect to S f remembering that a = aS and b = PS. 

dV ro _ P sin 2/3 S — a sinh 2 aS 
dS 2 (sinh 2 aS + cos 2 pS) h 

The derivative will be positive if /3 sin 2 PS > a sinh 2 aS, and thus 
there will be an increase in V ro with an increase in S. For the very short 
line the derivative will be positive for 

2 p 2 S > 2 a 2 S 
or 

P > a 

From the above derivative it can also be seen that the value of S 
at which maximum V ro will exist is given by the condition, 

P sin 2pS = a sinh 2 aS 

The variations of sinh 2 o, cos 2 6, (sinh 2 a + cos 2 6), and V r0 with 
line length are illustrated in Fig. 6-7 for a typical line subject to Ferranti 
effect. It will be noted that prior to sinh 2 a reaching the value of unity 
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the function (sinh 2 a + cos 2 b) assumes minimum and maximum values. 
If @ a, as in the illustration, the first minimum value will occur 

at a point where b is slightly less than w/2 or at a value of S which is 

a little less than A/4. If a is more nearly equal to 0, the sinh 2 a curve 
will rise more rapidly with respect to the cos 2 b curve than that shown 
in the above illustration, and the minimum value of (sinh 2 a + cos 2 6) 
will occur at a lower value of S, thus causing maximum Ferranti effect 
to occur at a still shorter length of line. 

48. Illustrative Example. This discussion of Ferranti effect will be illus- 
trated by calculations on a 165-mil-diameter copper- wire line with 12-inch 
spacing between wires having the following parameters per loop mile: 

R = 4.02 ohms C = 0.00898 /zf between wires 

L = 3.37 mh G = 5 jx mhos 

At 796 cycles per second 

a = 0.0048 neper/mile 
P = 0.0275 radian/mile 
A = 228.5 miles 

Equation 6-21 is shown plotted in Fig. 6-6 for values of S from 0 to 341.4 
miles or l^A. It is to be noted from this figure that sinh aS cuts the sin PS 
curve at 96.2 miles and that —sinh aS cuts it at 145.2 miles and again at 
179.8 miles. This means that Ferranti effect will occur on lines of the above 
design of lengths from zero to 96.2 miles and from 145.2 to 179.8 miles. 
The receiver voltage on open-circuit lines of lengths between 96.2 and 145.2 
miles and greater than 179.8 miles will be less than the sending voltage F«. 

In Fig. 6-7 are shown plots of sinh 2 a , cos 2 6, and (sinh 2 a + cos 2 b ) as well 
as V r0 when F« is 4 volts. 


49. Current at Short-Circuit End. The current at the short-circuit 
end of the line may be found from equation 6-2, using equation 6-18 
for /«. 


V, cosh Vzy S V, . /— 0 

— — t — -= — sinh Vzy S 

Zq tanh v zy S 


V, f cosh 2 Vzy S — sinh 2 V zy S' 


ZoL 


sinh Vzy S 


] 


Z 0 sinh Vzy S 


[ 6 - 22 ] 


Z 0 V sinh 2 a + sin 2 b / tan 1 — 

/ C( 


sin b cosh a 
cos b sinh a 


[6-23] 
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When the length of the line is zero, the current is infinite as would be 
expected for a finite V 8 . As the length is increased, sinh 2 a increases 
indefinitely, and sin 2 b fluctuates between zero and unity. Thus the 
current decreases along a curve which oscillates considerably at first 
but smooths out as the sinh 2 a term becomes predominant. The type 



Fig. 6-8. Variation of short-circuit current with length of line. 

of oscillation is shown in Fig. 6-8 where equation 6-23 is plotted for 
lines of various lengths having parameters as given for the nonloaded 
line of Art. 46 using V 8 as 1/(F volt in each case. 

50. Conditions at Any Point on the Open-Circuit Line. The voltage at 
any point on an open-circuit line in terms of the receiving-end quantities 
is given by a rearrangement of equation 6-19, such as 

V = V rQ cosh Vzy s r 
= V ro cosh ( as r + jps r ) 

— V r0 V sinh 2 a r + cos 2 b r j tan"" 1 — [6—24] 

/ cos b r cosh a r 

where Vzy s r = as r + j/3s r = a r + jb r . 



CONDITIONS AT ANY POINT ON OPEN-CIRCUIT LINE 103 



200 175 150 125 100 75 50 25 0 

8 r miles between sender and receiver j 

Receiver end 


Fig. 6-10. Voltage along open-circuit line. (See Fig. 6-9.) 
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The current at any point on such a line is given by equation 6-4: 
dr = 0 ). 

I = sinh Vzy s T 

V f0 /-T-T5 — r-TT / , _i sin b r cosh a r 

= — v sinh 2 a r + sin 2 b T / tan — — — r6— 251 

Z 0 / cos br sinh q r 1 J 


The impedance at any point is given by 

y 

2 so = y = z 0 coth V zy s? 


- 


/■■ ■ ; ; 5 ^— / , sm6 r smha r 

v smh 2 a r + cos 2 / tan 1 — 

/ cos o r cosh q r 

/ — a sin 6 r cosh a r 

V sinh 2 a r + sin / tan — — — 

^ cos b r smh a r 


[6-26] 


Note that, in equation 6-26, if s r is made zero, Zso = ZqVi/ 0 = CO f 
which checks with the known condition for an open-circuit line. It 
will be noticed also that if the length S is substituted into equation 6-26 
the equation obtained is the same as equation 6-14. 

Writing equations 6-24 and 6-25 in terms of exponentials (or sub- 
stituting I r = 0 into equations 6-7 and 6-8) equations for V and I at 
any point on the line are obtained as 

v = — « a v' i3f ' r + — € -“V^* r [6-27] 

2 2 

/ = — t"V |Ssr - — c a * r rtt’ r [6-28] 

2Z 0 2Z 0 


It is seen that each of these equations is composed of a direct and a 
reflected wave and that the resultant represents a standing wave on the 
line. In Fig. 6-9 are shown the loci of the direct, the reflected, and the 
resultant voltage waves for an open-circuit line. It is to be noted that 
the reflected voltage wave appears as a positive wave. The plot in 
rectangular coordinates is shown in Fig. 6-10. 

If it is desired to express equations 6-24 and 6-25 in terms of sending- 
end values, it may be done as follows : From equation 6-19 


cosh Vzy S 
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and substituting this expression into equation 6-24 gives 



J, V, cosh Vzy 8 r 
cosh Vzy S 

[6-29] 

Also from equation 6-26 



r V ro sinh Vzy S 

~ 7 

* 0 


or 

y _ ZqI 8 

sinh Vzy S 


and 

j _ Z 0 Is sinh Vzy s r 

Z 0 sinh V zy S 



I 8 sinh Vzy s r 
sinh Vzy S 

[6-30] 

If a is negligible the equations for V and I may be written as 



V 8 

V = oCI COS f}$r = Vro COS /3s r 

cos PS 

[6-31] 


. Is . . .Vro . a 

I = . sin /3s r = 7 sin 0s r 

sin PS Z 0 

[6-32] 


From these equations it is seen that V and / are displaced along the line 
by one-quarter wavelength, and both V and / become zero at points 
separated by one-half wavelength. Such is the condition which is 
approached very closely by certain high-frequency lines of compara- 
tively short lengths. It is to be noted from the above that so long as a 
has a finite value neither the voltage nor current ever reaches the value 
zero at any point except for the current which is zero at the receiving 
end. 

51. Conditions at Any Point on the Short-Circuit Line. The voltage 
and current at any point on a short-circuit line may be found from 
equations 6-3 and 6-4. From equation 6-3 

V = I r8 Z 0 sinh Vzy s r [6-33] 

where s r is, as before, the distance from the short-circuit end, and I r9 
is the current through the short circuit. This may be written, by using 
equation 6-22, as follows : 

V 8 sinh Vzy s r 
sinh Vzy S 


V 


[6-34] 
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Also the current at any point is, by equation 6-4, 

/ = I r8 cosh Vzy s r 

At the sending end 

I 8 = Ira cosh Vzy S 
or 

Is 


[ 6 - 35 ] 


= 


cosh Vzy S 


which substituted into equation 6-35 gives / in terms of sending-end 
values, 

i.c^VTus, [M6J 


/ = 


cosh Vzy S 


The impedance of the short-circuit line at any point is obtained from 
equations 6-33 and 6-35 as 


Z S8 = j = Z 0 tanh Vzy s r 


[6-37] 


The equations giving the impedance at any point on the open- and 
short-circuit lines are the same as equations 6-14 and 6-16 for lines of 
length S( = s r ). These equations have already been plotted for various 
line lengths as shown in Fig. 6-5. 

By converting. equations 6-33 and 6-35 in terms of exponentials (or 
substituting V r = 0 into equations 6-7 and 6-8), equations for V and I 
at any point on the line are obtained as 


y = ^asr e J0s r __ —a8 r —j&&r 

2 2 


Its 

2 


-H —a8 r —j08r 
2 


[6-38] 

[6-39] 


Again it is seen that these are standing waves each composed of a direct 
and a reflected component and that the reflected voltage wave appears 
as a negative wave. The resultant wave shown in the plot of Fig. 6-11 
clearly shows this latter condition. The plot of the standing wave as 
it appears in rectangular coordinates is shown in Fig. 6-12. 

If a is negligible, the equations for V and I become 

V 8 

V = sin ps r = sin ps r 


/ = 


sin pS 

Is 

cos fiS 


cos fis r = I rs COS I 


[6-40] 

[ 6 - 41 ] 
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Fig. 6-11. Voltage loci for short-circuit line. 



Fig. 6-12. Voltage along short-circuit line. (See Fig. 6-11.) 
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The curves of Fig. 6-13 show the open-circuit voltage and the short- 
circuit voltage on lines similar to those of Figs. 6-10 and 6-12 except that 
a = 0. It will be seen, on comparing the curves with those of Figs. 6-10 
and 6-12, that maxima and minima occur at corresponding points on 



c r miles between sender and receiver t 

Receiver end 

Fig. 6-13. Voltage on open- and short-circuit lines without attenuation. 


the two sets of curves but that for finite attenuation the curves do not 
drop to zero at any point except at the receiving end of the short-circuit 
line. 

62. The High-Frequency Line. If the frequency of the transmitted 
wave is high, certain simplifications can be made in the mathematical 
treatment of lines which lead to many useful and interesting results. 
Where resistance effects can be neglected, the significant operating 
characteristics of the high-frequency line can be brought more sharply 
into focus with the simplified equations which result from neglecting the 


If R = 0 and G - 0, 

Z o = 


[ 0 + juL 
0 + jo>C 



ohms 


[See equation 5-44] 


At high frequencies the internal inductance of a parallel-wire line is 
negligible, and the inductance is 


L - 4 In - X 10 -7 henry/loop meter 
r 


U-12] 
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and 

—to — id farad/meter [1—30] 

36 X 10® In - 

r 

where «, is now taken as unity. 

The characteristic impedance of the open-wire line then becomes 



= 120 cosh' 1 £ [6-42] 

zr 

for d^r. 

For coaxial conductors, under the same operating conditions, 


L = 2 In - X 10 7 henry /meter 
a 

[1-24] 

C co = farad/meter 

18 X 10° In - 
a 

where e r is taken as unity, and 

[1—35] 

Zq — 60 In - == 138 log - ohms 
a a 

From equation 5-32 it can be shown that 

[6-43] 

0 = ^ = uVLC 

and hence 

[6-44] 

(jj 1 

v = - — —=. = 3 X 10 8 meters/sec 
<5 VLC 

[6-45] 

or the velocity of wave propagation on the lossless line is 
velocity of light. 

the same as the 


The input impedance of the lossless line is obtained from equation 6-11 
letting a = aS = 0. 

2^2 2 r cos PS + jZp sin gS 
8 0 Z 0 cos 0S + jZ r sin gS 


[6-46] 
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For a short-circuit lossless line, Z T = 0, and from equation 6-46 it is 
evident that 

Z ss - jZ 0 tan PS = jZ 0 tan 2 t — ohms [6-47] 

A 

With 0 < S < X/4 or 0° < pS < 90°, tan PS is positive, and hence 
the impedance is inductive reactance, whereas, with X/4 < S < X/2, 
tan PS is negative, and the reactance is capacitive. A graph of Z 88 
versus S is shown in Fig. 6-14 and illustrates the alternate variation from 
inductance to capacitance of a short-circuit line as the length of the line 
increases. It is to be noted that the input impedance of the short- 



Fig. 6-14. Variation of Z 88 with wavelength on short-circuit lossless line. 

circuit lossless line is infinite at the quarter-wavelength points, S = X/4, 
S = etc., and zero at the half-wavelength points, S = X/2, S = X, 
etc. Also, at S = X/8 this line has an inductive reactance* equal in 
magnitude to its characteristic impedance. 

For an open-circuit lossless line, Z r — oo 9 and, if both numerator and 
denominator of equation 6-46 are divided by Z T and the limit of the 
resulting expression taken as Z r — > oo , it is evident that 

S 

Z, 0 = —jZo cot @S = —jZ 0 cot 2 tt — ohms [6-48] 

A 

With 0 < S < A/4 or 0° < (3S < 90°, cot /3S is positive, the imped- 
ance is negative reactance and hence capacitive, whereas with X/4 < 
S.< A/2, cot P S is negative, the impedance is positive reactance and 
hence inductive. A graph of Z so versus S is shown in Fig. 6-15 and 
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illustrates the alternate variation from capacitance to inductance of an 
open-circuit line as the length of the line increases. It is to be noted 
that the input impedance of the open-circuit lossless line is zero at the 
quarter-wavelength points and infinite at the half-wavelength points. 
Also, at S = X/8 this line has a capacitive reactance equal in magnitude 
to its characteristic impedance. 



If the losses of the line are to be included in the analysis, the input 
impedance of the short-circuit line, which is given by equation 6-17, is 


Z 88 — Zr 


rrro ; r-yr /, Sin b COsh a 

V sinlr a + sm 2 b / tan — — — 

/_ cos b sinn a 


Vsinh^ a + cos 2 b 


Z , si 

tan 1 — 
co 


sin b sinh a 


[6-17] 


cos b cosh a 


and reduces to the following whenever the line is of such a length that 
b is an odd multiple of t/2 : 


Z 88 — Zt 


= Zt 


V sinh 2 a + l/90° 
0 sinh q /90° 

cosh a Zq 


sinh a tanh a 


[ 6 - 49 ] 

[6-50] 


For short lengths of line a is very small and tanh a == a, then 
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Employing equation 5-46 and the fact that S can be written as rik/ 4, 
we have 



8 4 
n\R 


ohms 


[6-51] 


where n is the number of odd one-quarter wavelengths in the length of 
line. 

When b is zero or even multiples of t/2 (integral multiples of half- 
wavelengths), 


Z 8 8 — Z 0 ' 


sinh a /0° 


V sinh 2 a + 1 /0° 


[6-52] 


sinh a 

— Zq ■ — Zq tanh q 

cosh a 


[6-53] 


and for short lengths of line, since tanh a = a = aS 


Writing S as n'X/2 gives 


Z 88 



Z 8 s — 


Rn'\ , 

— - — ohms 
4 


[6-54] 


where n ' is the number of one-half wavelengths in the line. 

The input impedance of the open-circuit line, which is given by 
equation 6-14, is 


Zao — Z 0 


V sinh 2 a + cos 2 b j t an 




sin b sinh a 
cos b cosh a 


/ t i o ^ — . ~tt / , sin b cosh a 

v smh^ a + sin" 5 b / tan"” 1 

/ cos b sinh a 


[6-14] 


and reduces to the same expression as given by equation 6-50 whenever 
the line is of such a length that b is zero or equal to some integral multiple 
of ir. That is, 


V sinh 2 a + 1 /0° 

Zao = Zq — — 

sinh a /0 


[6-55] 


= Zq 


cosh q 
sinh q 


Zq 

tanh q 


[6-50] 


For short lengths of line tanh a = q, then 
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Again employing equation 5-46 and writing S in terms of n'X/2, 


RS 


44 

n'\R 


ohms 


[6-56] 


where n' is the number of one-half wavelengths in the length of line. 

The resistance of a hard-drawn copper coaxial cable, taking into 
consideration the skin effect, is 

R = 42.1 Vf ^ X 10 -7 ohm/meter [1-83] 


where the radii a and b must be in centimeters and / is the frequency of 
the transmitted wave in cycles per second. For two parallel hard- 
drawn copper wires the equation is 


„ 84.2V7 X 10 — 7 „ 

H = ohm/loop meter 


[1-81] 


where r cm is the radius of the conductor in centimeters. 

For the case of two parallel hard-drawn copper wires, and substituting 
R from equation 1-81 and X( = c/f) into equation 6-51, there is obtained 


Z„ = 


9.50 Zgr m vf X 10 5 
nc 


ohms 


[6-57] 


where r cm is in centimeters, c is the velocity of light in meters per second 
(=3 X 10 8 ), / is in cycles per second, and n is the number of odd 
multiples of one-quarter wavelengths in the line. The importance of 
this case lies in the fact that the impedance is proportional to Vf. It 
is also interesting to note that the impedance is also inversely propor- 
tional to the number of quarter wavelengths. The optimum ratio of 
wire spacing to wire radius for maximum impedance has been shown 1 
to be about 8. 

At high frequencies the quarter-wavelength line is very effective as a 
voltage amplifier. Equation 6-19 gives for the receiver voltage 


or 


V r0 = 


cosh Vzy S 
1 


y# V sinh 2 a + cos 5 * b 


[6-58] 


1 “ Resonant Lines in Radio Circuits,” by F. E. Terman, Elec. Engineering, Vd. 

53, pp. 1046-1053. 
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At one-quarter wavelength cos b = 

Fro 

F. 


0. Thus equation 6-58 becomes 

1_ 

sinh a 

J_ 

' aS 


since sinh a = sinh aS = aS. Then 

Fro ^ 27p 8 Zpf 

F, SR Rc 

and for parallel-wire lines 

Vro = X 10 5 

F. c 


[6-59] 
Thus the 


where r cm is the radius of the conductor in centimeters, 
voltage step-up also increases as the increase in Vjf. 

At very high frequencies such quarter- and half-wavelength lines are 
very short and find many uses in radio and general laboratory technique. 
As an illustration, the quarter-wavelength step-up line may be used 
instead of an input transformer to a vacuum tube. 

53. Illustrative Example. Let the value of V ro /V 8 be determined from 
equation 6-59 for a parallel-wire line constructed of 104-mil-diameter hard- 
drawn copper conductors spaced 18 inches center to center when operating at a 
frequency of 10 6 cycles per second. In this case, 


Zo = A /— ohms 
For this wire size, r = 0.052 in. = 0.00132 meter, 




mr 


-fr-4 


2 7T X 10 6 X 4?r x 10“ 7 


X 0.00132 = 27.9 


1.77 X 10" 8 
and Lac/Ldc from Fig. 1-9 is 0.1. Then 

L = ^0.1 + 4 In X 10” 7 = 23.5 X 10~" 7 henry/ioop meter 
1 


36 X 10 9 In 


d 


4.75 X 10” 12 farad/meter 


z °*M 


5 X 10- 7 


.75 X 10- 12 


= 704 ohmB 


and 



DISTANCE TO AN OPEN CIRCUIT ON A LINE 


115 


From equation 6-59, 

V ro 9.50 X 704 X 0.132 X VlO 8 X 10 8 
V, 3 X 10 s 


Thus the step-up ratio obtained by the use of the one-quarter-wavelength 
line is 294, or expressed in decibels 

db = 20 log 294 = 49.4 


54. Distance to an Open Circuit on a Line. If an open circuit should 
develop on a line at an unknown distance from the sending end, it is 
desirable to have some method of determining this distance by making 
measurements at the sending end. The absolute value of the input 
impedance of an open line is given by 


Z 80 — 


Zo 


V sinh 2 a + cos 2 6 
V sinh 2 a + sin 2 6 


[6-60] 


It has already been seen that Z so is a function of the length of the line, 
since b = /SZ, and the value of the impedance goes through successive 
maxima at every half-cycle of b. Also b is a function of frequency. 
(See equations 5-32, 5-34, and 5-40.) Thus, as the frequency is 
increased, on a line of fixed length the value of b will change, thereby 
causing Z 8Q to go through a series of maxima and minima. Also, as the 
frequency increases, the wavelength decreases, so that the length of the 
line in terms of wavelength gradually increases. Let it be assumed that 
on an open line at a certain frequency, /i, b — tit, where n is an integer, 
whence Z 80 is a maximum. This line will be exactly n/2 wavelengths 
long. Since b = /W, and 0 = 2?r/Xi, then b = 2irl/\i = mr, whence 
l = nXi/2. Therefore n/2 = D/\\ where D is the distance from the sending 
end to the fault, in miles. Suppose now that the frequency is slowly 
increased, b will progress in value from mr to ( mr + ir/2) whereupon 
Z 80 will become a minimum. A further increase in frequency will 
increase b to (mr + t) or (n + 1)t which will again make cos 2 6=1, 
and a new maximum value of Z so will result. For this new frequency f 2 
the line will be exactly (n + l)/2 wavelengths long and (n + l)/2 = 

£/x 2 . 

These two equations may be written 


n _ D _ Dfi 
2 Xi vi 


[6-61] 


n 1 _ jD _ Pf 2 
2 2 X 2 v 2 


[6-62] 

t 


and 
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where the subscripts refer to the first and second frequency readings 
respectively, n/2 may be eliminated from these equations, giving 


from which 


Df 1 + i ss= DU 

V\ 2 v 2 



(, 


ViV 2 


Pih ~ v 2 fi 


) 


[6-63] 


Two adjacent maxima, however, are usually close enough together that 
Vi and v 2 may be considered equal ; thus the equation may be written 


2(/ 2 -/i) 


[6-64] 


In the above equations v is the velocity of propagation and can be cal- 
culated from v = co/0. 

Equations 6-61 and 6-62 may also be solved for D in terms of wave- 
lengths, in which case 


1 X1X2 

2 Xi — X 2 


[6-65] 


or in terms of 0, 


D 


7T 

02 — 01 


[6-66] 


PROBLEMS 

Make all calculations at 796 cycles per second in Probs. 1 to 13 inclusive. 

6 - 1 . Calculate the sending-end impedances for line A of Prob. 5-1 when termi- 
nated in (a) a pure resistance R * Zq, (6) a pure resistance R = Z o/2, and (c) a 
pure resistance R = 2Zq. Zq = 619 /— 3.53° ohms. 

6-2. Plot the open- and short-circuit impedances of lines having lengths varying 
from 0 to 2X which have parameters as given for the line A of Prob. 5-1. 

6 - 3 . Plot F ro for lines having lengths varying from 0 to X which have parameters 
as given for the line A of Prob. 5-1. Over what lengths of line is V ro > V a ? Let 
F, « 1 volt. 

6 - 4 . Plot V r0 for lines having lengths varying from 0 to X in which a = 0.0100 
neper/mile and 0 -* 0.0275 radian /mile. Let V a = 1 volt. 

6 - 6 . Plot Vro for lines having lengths varying from 0 to X in which a = 0.0200 
neper/mile and /3 = 0.0275 radian /mile. Let V s = 1 volt. 

6 - 6 . Plot Vro for lines having lengths varying from 0 to X in which a * 0.0275 
neper /mile and 0 * 0.0275 radian /mile. Let F* = 1 volt. 

6 - 7 . Calculate the short-circuit current I r $ for the 200-mile line A of Prob. 5-1 
%hen F« « 1 volt 
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6 - 8 . Plot the voltage variation along the line A of Prob. 5-1 when the line is 
open-circuited. V 9 1 volt. Compare results with those of Prob. 5-2. , 

Plot the voltage variation along a 55-mile line having the parameters per loop 
mile of line A of Prob. 5-1 when the line is open-circuited. V a * 1 volt. 

Plot the voltage variation along a 145.2-mile line having the parameters per loop 
mile of line A of Prob. 5-1 when the line is open-circuited. V 9 * 1 volt. 

6-9. Plot the current variation along the line A of Prob. 5-1 when the line is 
open-circuited. V 9 = 1 volt. 

6-10. Plot the impedance variation along the line A of Prob. 5-1 when the line 
is open-circuited. Compare results with Prob. 6-2. 

6-11. Plot the voltage variation along the line A of Prob. 5-1 when the line is 
short-circuited. V 9 « 1 volt. 

► 6-12. Plot the current variation along the line A of Prob. 5-1 when the line is 
short-circuited. V 9 = 1 volt. 

6-13. Plot the impedance variation along the line A of Prob. 5-1 when the line 
is short-circuited. Compare results with Probs. 6-2 and 6-10. 

6-14. An antenna feeder is 27.5 meters long and is made up of two parallel wires 
Y$ inch in diameter and spaced 6 inches center to center. It supplies power at 5 
megacycles per second. At a point 7.5 meters from the receiver end a short-circuit 


Short | 

A 

i 


^400 /Si ohms 

*+ 37.5 cm ► -* 25 cm ►! 


Fig. 6-16. For use in connection with Prob. 6-15. 

stub of 7.5 meters length is attached. What is the input impedance of this line 
when the line is open at the receiver terminals? Both the line and the stub have 

the same Z 0 (= V L/C). 

6-15. What is the impedance looking into the coaxial line of Fig. 6-16 at point 
A? Power is supplied at 200 megacycles per second to a load of 400 /0° ohms. The 
6/a ratio for the coaxial conductors is 3.22. 


A 



6-16. What is the impedance looking into the open-wire line of Fig. 6-17 at 
point A? The open-wire line feeds into the coaxial cable which is terminated in a# 
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resistance. The characteristic impedance of the open-wire line is 350 /0° ohms. 
Power is supplied at 200 megacycles per second to the load of 350 / 0° ohms. The 
b/a ratio for the coaxial conductors is 3.22. 

6 - 17 . Given a section of parallel-wire line which has a short circuit at one^end and 
a capacitance C at the other as shown in Fig. 6-18. The wire is Y inch in diameter, 



Fig. 6-18. For use in connection with Prob. 6-17. 


and the spacing is 6 inches center to center. Power is supplied at 100 megacycles 
per second, and C = 8 niii. Find the length S so that the circuit will present 
infinite impedance at the input. Neglect the resistance of the line. 

6 - 18 . The coaxial cable of Fig. 6-19 is one-quarter wavelength long and is termi- 
nated in a capacitance of 10 micromicrofarads. Assume that a = 0. What voltage 

A Coaxial cable B 



must be applied at A in order that 1.0 volt will appear across the capacitance at B? 
Let the ratio b/a be 2.5 and / = 6 mc/sec. 

6 - 19 . (a) Find the input impedance of a quarter-wavelength short-circuited 
coaxial line operating at 200 megacycles per second if a = 0.1 cm and b =» 0.322 cm. 
The conductor material is hard-drawn copper. 

(6) Find the ratio of inductive reactance to resistance for the quarter-wavelength 
line, basing the calculation of inductance on equation 1-24. 

6 - 20 . A parallel-wire line is composed of hard-drawn copper conductors 0.5 centi- 
meter in radius and separated center to center by a distance of 4 centimeters. 

(a) Find the impedance looking into a quarter wavelength of short-circuited line 
at a frequency of 200 megacycles per second. 

(b) Find the ratio of inductive reactance to resistance of the quarter-wavelength 
line, basing the inductance calculation on equation 1-12. 

6 - 21 . Given a parallel-wire line constructed of No. 10 AWG hard-drawn copper 
wires spaced 10 inches center to center. The length of the line is X/4. The input 
voltage F* is 1.0 volt, and the frequency to be transmitted is 10 6 cycles per second. 
Find Fra. 

6 - 22 . Given a coaxial cable operating at 10 8 cycles per second. The radii are 0.3 
and 2.0 centimeters, and the resistance per unit length is given by equation 1-83. 
The conductor material is hard-drawn copper. Find: 

(a) The voltage step-up for one-quarter wavelength of open-circuit line. 

(b) The input impedance Z so for one-quarter wavelength of open-circuit line. 

(c) The input impedance for one-half wavelength of open-circuit line. 
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0-23. A coaxial line operates at 10 6 cycles per second. The radii are a*l cm 
and 5*2 cm. (a) What resistance per meter must this line have in order to just 
prevent Ferranti effect from occurring if the length of the line is 0.005X? (6) What 
resistance per meter must this line have in order to just prevent Ferranti effect from 
occurring if the length of the line is 0.25X? 

6-24. A line is known to have the following parameters per loop mile: 

C * 0.01 /if 
L = 0.005 henry 
G = 0 

R = 6 ohms at / = 1591 cycles/sec 
* 7 ohms at / * 1860 cycles/sec 
= 8 ohms at / = 2130 cycles/sec 

Calculate Z 0 for each of the specified frequencies, namely, 1591, 1860, and 2130 
cycles per second. 

6-25. Calculate the attenuation and phase shift for a 133-mile length of the line 
specified in Prob. 6-24 at each of the three frequencies. 

Calculate the magnitude of Z 80 for each frequency. 

6-26. A line is known to have the following parameters per loop mile: 

R = 10.4 ohms L = 0.00367 henry 

C * 0.00835 M f G = 0 

An open circuit developed on this line at an unknown distance X from the sending 
end. It is found on making measurements of Z t0 at the sending end that two succes- 
sive maxima of Z ao occur at frequencies of 1360 and 1820 cycles per second. Find 
the distance X. 
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REFLECTION LOSSES 

In the foregoing chapters the equations for the calculation of current 
and voltage on the general line have been derived. For a concluding 
section on such lines it is desirable to treat in more detail the problem 
of determining the line losses for lines which are terminated in any 
manner whatever. It is true of course that the current and voltage 
can be calculated at the line input and output terminals and the power 
transmitted determined therefrom. However, a clearer understanding 
of the effects of mismatched impedances is desirable. The present 
chapter takes up the concepts of “ reflection factor ” and “ insertion 
loss ” and also presents miscellaneous material concerning measure- 
ments on lines. 

56. Reflection Factor. The general equations presented in the pre- 
ceding chapter indicate clearly that considerable disturbance takes 
place on a line which is not properly terminated. In Chapter III it was 
shown, by means of the maximum power theorem, that in order for 
maximum power to be transmitted the load impedance should equal 
the conjugate of the generator impedance. This relation can be applied 
anywhere in a circuit by means of Th Benin's theorem; and from it one 
is led to the conclusion that, if a line is to be the best available for 
transmission of power, impedances measured both ways at any given 
point along the line should be conjugates of one another. In the 
treatment of transmission lines, however, where the termination should 
be Z 0 in order to prevent reflections, it is generally advisable to base 
the argument not on the result of the maximum power theorem but 
on a condition where the two impedances involved are equal both in 
magnitude and in angle. This condition of equality prevents reflec- 
tions, as stated in Chapter V, and accordingly prevents echoes returning 
from the receiving end of the line which would interfere with new signals 
being transmitted from the sending end. The necessary improvement 
in quality gained by making the terminating impedance equal to Z 0 is 
thus the determining factor, and the conjugate matching for maximum 
power transfer must be abandoned. This condition of equal impedances * 
is what is meant when it is said that two impedances are matched. As 
an illustration, the optimum condition is taken to be represented by 
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a generator of impedance Z g working into an impedance Z g and not 
into the conjugate of Z g . Thus for an ideal transmission line the geri- 
erator of impedance Z g should work into a line whose characteristic 
impedance Z 0 is equal to Z g and whose terminating impedance is Z 0 . 
If the generator and terminating imped- 
ances differ from additional losses in 
transmission will exist beyond the f* 1 . In 
the general case of no matching there is an 
additional loss where the generator connects 
to the line and also a loss where the line 
connects to the terminating impedance. If 
all of these individual losses could be sepa- 
rately determined, then there would exist a 
means of calculating the total loss due to all of the mismatching. This 
problem will be treated in two ways, the first on the basis of a general 
discussion and the second on the basis of the exact equations previ- 
ously derived. 

It is first necessary to determine the additional loss occasioned by 
mismatched impedances such as shown in the simple circuit of Fig. 7-1. 
The current delivered is given by the equation, 


Fig. 7-1. Mismatched im- 
pedances. 


h - 


E 

Z g + Z r 


[7-1] 


Now let it be assumed that the circuit is opened at a-b and an ideal 
transformer inserted whose impedance ratio is ZJ Z r . This trans- 
former presents to the generator an impedance Z g and to the load an 
impedance Z r , so that all impedances are matched and reflections are 
eliminated. In the ideal transformer I p /I 8 — N 8 /N P) and from elemen- 
tary transformer theory Z g /Z r = (N p /N 8 ) 2 . Thus I p /I 8 = V~Z^fW 9 
or I 8 = 1 P V Z g /Z r . The current I p , in these matched impedances, will 
be given as h = E/{2Z g ) from equation 7-1, and 



Since it is the mismatched case as compared to the matched case 
that is desired, form the ratio, 

1 1 E 2 VZ g Z r 2V Z g Z r 

1 2 \Z g + Z r | E | Z g + Z r | 

This current ratio which indicates the deviation from the optimum 
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condition is called the reflection factor and is written 

k -^ML 


[7-3] 


The number of nepers corresponding to this ratio is 

N = ln k = In r |^§7 [7-4] 

\*g T* *r\ 

If it is desired to express this quantity in decibels, as is often the case, 
it may be written as follows, remembering that here the number "of 
decibels merely refers to the current ratio and has nothing to do with 
power or voltage ratios, 

db = 20 log [7-5] 

q “i & r\ 


If k of equation 7-3 is greater than unity, then the reflection loss 
becomes a reflection gain, and the loss given by equations 7-4 and 7-5 
would appear as a positive quantity. In this material reflection loss and 
reflection gain refer to a decrease or increase respectively in the ratio of 
output to input current. From what has been said it could be inferred 
in general that wherever, in a line, a mismatch of impedances occurs, 
a loss given by equation 7-4 would take place. Thus, if a line whose 
characteristic impedance is Z Q is connected between the generator and 
load of Fig. 7-1, two mismatches occur, and three losses are present 
as follows: 

(1) At the mismatch between generator and line where 

_ 2v / Z (? Zo 
fcl ~ |4, + Zo| 

(2) In the line itself, 


(3) At the mismatch between the line and the terminating impedance 
Z ry where 

? 2 VZ&r 

k2 " |/o + Zr I 

The foregoing material requires careful consideration. In the first 
place the input impedance to the line at the generator was taken as 
Z 0 instead of Z 8 as it appears in equation 6-11, and the line impedance 
measured back into the line at the receiver end has been taken as Zq 
in place of the right-hand side of equation 6-11 wherein Z g replaces Z r . 
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This introduces an approximation which must be considered later. 
Second, the above three losses exist in addition to the loss presented by 
an ideal case of no line and perfect matching of impedances . Thus the total 
product of the three losses ( i~ al kik 2 ) represents a loss in addition to 
that of the ideal condition of Fig. 7-1 with Z g = Z r . The number of 
nepers loss above the loss incurred if the generator were perfectly 
matched is 

N f = — al + In fci + In k 2 

If there exists a generator with an impedance Z g and a load of im- 
pedance Z T which must be used, and if it is required to find the loss 
which will result when the line of impedance Z 0 and attenuation factor 
t~ al is placed between the generator and load, all the losses listed will 
occur. However, since the best possible condition takes place when Z r 
is directly connected to the generator, all the above loss cannot be 
charged to the insertion of the line, because with Z r and the generator 
connected some loss above the optimum condition referred to already 
exists. As a matter of fact this “ best ” condition already involves 
a loss given by 

, _ 2 VzJr 
3 " \Z, + Zr | 

which must be applied as a correction to the above ratio. A ratio of 

e~ al kik 2 

k 3 

represents the actual loss caused by the insertion of the line. Written 
out in nepers, this is 

N' = - al + In fci + In k 2 — In k 3 

When written in terms of a ratio greater than unity, the ratio is called 
insertion loss , and 

AT-«( + to I + I„i — ml [7-61 

The term In 1/fc is called reflection loss. The definition of insertion 
loss may now be given as “ . . . the loss which is caused by inserting a 
line between a generator and a load.” 

56. Insertion Loss. In the preceding article insertion loss was given 
by equation 7-6 where the line loss and the effects of three possible 
mismatches were taken into consideration. The equation was not 
proved but was merely written down on the basis of the definition of 
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reflection factor and a knowledge of line loss. In this article it will be 
proved that equation 7-6 is correct if the line attenuation is sufficiently 
high, and it is to be remembered that insertion loss refers as before to 
a decrease in current ratio. An approximation arises due to the pre- 
ceding assumption that Zo is the input impedance of the line. Refer 
to Fig. 7-2. The receiving-end current without the line is 


1 Z 0 + Z r 

With the line in place the sending-end current is 


8 Z g + Z 8 

and the receiving-end current is given by equation 6-5a as 


Z r 

cosh yl + — sinh yl 
Zo 


(Z g + Z 8 ) ^cosh yl + y sinh 


It is desired that the current ratio be larger than unity so 


h E 

h ( Zg + Zr) 


{Zg + Z 8 ) ^cosh y l + Y sinh yl'j 


Z g + Z( 


f I” Z r cosh yl + Z 0 sinh yf 
0 _Z 0 cosh yl + Z r sinh yl_ 


( 1 _ 7 . z r . u A L^O cosh yl + Z r si 

^cosh yl + sinh yl) Z g + Z r cosh yl + Z 0 sinh yl 


Zg + Z r 


(. Zg + Zr) cosh yl + + Zo) sinh yl 

T Zg+ Z r \ 

I. 7 , ZgZ r + Z% 

cosh w + A) 8,nhy 
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Equation 7-7 can be changed into an expression in exponentials. 
Let the coefficient of the sinh term be represented by A. Then 


/i «v 6 + c a r ib «v 6 - c a c ib 

Z 2 + A 2 


Collecting the coefficients of e° and e ° 

J 2 = f (1 + + Y (1 - i4)^ -6 [7-8] 


In this equation it is seen that the current ratio is made up of a part 
which continually increases with line length, through the term €°, and 
a part which decreases with line length on account of €~ a . The terms 



Fig. 7-2. Mismatched transmission line. 


(1 + A), (1 — A), f? b and e~ jb are complex. If the line length is suf- 
ficiently great, the second term on the right of equation 7-8 can be 
neglected. It is then necessary to find 


!l = e a\±±A 

I 2 2 


Jb\ 


[7-9] 


in order to determine the ratio representing the decrease in current 
due to the insertion of the line. Note that | e ib | = | cos b + j sin b \ = 1. 
K+.4/2 can be found by expansion in terms of the Z’ s. 

i±A = I + z ° Zr + z ° 

2 2 ~ 2Z 0 (Z g + Z r ) 

_ ZqZq + Z§Z r + ZgZ r + Zq 
2Z 0 (Z g + Z r ) 

— ( 7 ° + Zq) 

2 Z 0 (Z g + Z r ) 


Let the numerator and denominator of the right-hand side be multiplied 
by 2 V Z Q Z T . There results 

1 + A _ ( Zq + Z r )(Zg + Zq)2V ZgZ r 
4Z 0 V ZgZ r (Zg + Z r ) 


2 
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This can be rearranged as follows and is expressed as an absolute value. 

|l + ill _ \Zg_ + Zol \Zo + 2 r \ 2 Vz g z r [7-10] 

2 2VZ^Z 0 2 VZ& ' | Zg + Z r \ 

Let this be substituted into equation 7-9. 

h _ ^ \Z a + /ol # l*o + # 2 y/ZgZ r 1 j 

h 6 2VZ^ |^ + Z r | 


By taking the logarithm of both sides of this equation, remembering 
that a = oil , and referring to the definitions of k Xf k 2 , and fc 3 , equation 
7-6 is obtained. 

This development shows that the only assumption employed in set- 
ting up equation 7-6 is that the line is considered to be very long. As 
mentioned above, this indeed is the assumption made when Z 0 was used 
in place of the actual impedance of the line. 

There are conditions where the length of the line will not affect the 
validity of equation 7-11. If either Z Q = Z 0 , or Z r = Z 0 , then this 
equation is exact. This can be seen by reference to equation 7-8 
where, if A — 1, it is seen that the e~ a term disappears. To see what 
this means in the relations of Z g , Z 0 , and Z r expand (1 — A). From 
equation 7-7 

-j ZoZ g + ZqZ t — Z g Z T — Zp 

Z 0 (Z g +Z r ) 

Zg(Zp Z r ) Zq(Zq Z r ) 

Zo {Zg + Z r ) 

_ (Zg - Z 0 )(Z 0 - Zr) 

Z 0 (Zg +Z r ) 1 ] 

Thus (1 — A) = 0 if either Z g = Z 0 or Z r = Zq. 


57. Illustrative Example. In order to present the ideas concerning insertion 
loss more adequately, a typical example will be worked out on the basis of 
both the approximate and exact methods. The insertion loss produced by 
inserting 200 miles of the unloaded line of Art. 33 between a generator of 200 
ohms resistance and a load of 400 ohms resistance will be determined. For 
the unloaded line 


Zq = 745 7-13.45° = 725 -^173.4 ohms 


Z Q — 200 ohms 
Z r = 400 ohms 
S = 200 miles 


a — 0.00712 neper/mile 
0 = 0,0288 radian/mile 
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Equation 7-6 may be applied directly. In this case e~ 0 = €~ al = € -o.oo7i2X2oo 
= €~ 1,424 = 0.241. The value of (1 — A) also affects this approximation so 
the value of €~ a cannot be used as a definite indication of the satisfactoriness 
of the result. Returning to equation 7-6, oil = 1.424 nepers. The k* s are 
given as follows: 


__ 2y/Z 0 Zo 
~ I Z g + Z 0 \ 


2V200 X 745 
|925 - jl73.4| 


= 0.821 


&2 


kz 


2 %/ ZqZ t 
\Z 0 + Z r | 

2>/Z^ 

14 + 4| 


2V745 X 400 
1 1125 - jl73.4| 


= 0.960 


2V200 X 400 
600 


= 0.943 


Equation 7-6 becomes 

N = 1.424 + In 1.219 + In 1.041 - In 1.061 

= 1.424 + 0.198 + 0.0402 - 0.0593 = 1.603 neper 
= 13.92 db 


In order to find the exact insertion loss it is necessary to find the ratio of 
h to h from equation 7-7. This will represent the change in load current due 
to the line being placed between the generator and the load. 


h 

h 


. 7 I ZqZt “b Zq . . . 

C0Sh ^ + 7^T^j smh ^ 


yl = (a +jP)S = (0.00712 + ,0.0288) X 200 
= 1.424 + ,5.76 = a + jb 


cosh yl = V sinh 2 a + cos 2 b j tan -1 


sin b sinh a 
cos b cosh a 


= V sinh 2 1.424 + cos 2 330.0° 


/ 


tan -1 


-0.50 X 1.957 
0.866 X 2.197 


= V (1.957) 2 + (O.Seej Vtan- 1 - 0.514 
= 2.140/ -27.2° = 1.903 - ,'0.977 


sinh yl = V sinh 8 a + sin 2 b J tan -1 


sin b cosh a 
cos b sinh a 


= -v/3.830 + 0.250 /tan" 1 - 0.648 
= 2.020 / -32.95° 
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Z s Z r + Z\ 
Zo(Z 0 + Zr) 


200 X 400 + (745 /-13.45 8 ) 2 
745 /-13.45° X 600 
80,000 + 555,000 /-26.90° 
447,000 /-13~45° 

80,000 + 495,000 - 7251,000 
447,000/-13.45° 


627,000 /-23.6° 

447,000/-13.45° 


= 1.402/-10.15 0 


h/h = 1-903 - jO.977 + 1.402 / -10.15° X 2.020 / -32.95° 

= 1.903 -70.977 + 2.832 /-43.10 0 
= 1.903 - 70.977 + 2.067 - 71.934 
= 3.97 - 72.91 « 4.92 / -36.24° 

or 1\/Ii = 4.92 and the nepers loss is In 4.92 = 1.593. In decibels this is 
13.84. 

A comparison of the two methods shows that in this case the approxima- 
tion leads to a loss of 13.92 decibels, compared with the correct value of 13.84 
decibels. 

68. Determination of Equivalent T Section. It has been shown that 
a network can be represented, at a given frequency, by a T section 
........ ........ . (or ir section). It is now proposed to de- 

o . — -WWWSA 1 -— — WVWW o v i • i i 

z, z, rive the equations which will give the ele- 

2 | 2 ments of such a T section if the values of 

I ! Z 0 and y for a line with uniformly distrib- 

uted constants are known. Both the 
equivalent T section and the line are to 
Fig. 7-3. T section. have the same Z 0 , Z so , and Z, B . 

For the T section of Fig. 7-3, using the notation employed in Chapter 
IY, the open-circuit impedance is 

Z ao = ■y + 

and from equation 6-14 

Z, 0 = Zq coth yl 

Equating the two expressions for Z, 0 gives 

Z , 

Z 0 coth yl = — + z 2 
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from which 


— 2Z 0 coth ^ — 2Z 2 


Substituting this value of Z\ into the expression for Z 2 , obtained from 
equation 4-4, namely, 

z\ = + % 

gives 

Zq = 2Z q Z 2 coth yl — 2Z§ + %o coth 2 yl — 2Z 0 Z 2 coth yl + Z| 


or 

Then 

and 


Z% « Zl coth 2 yl - Z\ 


Z 2 = ZoVcoth 2 -y/ — 1 = 




Zi — 2Z 0 coth *y/ — 


2Z 0 


sinh yZ 
cosh -yZ — 1 


sinh yl sinh yl 


[7-13] 


[7-14] 


Equations 7-13 and 7-14 give the values for the equivalent T section 
of Fig. 7-3. 

(yl) 2 

If yl is sufficiently small, cosh yl = 1 H — and sinh yl = yl, and 
these equations reduce to the approximate forms, 


and 


Zl = 2Z 0 (^) = Z 0 yl = Vzy l - zl [7-15] 


? 0 Vy l 


z 2 = — = _ 

V Vzy/ yi 


[7-16] 


69. Determination of Line Constants from Direct Measurements. 

In the previous article it was shown how the elements of a T section, 
equivalent to a given length of line, can be found. Thus, given a line 
for which y and Z 0 are known, the problem was to find the equivalent 
T-section elements. Another type of problem which arises is that of 
finding *o, \> R, L, G, and C by making measurements at the end of 
a line, the length of which alone is known. The simplest measure- 
ments which can be made are those which yield the input impedances 
for the open- and short-circuit conditions. From these open- and 
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short-circuit impedances the values of y and Z 0 can be found, and these 
latter values used to determine the elementary constants. 

Begin with the two equations 

[5-15] 


and 


II 

<81 

[7-17] 

Using equations 6-14 and 6-16, namely, 


Z, 0 = Z Q coth Vzy S 

[6-14] 

Z„ = Z 0 tanh V zy S 

equation 5-15 becomes 

[6-16] 

Zq = — V Z S8 Z 80 

[7-18] 

and from these same equations it is seen that 

tanh Vzy S — tanh yl = 

\ Z 80 

[7-19] 

From equations 5-15 and 7-17, 


yZ Q = z — R + jo)L 

and 

[7-20] 

y - y = G + juC 
* 0 

[7-21] 


Using these last two equations, it is seen that R, L , (?, and C can be 
determined if y and Z 0 are known in vector form. Z 0 can be readily 
found from equation 7-18 since Z 88 and Z 80 are known. The quantity 
yl, and thus y, may be obtained from equation 7-19 as follows: Let 
tanh yl = V Z sa / Z 80 = M + jN. Then yl = a + jb can be found by 
using equations A-30 and A-31. From the values of a and b, 
y(*= a + j/3) is found from equations, 

a = al 
b — fil 

The fact that equation A-31 is multivalued must be kept in mind, and 
in order to definitely fix the value of p the approximate value of the 
wavelength must be known. 
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60. Illustrative Example. An illustrative example will make the above 
procedure more clear. Let it be required to find the line constants of a 25r 
mile line on which = 5000, (/ *= 796) and 

— 3220 / — 79.29° ohms 

Z ao = 1301 /76.67° ohms 

From equation 7-18, 


Z 0 = VZ 88 Z 80 = V3220 /- 79.29° X 1301 /76.67° 
= 2047 /-1.31° ohms 


and 


tanh yl = M + jN 


<*-4k 


4 


'3220 / — 79.29° 

130i 776.67°~ 

- 1573 / -77.98° 

= 0.328 - jl.54 

Thus M = 0.328, N = -1.54, and M 2 + N 2 = 2.479. From equation A-30, 


and 


tanh 2a 


2 X 0.328 


1 + 2.479 
2a = 0.1909 
a = 0.0955 


= 0.1886 


a = 


From equation A-31, 


0 .0955 

25 


0.00382 neper/mile 


x OL - 2 X 1.54 -3.08 onoo 

tan 26 = — = — - — — = 2.082 

1 - 2.479 -1.479 


Hence, since both numerator and denominator of the tangent function are 
negative, the angle 26 lies in the third, seventh, etc., quadrants and 

26 = 244.35° or (244.35° + n2ir) 

where n = 0,1, 2, 3, etc. Since this is an open-wire loaded line, the velocity 
of propagation should be of the order of 50,000 miles per second. The 
frequency of the transmitted wave being 796 cycles per second, the wave- 
length is about 60 or 70 miles. A 25-mile section should have a value of 6 
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in the neighborhood of §-|(360 o ) = 140° or about one half of the 244.35° found 
above. Using this figure to determine b 


and 


b = 122.2° = 2.135 radians 


2 135 

P = ■■■■ " ■■ - = 0.0854 radian/mile 
Zo 

Having found a and p 

y = 0.00382 + j0.0854 = 0.0855 /87.43° 


Using Zo, which was found above, and equation 7-20 

yZ 0 = R+juL = 0.0855 /87.43° X 2047 /-1.31 0 

= 175 /86.12° 

= 11.83 + jl 75 


from which, R = 11.83 ohms/mile and L = 175/5000 = 0.0350 henry/mile. 
Using equation 7-21 


\ = <? + juC = 


0.0855 /87.43° 
2047 /- 1.31° 


= 41.8 X 10~ 6 /88.74° 


= (0.919 + j41.8) X 10- 6 


Thus G = 0.919 X 10 b mho/mile and C = 0.00835 /if/mile. 


61. Loading. The loading of a line was previously handled (see Art. 
42) by dividing the inserted inductance into per-mile units and adding 
these units to the regular series inductance. To treat the problem more 
accurately the section of the line between loading coils should be re- 
duced to its equivalent T section, whereupon one-half the series im- 
pedance of each loading coil is added to each series arm of the section. 
This new T section will then allow the recalculation of new values of 
etc. Again use the notation of Art. 58. 


*2 


z o 

sinh yl 


[7-13] 


Z\ _ cosh yl — 1 
2 0 sinh yl 


From these two equations the following may be obtained: 


II 

2 Z 2 


= cosh -yZ — 1 


[7-14] 
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or 


cosh yl = 1 + 


II 

2 Z 2 


[7-22] 


[Note that equation 7-14 can be taken as representing the series arm 
of the section for the unloaded case.] Let Z[/2 represent the series 
arm for the loaded condition and Zl/ 2 represent the impedance to be 
added to each arm, that is, one-half the added loading per section. 
Then for the loaded section 


Zi__Zl\Z\__Zl cosh yl — 1 
2 2 + 2 2 + 0 sinh yl 


[7-23] 


Using y' to represent the propagation constant for the loaded condition, 
equation 7-22 becomes 


cosh y'l = i + 


Substituting from equations 7-23 and 7-13 
cosh y'l = 1 + 


Zl cosh yl - 1 
2 + ° sinh yl 


Zo 


sinh yl 


Z L 

= 1 + - — sinh yl + cosh yl — 1 
2Zo 


= cosh yl + — ■ sinh yl [7-24] 

2Zo 

Thus the loading gives rise to a correction term, 

sinh yl 
2Z 0 y 

Equation 7-24 is known as Campbell’s Equation. 


PROBLEMS 

Except for Prob. 7-12, make all calculations at 796 cycles per second. 

7-1. A 100-mile length of line A of Prob. 5-1 is connected between a generator 
whose internal impedance is Z g = 100 + j‘300 ohms and a load impedance of Z r *» 
600 ohms resistance. Find the reflection factors and the insertion loss. 

7-2. Determine the elements of the T section equivalent to 200 miles of line A 
of Prob. 5-1. Use the exact method. 
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7-3. Determine the elements of the ir section equivalent to 200 miles of line A 
of Prob. 6-1. Use the exact method. 

7-4. A 50-mile length of line C of Prob. 5-5 is connected between a generator 
whose internal impedance is Z y = 100 + jlOO ohms and a load impedance of Z r - 
500 ohms resistance. Find the reflection factors and the insertion loss. 

7-6. Find the elements of a t section equivalent to the line of Prob. 7-4. 

7-6. Find the line parameters for a 50-mile line whose open- and short-circuit 
impedances at 796 cycles per second are 

Zao = 200 /— 38.9° ohms Z aa = 2440 / 19.81° ohms 

7-7. Calculate the values of Zq, a, /3, v, and X for the line of Prob. 7-6. 

7-6. Find the parameters for a 35-mile line whose open- and short-circuit im- 
pedances at 796 cycles per second are 

Z 80 = 268 /- 75.51° ohms Z aa = 604 /49.91° ohms 

7-9. Calculate the values of Zq , a, 0, v, and X for the line of Prob. 7-8. 

7-10. Assume that the line C of Prob. 5-5 has the following loading added at 
intervals of 1.1 miles: L = 175 mh, R = 14.3 ohms. Calculate the new value of y. 

7-11. Assume that the line C of Prob. 5-5 has the following loading added at 
intervals of 1.135 miles: L = 43 mh, R = 4.1 ohms. Calculate the new value of y. 


Zo 



7-12. A coaxial cable is constructed as shown in Fig. 7-4. Zq = 62 /0° ohms, 
Zq « 75 /0° ohms, S = one-quarter wavelength at - 10 9 cycles per second. Find the 
insertion loss in decibels of the stub at a frequency of / — 1.2 X 10 9 cycles/sec. 
Note: the original condition is without the short-circuited stub. In this case of 
course there is no loss. The stub is then added which amounts to shunting a certain 
impedance across the line. The insertion loss is the loss caused by adding the stub. 
In this problem the attenuation can be considered to be zero. 



CHAPTER VIII 

THE POWER-TRANSMISSION LINE — EFFICIENCIES 


In the preceding chapters the general theory of telephone transmis- 
sion has been outlined. At this point a question may well arise as to 
how power-transmission-line theory differs from that covered by this 
development. As has already been mentioned in the Introduction, 
the major points of difference are: 

Power Line Communication Line 

Efficiency high low 

Transmitted commodity power information 

It should be expected, then, that calculations on a typical power 
line, using the theory developed for communication lines, would lead 
to results which differ appreciably from those obtained for a typical 
communication line. However, it is imperative that one realize that 
the exact solution of the transmission line as given in Chapter V is 
equally applicable to the telephone and the power line. The char- 
acteristic impedance Z 0 and propagation constant y, as well as other line 
constants, and efficiency will be calculated for this typical power line 
and these values compared with those obtained on the open-wire non- 
loaded communication line of Art. 35. Also, for purposes of further 
comparison, the efficiency of a high-frequency feeder line will be cal- 
culated. The comparisons in this chapter should be considered as 
qualitative only. They have been interpolated at this point merely 
to bring out more clearly some general aspects of different kinds of lines. 

62. Line Constants — Z 0 > y, v, and X. One of the distinctions between 
power- and communication-line calculations is that the polyphase power- 
line loop usually consists of a single line conductor and a neutral return. 
Since the latter carries no current under balanced conditions, the loop 
calculations of L, C, R, and G are based on per-wire values. The series 
resistance of the loop, for example, is the resistance of a single wire of 
the three-phase power line, and the shunt conductance of the loop is 
the conductance of one wire to neutral. 

In calculating the loop inductance of phase A in Fig. 8-1, it is simply 
necessary to determine the flux linkage with wire A due to Ia- Since 
h + lc = — I a in a balanced three-phase system, one may consider 
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wire B and wire C to be the return path for I a- The per-wire inductance 
of wire A is then 

La = Q + 2 In ^ X 1(H 7 henry /meter [8-1] 

In other words the per-wire inductance of a three-phase line is simply 

one-half the inductance of a pair of parallel 


The loop capacitance of one phase of a 
three-phase line to neutral, such as that 
shown in Fig. 8-1, turns out to be twice the 
capacitance of a pair of parallel wires of r 
radius separated center to center by a dis- 
tance d. This value of capacitance is ob- 
tained by considering lines B and C to be one 
plate of the capacitor of which line A is the 
other plate, the justification being that for 
balanced three-phase voltages Qb + Qc is at 
The capacitance of line A to neutral is simply 



Fig. 8-1. Equilateral tri- 
angular spacing of three- 
phase line conductors. 

all times equal to — Qa- 


Can = 2 


36 X 10 9 In 


farad/meter 


It is not the purpose of this discussion to go into the details of calcu- 
lating the per phase values of L and C in polyphase lines but rather 
simply to outline the distinction between the per phase values of L 
and C in a balanced three-phase line and the values of L and C in a 
conventional two-wire loop. Also, if the wire configuration is other 
than equilateral triangular spacing as shown in Fig. 8-1, then d } the 
equivalent center-to-center spacing between wires, can be shown to be 
</ did 2 ds where d u d 2 , and d 3 are the spacings between wires 1 and 2, 
2 and 3, and 3 and 1. 

In order to compare the characteristics of a power line with those of 
the telephone line of Art. 35, a 200-mile three-phase power line, consisting 
of three No. 0000 copper conductors spaced 33 inches on the corners of 
an equilateral triangle, will be considered. Such a line will have the 
following distributed parameters to neutral per mile (/ = 60 cycles/sec) : 
R = 0.263 ohm (one wire) 
wL = 0.626 ohm (one wire) 
w C = 6.96 fi mhos 
G = 0 
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and the following characteristics : 

z = R + jwL = 0.263 + j0.626 = 0.679 /67.22° ohms 
y m G + juC = 0 + j'6.96 X 1( T 6 = 6.96 X 10^/90° mho 
\z /0.679/67.22 0 , 

- Vr V x 10 * - ^0-WZzgg! 

= 312 /- 11.39° ohms 

V = = VO.679 /67.22 0 X 6.96/90° X KT 6 

= 0.00217 /78.61° 

= 0.000428 + jO.00213 
or 

a = 0.000428 neper /mile 

/? = 0.00213 radian/mile 

The velocity of propagation is 

to 377 __ ___ , 

v = - = — — — = 177,000 miles/sec 
j8 0.00213 ’ 


and the wavelength is 



6.28 

0.00213 


= 2950 miles 


Let these results be compared with those obtained on the nonloaded 
line of Art. 35. 


Zo 

a 

& 

v 

X 


Telephone Line 
745 ohms 

0.00712 neper /mile 
0.0288 radian /mile 
173,500 miles/sec 
218 miles 


Power Line 
312 ohms 

0.000428 neper/mile 
0.00213 radian/mile 
177,000 miles /sec 
2950 miles 


It is readily apparent that the values of a and j3 for the power line are 
comparatively very low and that the wavelength is very long. The 
long wavelength gives rise to a predominant characteristic of a power 
line, that of being short electrically, that is, short in terms of wavelength. 
This 200-mile line which is physically long for a power line, is only 0.068 
wavelength long. This means that the voltage (and current) vector in 
progressing the length of the line completes only a very small part of a 
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revolution, whereas in a long telephone line there may be many 
revolutions. 

63. Efficiency. The low value of a for the power line is reflected in a 
high value of transmission efficiency. In order to compare typical 
power- and telephone-line efficiencies it will be necessary to calculate 
the efficiency of the nonloaded line of Art. 35. The received power and 
sending current for that line were calculated in Art. 42 and found to be 
94.0 microwatts and 0.0015 ampere, respectively. Recalling that the 
input impedance is Z 0l the power input is given by 

P 8 = I 2 8 X 725 = (0.0015) 2 X 725 = 1631 X 10" 6 watt 
= 1631 microwatts 

The resistance component of Z 0 is 725 ohms. 

Thus the efficiency of the telephone line becomes 

94 0 

Eff = ^rX 100 = 5.76% 


The line-to-neutral receiving-end voltage for the 200-mile power line 
is taken as 20,000 volts, and the three-phase load is assumed to be 1800 
kilowatts at 0.8 lagging power factor. The load or receiver current is 
then 


Hence 


1,800,000 
3 X 20,000 X 0.8 


37.5 amperes 


I r = 37.5 /— 36.87° amperes 


V r = 20,000 /0° volts 


Equations 6-3 and 6-4 will be used to calculate V s and I 8 . The follow* 


ing are needed : 


y/zy = 0.00217 /78.61° 

sinh a = 0.086 

Z 0 = 312/- 11.39° ohms 

cosh a = 1.004 

Vzy S = a + jb = 0.434 /78.61° 

sin b = sin 24.5° = 0.415 

= 0.086 + j0.426 

cos b — 0.911 

Equations A-24 and A-25 are used 

to evaluate sinh Vzy S 
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cosh Vzy S. 

sinh (a + jb) = V0.0074 + 0.172 



0.415 X 1.004 
0.911 X 0.086 


= Vo. 1794 /tan" 1 5.3 = 0.424 /79.32° 
cosh (a + jb) = V0.0074 + 0.83 j tan -1 ^ 

= V0.8374 /tan" 1 0.0391 = 0.915 /2.24° 


V, = 20,000 X 0.915 /2.24° + 37.5 /- 36.87° 

X 312 /- 11.39° X 0.424 /79.32° 
= 18,300 /2.24° + 4960 /31.06° 

= 18,280 + j714 + 4250 + j2560 
= 22,530 + j3274 = 22,780 /8.27° volts 


I, = 37.5 /-36.87° X 0.915 /2.24° + 


20,000 X 0.424 /79.32° 


312 /-11.39° 
= 34.3 7- 34.63° + 27.2 /90.71° 


= 28.2 - jl9.5 - 0.332 + j27.2 
= 27.9 + j7.7 = 28.9 /15.45 0 amperes 


The angle between the current and the voltage is 7.18° ; thus the power 
input per phase is 

P, - 22,780 X 28.9 X cos 7.18° X 10 -8 
= 653 kw 

The power output per phase is 


P T = ^ = 600 kw 


Hence the efficiency is 


Eff = ^ X 100 = 92% 


64. Efficiency of High-Frequency Line. On a high-frequency line 
uL^>R and wC » G. Under these conditions Z a will be approximately 
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equal to VL/C, and, since VL/C is dimensionally equivalent to resist- 
ance, Z 0 will be equivalent to a pure resistance R 0 . Also, when the 
high-frequency line is used as a feeder, it will be relatively very short, 
and al will then be small. 

Equations 6-3 and 6-4 will be applied to a high-frequency line which 
is terminated in a pure resistance R r - Since V T = I r R r , the appropriate 
substitutions will be made for V T and /,. 


V, = V r (cosh yl + sin h ^ 

= V r £(cosh sinh alj cos fll + j (sinh al + ^ cosh al^ sin 01 J 

[8-3; 


and 


/* = I r ^cosh yl + sinh yl'j 

= J r J^cosh al + sinh al^j cos fil +j ^sinh al cosh sin 

[8-4] 


The hyperbolic functions are expanded by means of equations A-20 
and A-22. 

The power input to the line is given by the real part of the product of 
V 8 by the conjugate of I 8 , thus : l 

V 8 Is = (V' 8 +jV' 8 ')(l' 8 -jI' 8 ') 

- (v' 8 r 8 - 4 - vm + j(v"i 8 - v’j") 

and 

P s = V'J's + V"I” 

1 Let V 9 *= V Jay and 1 8 — I Jj>- The power is then 

F/ cos (a-*) [A] 

Write V 9 =» V (cos a + j sin a), and the conjugate of /« as 

/ s « / (cos <t> — j sin <j>) 

V 9 l 8 — V7[(cos a cos <f> -f sin a sin 0 ) -f /(sin a cos — cos a sin <f>)] 

The real part is 

VI (cos a cos 0 + sin a sin <p) * VI cos (a — #) 


which is the same as equation A above. Thus “ Power is given by the real part of 
the product of V 8 by the conjugate of I 8 .” 
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Let m represent the ratio, R r /R 0 . Then 


P, = V r I r j^cosh 2 al + sinh 2 al 

+ (m + cosh al sinh aij (cos 2 + sin 2 01) 

= V r I r £cosh 2 al + (m + sin ^ 2 ^ j [8-5] 

using equation A-19 and the identity, cosh a sinh a = (sinh 2a)/2. 
Since the line is terminated in a resistance R r , the power factor is unity 
and the power received is F r / r . Accordingly, the efficiency is 


cosh 2 al + 


( m+ s) 


sinh 2 al 
2 


If al is very small, cosh 2 al = 1, and sinh 2 al = 2 al. Under this con- 
dition the efficiency is 

1 


(" + i) 


Making use of the approximation given by equation 5-46, namely, 
a = R/ (2Z 0 ) 

™ 1 1 

”, / 1 \ Rl / 1 \ R’ 

\ m/2R 0 \ m) 2R 0 

where R' is the total resistance of the line. This may be written 


/ m 2 + 1 \ R' 
\ m ) 2 R 0 


In order to determine the condition under which the efficiency is a 
maximum it is necessary to minimize the second term of the denominator 
with respect to m. 


For maximum efficiency 


( m 2 + 1 \ 

\ m ) _ _l_ 

dm m 2 

(l — = 0 or m = 1. Thus maximum 
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efficiency occurs when R r = Ro, that is, when the line is terminated, 
in its characteristic impedance, in this case /J 0 . The maximum effi- 
ciency then becomes 

Max eff = ” 7 [8-8] 

1 + Ro 

which approaches 100 per cent as R ' decreases relative to /Jo- 
es. Illustrative Example. Consider a 1000-foot 5-megacycle feeder con- 
structed of two parallel wires each 0.2 inch in diameter and separated 6 
inches, center to center. For such a line 


-** J- 


4 In - X 10“ 7 


36 X 10 9 in 


d d 

— 120 In as 276 log ohms 
r r 


where d/r is the ratio of conductor separation to conductor radius. Also 

D _ 135v7xl0-<„ .... 


■ ohm/mile 


Hence 


-v/F 

R" = ^-r- ohm/1000 ft of line 
rin 

where F is the frequency of the transmitted wave in megacycles per second, 
and r[ n is the radius of the conductor in inches. 

d = 6 in. 
r[ n = 0.1 in. 

F = 5 megacycies/sec 

Substituting these values into equation 8-8, the maximum efficiency per 
1000 feet of line is found to be 


V^/rm 
276 log - 


V5/0.1 
276 log 60 


X 100 = 95.6% 
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66. Summaiy. The efficiency of the telephone line is expected to be 
low because of the relatively high value of a and the length of the lihe. 
This low efficiency is partly due to the fact that the line is terminated 
in its characteristic impedance. 

The power line on the other hand is operated in such a manner as 
to obtain a relatively high efficiency. No attempt is made to deliver 
maximum possible power. The difference in these two lines may be 
seen also from the fact that in the communication line the total power 
involved is small, and it is relatively unimportant economically whether 
a large proportion of it is lost or not. On the other hand the amount 
of power transmitted over a power line is so great that a slight dif- 
ference in efficiency makes a considerable difference in the economics 
of the system. For instance, even in the relatively small amount of 
power transmitted by the above three-phase line a decrease in efficiency 
of 1 per cent means a loss of about 18 kilowatts. Over a period of a 
year, with power at l A cent per kilowatt-hour, this amounts to a cost of 
approximately $800. 

In the high-frequency line the assumption was made that the total al 
was small. That is, al (= R'/2R 0 ) should be low enough that the 
approximation, 

. , n , R f 

sinh 2 al - — 

Rq 


is justified. The hyperbolic angle can be about 0.23 before the error is 
1 per cent. In the above example R f /R q was 0.0455. The 5-megacycle 
feeder could, then, be 5000 feet long, and the error would be less than 1 
per cent. For the optimum efficiency condition, the line terminated in 
its characteristic impedance, the efficiency equation can be written 


Eff = 


1 + 


n 


Vf 


276^ log- 
r 


[ 8 - 9 ] 


where n is the number of 1000-foot sections in the line. For a line with 
a given conductor separation and conductor radius this equation indi- 
cates very clearly the effect of line length and frequency of transmitted 
wave on the efficiency. 


PROBLEMS 

8 - 1 . Determine R in ohms per mile of single conductor, L in millihenrys per mile 
for each conductor, and C to neutral in microfarads per mile of each conductor for 
No. 000 hard-drawn solid copper conductors spaced 36 inches center to center on 
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the comers of an equilateral triangle at a temperature of 25°C when delivering power 
at 60 cycles per second. 

8-2. A three-phase 60-cycle-per-sccond power line has the following parameters, 
to neutral, per mile: 

R tm 0.432 ohm (one wire) 
wL = 0.749 ohm (one wire) 
wC = 5.76 / u mhos 
G - 0 

The line is 55 miles long. Calculate Z<y t a t 0, v, and X. 

8-3. Calculate the efficiency of the line of Prob. 8-2 when delivering a load of 
2250 kilovolt-amperes per phase at 0.80 power factor (7 lags) and 25,400 volts to 
neutral. 

8-4. A three-phase 60-cycle-per-seeond power line has the following parameters, 
to neutral, per mile: 

R = 0.529 ohm (one wire) 
toL = 0.826 ohm (one wire) 
ojC — 5.19 m mhos 
G — 0.244 n mho 

Calculate Zo» «» ft and X. 

8-6. Calculate the efficiency of the line of Prob. 8-4 when delivering a load of 
5400 kilowatts at 58,900 volts to neutral. The power factor is 0.85 (7 lags), and the 
length of the line is 130 miles. 

8-6. A three-phase 25-cycle-per-second power line has the following parameters, 
to neutral, per mile: 

R = 0.118 ohm (one wire) 
ojL = 0.334 ohm (one wire) 
wC = 2.16 m mhos 
G - 0 


Calculate Zo, a, 0, and X. 

8-7. Calculate the efficiency of the line of Prob. 8-6 when delivering a load of 
36,000 kilovolt-amperes per phase at 127,000 volts to neutral. The power factor is 
0.90 (7 lags), and the length of the line is 230 miles. 

8-8. A parallel-wire line is composed of two No. 10 AWG copper conductors 
separated center to center by a distance of 5 inches and operates at a frequency of 
1000 kilocycles per second. The distributed parameters are: 

R = 0.0652 ohm /loop meter 
wL = 11.56 ohms/loop meter 
a )C = 38.2 X 10“ 6 mho/loop meter 
<7 = 0 
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The length of the line is 1000 meters and is terminated in a resistance of 1100 ohms 
which dissipates 227.3 watts. , 

(а) Find the phase angle between V 8 and /*. 

(б) Find the power input to the line. 

(c) Find the efficiency of the line. 

8 - 9 . A copper coaxial cable has an inner conductor of 0.1 centimeter radius, and 
the inner radius of the outer conductor is 0.322 centimeter. Find the efficiency of 
a 5-mile length of line when operating at 64 megacycles per second and terminated 
in a resistance equal to the characteristic impedance of the cable. 

8 - 10 . Design a 2000-foot feeder line for 3 megacycles per second using No. 2 
AWG hard-drawn copper wire with the requirement that the efficiency be 95 per cent 
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It has been shown that transmission lines in general have attenuatio n 
which is a function of frequency. A line constructed of a series of T or 
ir sections may be made to have a definite cut-off frequency which will 
mark a transition between regions of good transmission and attenuation. 
When such a lumped-section line is constructed for the purpose of pass- 
ing certain frequencies and stopping others, it is called a filter. A 
filter should have 

(1) A given Z 0 in order to fit into a given line or between given pieces 
of equipment ; 

(2) A very low attenuation in the so-called “ pass-band ” and a suffi- 
ciently high attenuation in the stop or attenuation band ; 

(3) Given “ cut-off ” frequencies, frequencies which mark the dividing 
lines between stop and pass bands. 

The applications of filters are very wide. They are commonly used 
in radio to eliminate unwanted frequencies, in telephone carrier systems 
to separate the various channels, and in power supplies to smooth out 
the direct current. In the last case filters are made to discriminate as 
much as possible against all frequencies, passing only the direct current. 

In order to develop the theory of filters a beginning will be made with 
a consideration of some fundamental properties of reactive networks. 
The goal is to arrive at suitable design equations to be used when it is 
desired to construct a filter having certain of the requirements listed 
above. 

67. Constant-X-Type Filters. The action of filters is based on the 
fact that an inductance represents a low impedance to low frequencies 
and a high impedance to high frequencies, whereas the opposite condi- 
tions occur with a capacitance. When inductances are connected in 
series on a line and capacitances in shunt, as shown in Fig. 9-1, then 
direct current will flow without opposition and alternating currents of 
low frequencies are subject to only a small impedance. As the fre- 
quency increases, the series network impedance increases, whereas that 
of the shunt circuit decreases. If the magnitudes of the inductances 
and capacitances are correct, then frequencies above a critical fre- 
quency fo will be attenuated, and the network forms a low-pass filter, 
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By a correct choice of series capacitances apd shunt inductances, as 
shown in Fig. 9-2, a high-pass filter is formed. Such a filter cannot 
pass direct current and with proper design will pass only alternating 
currents of frequencies above a critical value /o without attenuation. 




Fig 9-1. Low-pass filtei 




Fig 9-2. High-pass filter. 



Fig 9-3 T- and ir-section filters. 


The networks shown in Fig. 9-3 represent simple T and it section 
filters. That of (a) constitutes a T section and that of (6) a v section 
connected between a generator and a load Z' Q . Let the load Z' Q be equa l 
to the chara cterist ic impedan ce Z 0 of the T or t section so that each 
n etwork improperly terminated. The filter design problem is con- 
cerned with the propagation of power from the generator through the 
network and into the load Zq. If propagation occurs with little or no 



148 


CONSTANT-# FILTERS 


attenuation over a certain band of frequencies then this band is called 
a pass band. If propagation is hindered, that is, if there occurs attenua- 
tion over a certain band, then the band is known as a stop band. When 
networks are constructed of pure reactances Z x and Z 2 , such that Z X Z 2 = 
fc 2 , where k is a real constant, then the network is known as a constant-k 
filter, which is one form of prototype filter. As an illustration, suppose 

Z x and Z 2 = — j-77- ; then 

C0C2 

It should be noted that since Z x and Z 2 (or Z A) Zb, Zc) are pure react- 
ances no power is absorbed by the networks themselves. Thus if the 
netwprk accepts power from the generator this power is all transmitted 
to Zq. By means of elementary considerations it is evident that power 
will be accepted by the networks when Z 0 is a pure resistance and 
rejected when Z 0 is a pure reactance. 

68. Stop- and Pass-Band Criteria. In order to determine the position 
of the stop and pass bands and to derive expressions for the frequencies 
at the boundaries of the bands, use will be made of equation 4-9 which 
gives the propagation constant -y of a properly terminated T or t section. 
The section is now a filter. 

*(.« + #) -l„[l + A + x /§! + ||] |4-9J 

which may be written 

Y = 21n [^1 + A + [9-i] 

One of the unique features of equation 9-1 is that if 

-iS^-SO 19-2] 

a region of zero attenuation is obtained, or, in a more precise way, the 
condition for zero attenuation is that 

M 

where 0 £5 A ^ 1. That this is true may be shown as follows on proper 



STOP- AND PASS-BAND CRITERIA 


149 


substitution of equation 9-3 into equation 9-1. 


y(= a + jfi) = 2 In [Vl - A + V=A] 
= 2 In [Vl — A + jV A] 

VI 


= 21nVl — A + A 


/ _i VA 
/ tan 1 - 

/ ^±Z 


* 2 [ 0+jt “" vr=f] 

Hence a — 0 since In 1 is zero, and 


0 = 2 tan 1 


VI 

Vl - A 


[9-4] 


The boundary conditions are given by the extremes of Zi/4Z 2 , 
namely, 0 and — 1. 


If 



then A = 0, 


and 


0 = 2 tan 1 



[9-5] 


If = — 1, then A = 1, and 0 = 2 tan 1 — - = 180° [9-6] 
4i&2 0 

Physically, the complex number Zi/4Z 2 can have values between 0 
and — 1 only if Z\ and Z 2 are reactances of opposite sign, such as for 
example Zi = —jX 1 and Z 2 = jX 2 . 



If opposite-type reactances are employed to obtain a pass band as 
shown in Fig. 9-4, it is also possible for the complex number Z 1 / 4 Z 2 to 
have values which lie between — 1 and — » but not values between 0 
and + . Hence positive values of Z\/4Z 2 will not be considered in the 

following analysis. In the region of Z 1 / 4 Z 2 which lies between —1 and 
— oo, a takes on finite values and 0 remains fixed at 180°. 
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Let 


[9-7] 

where B > 1, 

or 

7. 

[9-8] 

then 

H 

1 

V 

1 1 TP 

V 

8 

1 

a 

+ jl 3 = 2 In [Vl - B + V^-B] 

= 21n[jv / 5^1+jVB] 

= 2 In [VB - 1 + VB] / ±90° 



= 2 [in (VB - 1 + VB) + j(± 0] 

[9-9] 


Hence a = 2 In (VB — 1 + Vl?) and is a finite value since B > 1, and 

j8 = ±7T 


A graphical interpretation of the results of this article is shown in 
Fig. 9-4. In this diagram the region to the left of the origin (— oo to 0) 
represents constant -fc filters because in this region Z\ and Z 2 have 
opposite signs, and thus when they are pure reactances their product is 
positive, real, and independent of frequency. In the region to the right 
of the origin Z± and Z 2 have the same sign, and thus their product will be 
negative, so that k would be imaginary, whereas in the constant-fc filter 
k is a real number. 

69 . Illustrative Example. Given a T-section filter in which Z\ = juL, 
Z 2 = — j/uC, L = 0.125 henry, and C = 0.20 /xf. Let the problem be pro- 
posed to find the frequency limits of the pass band of this filter section. These 
limits are given by equations 9-5 and 9-6. From equation 9-5, Zi/ 4Z 2 = 0, 
it is found that Z\ = 0. Therefore 

Z\ = j<aL = 0 

co = 27 rf = 0 
or 

/ = 0 

For the determination of the other boundary use equation 9-6 



jwL — — 4Z 2 = —4 X 


zi 

o)C 


2i 

c oC 


Thus 
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from which 


and 


, 4 4 X 10 6 

W LC 0.125X0.20 

w = 12,650 radians /sec 

= 12,650 
' 2x 6.28 

= 2015 cycles/sec 


The pass band thus extends between the frequency limits of zero and 2015 
cycles per second. 


70. Alternative Way of Representing Stop and Pass Bands. An 

alternative way of representing stop and pass bands may be found from 
equations 4-4, 4-5, and 7-19. 


lot 






[4-4] 


Zqt — 


Z\Z 2 

ZoT 


[ 4 - 5 ] 


where 

and 


Zqt and Z 0x refer to the values for T and tt sections respectively, 


tanh y = 



[7-19] 


where y is the propagation constant for the entire section. 

Note, in equation 4-4, that if Z 0T is a pure resistance then the product 
Z 88 Z 8Q must be positive. This condition requires that Z 88 and Z 80 have 
opposite signs. If Z 0T is a pure reactance, then Z 88 and Z ao must have 
the same sign. If these facts are applied to equation 7-19 the following 
conditions result: 


(1) tanh y is imaginary if Z 0T is a pure resistance, 

(2) tanh y is real if Z 0 r is a pure reactance. 

For instance, if Z 88 = JXl and Z 80 = —jX C) then 

Zqt = V Z 88 Z 80 = VXlXc (effectively a pure resistance) 


and 
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Hence tanh y is imaginary. Now 

sinh a cos ,5 + j cosh a sin p 


tanh y = 


cosh a cos p + j sinh a sin p 

sinh a cosh a + j sin P cos p 
sinh 2 a + cos 2 P 


[9-10] 


In case 1 above, if Z QT is a pure resistance the real part of equation 9-10, 

, . sinh a cosh a , . .. 

that is, tto 5 “T ? must be zero. 1 his can be true only if a - 0. 

' smh 2 a + cos 2 p 

Thus when Z QT is a pure resistance the network offers no attenuation 
and a pass band occurs. On the other hand, in case 2, when Z 0 t is a 
pure reactance, the imaginary part of equation 9-10 disappears, and 

. sinh a cosh a 

tanh v = tt5 ; 

sinlr a + cos p 


Thus, if tanh y has a value, a must have a value, and there will be 
attenuation. (See Art. 7G.) 

In Figs. 9-5 and 9-6 are shown the variations of Z so and Z 88 for low- 
pass and high-pass filters. From these curves which are typical of all 
filters, it is to be noted that the open- and short-circuit impedances 
change from positive to negative or vice versa as the range of frequencies 
is covered. Likewise the characteristic impedance changes from resist- 
ance to reactance, or in other words there are certain ranges of fre- 
quencies over which Z 0 of a given filter may be a resistance and others 
over which it may be a pure reactance. From the previous discussion, 
when the characteristic impedance is a resistance the frequencies are 
passed, and when the characteristic impedance is a reactance the fre- 
quencies are attenuated. 

It is to be noted that if Z x and Z 2 in a T section are such as to make 
Zqt a pure resistance, then Z 07r is also a pure resistance because of the 
fact that Z\Z 2 = k 2 in equation 4-5. Thus the pass bands are the same 
whether the elements are arranged in a T or t section. 

Another way of representing pass and stop bands is to note that 

z ° = yj Zl (f 2 + j) 


will be a pure resistance, and this will result in a pass band, if Z x and 
(*2 + are of opposite sign, whereas if Z\ and ^Z 2 + are of the 
same sign then Z 0 will be a pure reactance and a stop band results. In 
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Fig. 9-7 are curves showing typical variations of Z x and ^Z 2 + 
frequency. In this diagram the reactances Z x and ^Z 2 + 


with 

have 


opposite signs between A-B and between C-D. Thus these two bands 
are pass bands. In the regions 0— A, B-C, and D-oo these quantities 
have the same sign and over these ranges stop-band conditions exist. 



71. Illustrative Example. Given a T section in which Z\ = juL, Z 2 = 
~j/a)C, L = 0.125 henry, and C = 0.20 /xf. To determine, by the method 
of Art. 70, whether frequencies of /i = 1000 cycles/see and / 2 = 2500 cycles/sec 
will be passed. 

First calculate Z\ and Z 2 at the frequency f\ of 1000 cycles per second. 


Z\ = juL = j2w X 1000 X 0.125 = j785 ohms 


*2 


-jio 6 

wC 


— jio 6 

2tt X 1000 X 0.20 


= -J796 ohms 


From equation 4-4, 

A - ^j785 ( -j790) + 
. ^4,900 - 


686 ohms (resistance) 
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It can also be shown that for this case 


, . Iz7. uVlcVjlc - 4 


u’LC - 2 


Hence 


tanh y = — jl.698 


Since Z 0 is real and tanh y is imaginary, a must be zero. Therefore the fre- 
quency of 1000 cycles per second will be passed. 

For /2 = 2500 cycles/sec 

Zi = j2* X 2500 X 0.125 = j‘1964 ohms 

-iio 8 


Z2 = 


2tt X 2500 X 0.20 


— j318 ohms 


and 




1964 (-j 318) + 


( 3 1964 ) 2 


Also for this case 


= V624,600 - 964,300 
= j583 ohms (reactance) 

[z7. uVlcVu^LC - 4 


tanh y = 


Z, 

= 0.876 


u 2 LC 


Z 0 is now imaginary while tanh y is real ; therefore a has a real value, and the 
frequency of 2500 cycles per second will be attenuated. 

72. Cut-Off Frequency. The frequencies which represent the bound- 
ary lines between pass and stop bands are called cut-off frequencies /o 
and are given by equations 9-5 and 9-6. By applying these equations 
to the two simple constant-/; filters shown in Figs. 9-8 and 9-9 their 
respective cut-off frequencies are obtained. In Fig. 9-8, 


and 


Z\ = jo>L, 



II 

4*2 



= 0 and — 1 


w 2 = 0 and — 


Thus 
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Fig 9-8. Attenuation curve for low-pass constant-A; filter 


In Fig. 9-9, 

and 


from which 


Zi — — » Z 2 = j(uL 


Zi -1 
4Z 2 WLC 

w 2 = oo and 
w = oo and 


= 0 and —1 


1 


/o = » and 


1 


4wVLC 


4:LC 

1 

2 VLC 

(for a high-pass filter) 


[9-11] 


[9-12] 


Since the pass band lies between the cut-off frequencies, the filter 
shown in Fig. 9-8 is called a low-pass filter, as its pass band lies between 
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fo - 0 and/o = l/(rVLC). The network shown in Fig. 9-9 is called 
a high-pass filter since its pass band lies between fo = 1/ (4tVLC) and 
fo = *>. 



Fig. 9-9. Attenuation curve for high-pass constant-/; filter. 


73. Variation of Z 0 with Frequency. A knowledge of the variation of 
the characteristic impedance of constant -fc T and tt section filters with 
frequency is important when it becomes necessary to match these 
impedances. 


From Art. 25, 


Zq t = \ Zi Z 2 + 


Zqtt — 


Using again the filter sections of Figs. 9-8 and 9-9, there is obtained 
for the low-pass filter 
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Substitute LCj 4 = l/w§ through use of equation 9-11, and obtain 



For the high-pass filter 



Substitute 1 /(LC) = 4a>o through use of equation 9-12 and obtain 



The trend of these functions is shown in Fig. 9-10. It is evident from 
these curves that the very wide limits in the correct terminating imped- 
ance of these filters give rise to serious difficulties in communication 
circuits. Obviously for a given receiving impedance there is only one 
frequency for which the section is correctly terminated. 

74. Design Equations for Constant-.# Filters. It will be noted from 
Art. 73 that Z 0 is a function of frequency, and thus, if a filter is to be 
designed to match a certain line, it can be done only at one frequency 
unless the line impedance is also a similar function of the frequency. 
Hence, there may be mismatching at all frequencies but one in the pass 
band and thus a consequent loss. This problem will be taken up later. 
For purposes of the immediate design, zero frequency will be used for 
calculating Z 0 of the low-pass filter, while/ = oo will be used for the high- 
pass filter. Also it is seen that over the pass band Z 0 is a pure resistance 
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Low pass High pass 

± 

u 

Fig. 9-10. Variation of Zor and Zq t of low- and high-pass filters with frequency 
over the respective pass bands. 

which, for these two particular frequencies, is equal to VL/C and as 
such will be indicated by if 0 . As a consequence, for both the low- and 
high-pass filters and for T and ir sections 



For the low-pass filter 

fo = WW 

Solving these two equations for L and C 
L = RlC 

L -J— 

” **foC 

Therefore 

1 1 
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and 



C = farad (l.p.) 

TTJqK 0 

[9-17] 

Also 

II 

I 

V 

[9-18] 

For the high-pass filter 






/0 _ 4r VLC 


from which 

L = RlC 



-5 

<N 

II 


Therefore 

T>2/i2 ^ ri2 __ ^ 

0 4 2 7t 2 /q C 4 2 x 2 /q/?o 


and 

C ‘WA farad (hp0 

[9-19] 


L = ^ henry (h.p.) 

4tt/ 0 

[9-20] 


75. Illustrative Example. Let it be required to design a constant-fc type 
high-pass filter with a cut-off frequency at /o = 1000 cycles/sec and a char- 
acteristic impedance at / = «> of Z 0 = 600 ohms. The design equations 
9-19 and 9-20 may be used directly. 


C = 

L = 


10 6 


4tt X 1000 X 600 
600 


= 0.1326 pi 


47r X 1000 


= 0.0477 henry 


= 47.7 mh 

Se^ Fig. 9-6. 

76. Attenuation and Phase Shift of Low- and High-Pass Filters. The 
propagation constant for a general T or ir section, as a function of Z\ 
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and 7 2 has been shown to be given by 

*-«+#,- to [ l+ £+slk+Si] ^ 

or 

cosh y = 1 + ^ 17-22] 

Since Z x and Z 2 are pure reactances, 7 i/ 7 2 is real so that 

cosh -y = cosh a cos 0 + j sinh a sin 0 = (a real quantity) 

Since cosh -y is real, the imaginary term is zero, and 

cosh y = cosh a cos 0 [9-21] 

Let the above equations be applied first to a low-pass constant-* filter 
as given in Fig. 9-8. Here Z x = juL, and Z 2 = —j/(uC). Hence 

Z, u 2 LC 

cosh y = cosh a cos 0 = l + = l 9-22 ! 


It has been shown that, over the pass band, a = 0. 
range 


cosh y = cos /3 = 1 


a> 2 LC 

2 


and 




Thus for this 


[9-23] 


where u 2 LC/2 must be less than unity. The relationship between 
0 and (o is shown in Fig. 9-11. Note that at the low-frequency end the 
phase shift is 0° and that it increases to 180° by the time the edge of the 
pass band has been reached. 

It has been shown in Art. 68 that beyond the limit of the pass band 
the phase shift remains at 130°. Equation 9-22 then becomes 


cosh y = —cosh a = 1 — 


u 2 LC 

2 


. a ?LC 

cosh a — — - — 


1 


Thus: 


a — cosh 1 — 1^ 
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The relationship between a and u is shown in Fig. 9-8. 

For the high-pass filter of Fig. 9-9, Z\ = —j/ (uC), and Z 2 — juL. 
Then: 




[9-25] 


Fia. 9-11. Phase shift of low-pass constant-fc filter. 


because cosh y is again real. As u is increased from 0 to «, the 
attenuation band is gone through first and through it the value of /? 
is 180°. Thus equation 9-25 becomes 

cosha = 2jLC~ 1 
or 

a = cosh_1 (%kc - 0 [9_26] 

Over the pass band a is zero, so equation 9-25 becomes 

1 

008/3 = 1 " 2M 
or 

e - «* -1 (1 - ^lc) 

The relationship between a and w is shown in Fig. 9-9 and that between 
j8 and u in Fig. 9-12. 
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77. The Band-Pass Filter. A band-pass filter is one whose pass 
band lies between two definite frequencies /o and /" neither one of which 
is zero. Obviously this effect can be obtained by placing a high-pass 



Fig. 9-12. Phase shift of high-pass constants filter. 



Fig. 9-13. Attenuation in band-pass filter. 


The same general effect can be obtained by the use of the network of 
Fig. 9-14 wherein any frequency which will produce resonance in L\ } 
Ci and L 2j C 2 simultaneously will be passed easily because the series 
impedance becomes zero and the shunt impedance infinite. 
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Let us investigate this circuit in some detail. In order to apply the 
filter theory it is necessary to write 

Z\ — jwLi ~- 

o) Ci 




-faL 2 j 
0)C o 


jo)L 2 — 


0)C 2 


and 


Z\Z 2 = 


%(•*-£) 


cjLo 


1 

uyC 2 


r L 2 (ccPLiCi - 1) 
Vi(*?L2C 2 - IV 


and the filter will be a constant-A; type provided 

Tj\C\ — l 2 c 2 

since this equality makes Z X Z 2 independent of frequency. 


[9-28] 


2 C, 2 


h 

2 2 C, 

-'TRP — II— 




Fig. 9-14. Band-pass filter, T section. 

In order to find the cut-off frequencies calculate the value of Z x j\Z 2 
and set equal to — 1 and 0 successively. 


A 

4/ 2 



— 1 and 0 [9-29] 


Usingjthe first equality and making the substitution, L 2 C 2 — LiC Xy 
and L 2 = L 1 C 1 /C 2 results in 

CML1C1 - 1 ) 2 = 

iuoLiCl 
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from which 


COO 


_ /J_ + _L 

\L,Cx ^ LtC 


VLiC 2 


[9-30] 


Equation 9-30 indicates that there are lower and upper cutoff frequen- 
cies as follows: 


and 


f '° 2* {\L 1 C 1 + L x C 2 y/L&~) 

f ” = + + vzm) 


[9-31] 


The second possible equality from equation 9-29 gives the equation, 

(c * 2 L X C X - l) 2 - 0 


or 


fr = 


2t^CI 


[9-32] 


This is the frequency of resonance of Z\ and Z 2 and can be shown to be 
the geometric mean between f Q and fo as follows : Let fo and /o' be 
multiplied together, and obtain 


f'f" = — 1 _i_ — _ 

JoJo 4tt 2 UiCi L x C 2 L x C 2 J 


1 


4t 2 LxCi 


[9-33] 


and the geometric mean is 



1 

2x y/ LiCi 


[9-34] 


which is f r of equation 9-32. According to previous theory the pass 
bands are two in number and lie between f r and f 0 on one side and 
between f T and /o' on the other. The situation is shown in Fig. 9— 13b. 
Thus there are actually two pass bands which on account of the con- 
dition that LiCi — L 2 C 2 join at/ r so that there is a continuous pass band 
from fo to /o'. 

The expression for the characteristic impedance of such a filter is 
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The value of Z 0 is taken at the frequency at which the Z x term drops out, 
that is, at Sr- _ 

Zo = \lk = = 


Rn 


[9-35] 


In order to write the design equations for a band-pass filter, first form 
the difference So — Sb from equation 9-31, 


So -So = 


From equation 9-35 
and from equation 9-36, 

therefore 


?rV L x C 2 
Li = C 2 Rl i 

Ll = C 2 (fb'-Sb ) 2 * 2 \l 

02 ~J*Rj)(fb' - Sb) I 


[9-36] 


From equation 9-34, 


L 1 = 

SbSb' = 


R o 


*<J"-Sb) 

1 

4t 2 L 1 C 1 


From equations 9-38 and 9-39, 


r /"-/o' 

^ fit'll 


and, from equation 9-35, 

L 2 = = 


WoSb'R 0 


,2 _ Roifo - /o) 


4-jt/o/o 


[9-37] 

[9-38] 

[9-39] 

[9-40] 

[9-41] 


Equations 9-37, 9-38, 9-40, and 9-41 are the desired design equations in 
terms of and the two cut-off frequencies. 

Illustrative Example. Let it be required to design a band-pass filter with 
the following characteristics: Zo = Ro = 600 ohms, f 0 — 1000 cycles/sec, 
fo = 2000 cycles/sec. Equations 9-37, 9-38, 9-40, and 9-41 will be used. 


C t = 

Li = 


10 6 


10 6 


w600 X (2000 - 1000) 600,000 tt 

600 


= 0.530 p.1 


it (2000 - 1000) 


= 0.191 henry 
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Ci 


(2000 - 1000) X 10 6 
4tt X 1000 X 2000 X 600 


10 6 

4ir X 1,200,000 


= 0.0663 fii 


600 X (2000 - 1000) 
4tt X 1000 X 2000 


600 

4 ir X 2000 


= 0.02385 henry 


This filter is shown in Fig. 9-15. Its pass band lies between 1000 and 2000 
cycles per second, and at the frequency of 1414 cycles per second, the geo- 
metric mean of the two cut-off frequencies, it will match an incoming and out- 

0.1326 jil 0.0955 b — ^ 0.1326 /ef 

— - n " lt— — ■" I 'W ' — I I 



Fig. 9-15. For use in connection with illustrative example of Art. 77. 


going line whose characteristic impedance is 600 ohms. It must be kept in 
mind that this filter will not match a 600-ohm impedance at any other fre- 
quency. 

78. The Band Elimination Filter. If it is desired to stop a band of 
frequencies and to allow all others to pass, a possible configuration can 
easily be set up on the basis of the previous discussion. The result 


2 2 



Fig. 9-16. Band-elimination filter, T section. 


may be attained by placing a high-pass and a low-pass filter in parallel, 
overlapping their stop bands in such a way as to stop only a limited 
range of frequencies. 

However, using the same principle as in Art. 77, a relatively simple 
circuit, such as the T section of Fig. 9-16, can be set up, and the possi- 
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bility of its performing in a satisfactory manner can be investigated. 
It is left as an exercise for the student to work out the details for 
determining: 

T «oUo' - /o) 

L ■' 


1 4rfto(/^ - /£) 

, Rg 

2 ~ 4 *(# - /o) 

r . fl ~ /o 
2 */o/o'/?o 


The lower and upper cut-off frequencies are 


^ Sir {yL 2 c l + L 1 c 1 VJ^Cl) 

f ” = 8r(\/z^ + + VI^) 


The frequency for the calculation of is 

1 1 


/=v« = 


27t\/LiCi 2ttVl^ 


79. Effect of Resistance in Filter Elements. The theory of filters as 
presented in this chapter has not taken into consideration the effect of 
any resistance, or power dissipation, occurring within the filter ele- 
ments. Actually any inductive element may be expected to have appre- 
ciable resistance although resistance which occurs in conjunction with 
capacitance may be assumed to be negligible. For the purposes of the 
present treatment it is sufficient to point out the effect of such resistance 
and to note the limitations produced by it. 

It is clear that, in general, power dissipation in a filter will produce 
attenuation at all frequencies. Thus the pass band, instead of pre- 
senting zero attenuation, as was shown in the previous articles, would 
present a certain rather low attenuation which cannot be eliminated. 
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This effect becomes more pronounced at the regions of the cut-off fre- 
quencies. Also at frequencies of infinite attenuation one would expect 
a reduction in attenuation for much the same reason that the effective- 
ness of a resonant parallel L-C circuit is reduced on account of the 
resistance present. 1 

The general effect of resistance on the attenuation curve of a filter is 
shown in Fig. 9-17. 

If a filter is placed in a line the loss at all frequenciesjexcept those for 
which the filter matches the line^will be greater than that shown* in 
Fig. 9-17 on account of the fact that there is a mismatch of impedances. 



80. Single-Frequency Rejection Filter. A special filter circuit which 
does not come under the heading of constant k, but which is very useful 
for certain purposes, such as the elimination of a single frequency, will 
be described. This circuit is shown in Fig. 9-18, and its operation 
depends on the fact that the R-C r section at a-b-c is equivalent to -a 
T section in which the shunt arm Z 3 has a negative-resistance com- 
ponent which can be used to cancel the resistance r of the coil. 

-The t r section a-b-c of Fig. 9-18 is transformed, by means of equations 
2-4, 2-5, and 2-6, into a T section. The equivalent T section is shown 

1 Reed, H. R., and G. F. Corcoran, Electrical Engineering Experiments , pp. 
235-236, New York, John Wiley & Sons, 1939. 




Fig. 9-19. Equivalent circuit of Fig. 9-18. 

tion for infinite attenuation of the section is given by the following 
equations, which express resonance, without a resistance component, 
of the shunt branch, 

r - W? +4 [iM41 


flVC 2 + 4 


and 


[9-45] 
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In many practical cases it is permissible to assume that 



RW 2 « 4 

[9-46] 

in which case 

. R 



r ~ 4 


and 

uL — ~ 



2uC 


or 

•II 

[9-47] 

and 

* c — 1 

2« 2 L 

[9-48] 


In the vicinity of the frequency of total rejection, the filter section 
thus becomes that shown in Fig. 9-20. By means of equations 9-47 



Fig. 9-20. Equivalent circuit of Fig. 9-19 when ftVC 2 <K 4 or u> 2 L 2 /r 2 » 1. 

and 9-48 it is readily seen that the approximation R 2 o> 2 C 2 <C 4 is equiva- 
lent to the condition of w 2 L 2 /r 2 » 1 . Thus the necessary condition for 
determining whether the approximate circuit is valid is converted from 
the usually unknown R and C to the usually known r and L. 


As an illustration, suppose that it is necessary to reject completely a fre- 
quency of 5000 cycles per second from an impedance Z r , using a coil having 
an inductance of 10 millihenrys and a resistance of 30 ohms. What are the 
values of R and C to be used in the circuit of Fig. 9-18? 

w = 27t/ = 2 X 7r X 5000 = 10,000ir 

L = 0.010 henry 

r = 30 ohms 

In order to use the equivalent circuit of Fig. 9-20, is w 2 L 2 /r 2 1? 

w 2 L 2 /r 2 = 109.6 (which is substantially larger than 1) 

From equation 9-47, 


R s* 4 X 30 = 120 ohms 
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From equation 9-48, 

C - 

2(10,000*-)* X 0.01 


0.0507 X 10-* farad 


Since under the above conditions, the shunt branch will be a short circuit 
to currents having a frequency of 5000 cycles per second, there will be total 
rejection at 5000 cycles per second. 



0.7 0.8 0.9 1 1.1 1.2 1.3 

i 



I 

Fig. 9-21. Characteristics of single-frequency rejection filter. 


The transmission characteristics of the filter employed in the above 
example, for three values of terminating impedance, are shown in Fig. 
9-21, the above approximation being used. For the case of a terminat- 
ing impedance of R/ 2, 


h 


= h 


fi+ 4 L -Sc) 


[9-49] 


h 

h 





or 


[9-50] 
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The ratio I 2 /I 1 is plotted against «/w 0 in Fig. 9-21 where «o is the value 
of 2irf for infinite rejection. « 


PROBLEMS 

9-1. Calculate the attenuation and phase shift of the T section shown in Fig. 9-22 
at / « 1000 and f — 2500 cycles/sec, employing equation 9-1. The section is 
terminated in its characteristic impedance at each frequency. 




0.0625 h 

0.0625 h 


= 020 /if 


Fig. 9-22 For use m connection with Prob 9-1. 

9 - 2 . Calculate the attenuation and phase shift of the w section shown in Fig. 9-23 
at f = 1000 and / = 2500 cycles /sec, employing equation 9-1 The section is 
terminated in its characteristic impedance at each frequency 


010 /if 


Fig 9-23 For use in connection vuth Prob 9-2. 

9 - 3 . Find the frequency boundaries of the pass band of the filter sections shown in 
Figs 9-22 and 9-23 

9 - 4 . Calculate the characteristic impedance of the T section shown m Fig 9-22 
and of the rr section shown in Fig 9-23 at 1000 cycles per second, using equations 
4-4 and 4-5 

9 - 5 . Calculate the characteristic impedance of the T section shown m Fig 9-22 
and of the ir section shown m Fig 9-23 at 2500 cycles per second, using equations 
4-4 and 4-5 

9 - 6 . Calculate the chaiactenstic impedance of the T section shown m Fig. 9-22 
and of the v section shown in Fig 9-23 at 1000 cycles per second, using the expres- 
sion Z() — V J^7o 

9-7. Calculate the characteristic impedance of the T section shown in Fig. 9-22 
and of the ir section shown m Fig 9-23 at 2500 cycles per second, using the expres- 
sion Zq « V ZggZgo 

9-8. Design a constant-fc low-pass T-section filter with a cut-off frequency of 
1500 cycles per second and a characteristic impedance of 600 ohms at zero frequency. 

9-9. For the filter of Prob 9-8, calculate and plot a, 0, and Zo as a function of 
frequency from 0 to 2500 cycles per second 

' 9-10. What is the cut-off frequency of a low-pass constant-fc ^-section filter in 
which the capacitance of each capacitor is 3 0 microfarads and the inductance of 


— nmr- 

0.125 h 
0.10 /if 
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the series coil is 30 millihenrys? What is the characteristic impedance of the 
section at 796 cycles per second? 

9 - 11 . Design a x-section low-pass filter to give a cut-off frequency of 1500 cycles 
per second and a characteristic impedance of 600 ohms at zero frequency. 

9 - 12 . Design a constant -k high-pass T-section filter to have a cut-off frequency 
of 2000 cycles per second and a characteristic impedance of 80 ohms at infinite 
frequency. 

9 - 13 . For the filter section of Prob. 9-12 calculate and plot a, ft and Zq as a func- 
tion of frequency from 0 to 5000 cycles per second. 

9-14. Design a x-section high-pass filter to have a cut-off frequency of 2000 cycles 
per second and a characteristic impedance of 80 ohms. 

9 - 15 . Given two capacitors of 0.75 microfarad each and a coil of 10 millihenrys, 
determine the cut-off frequency and characteristic impedance at infinite frequency 
(high pass) and cut-off frequency and characteristic impedance at zero frequency 
(low pass) for the filter sections that can be constructed from these elements. 

9 - 16 . Design a band-pass filter to have a pass band between 100 and 3000 cycles 
per second and a characteristic impedance of 600 ohms. 

9 - 17 . Design a band-pass filter having a pass band between 2000 and 3000 cycles 
per second. C 2 is to have a value of 3.0 microfarads. Calculate the characteristic 
impedance. 

9 - 18 . Derive the design equations for a stop band constant-A: T-section filter. 

9 - 19 . Refer to Fig. 9-18. Derive, by the loop or mesh-current method of circuit 
analysis, the equivalent circuit shown in Fig. 9-20, employing the necessary approxi- 
mations. Note: For rejection of currents of a certain frequency through Z r it is 
only necessary that the current through Z r be zero at that frequency. 



CHAPTER X 

Af-DERIVED AND COMPOSITE FILTERS 


The filters considered in Chapter IX have met two requirements: 
(1) the pass band has extended over an interval between two specified 
frequencies while outside of this band there has existed a region of 
attenuation, and (2) at a certain frequency the filter has been made to 
have a given characteristic impedance. These filters, however, have 
two serious faults: (1) the value of Z 0 is not a constant over the pass 
band and (2) the attenuation offered to frequencies just outside the 
pass band, yet near to the cut-off frequency, is not sufficient for ordinary 
use. Methods which are employed to overcome these difficulties will 
be treated now in an elementary manner. In this development a certain 
amount of “ mathematical experimentation ” will be relied upon inas- 
much as certain seemingly aimless mathematical maneuvering will be 
found to lead to desired results. 1 Later an illustrative design of a 
composite filter will be presented. 

n^ 81 . The Af-Derived Section. It is clear that any number of similar 
filter T sections may be connected in tandem to give almost any required 
attenuation outside the pass band. Since the attenuation curve of the 
series of sections would have the same shape as that for one section, 
shown in Figs. 9-8 and 9-9, a large number of sections would be needed 
in order to obtain a high attenuation near the cut-off frequency. In 
order to eliminate the necessity of a large number of sections, a section 
will be derived which will have an attenuation peak at a selected point 
in the stop band. This point can be placed wherever desired and when 
a high attenuation near the cut-off frequency is wanted it can be set 
very near to the cut-off frequency. The section must be such, however, 
that it may be connected in tandem with other derived sections and, of 
course, possibly with the prototype itself. This means that the charac- 
teristic impedance, Zo, of the derived type must be the same as that of the 
prototype. 

Consider the T section shown in Fig. 10-1 in which the prototype is 
represented at (a). It is desired to find a section ( b ) such that its 
series elements will be equal to Zi multiplied by a numeric m and its 

1 The student should refer to Guillemin, Communication Networks , Vol. 2, Art. 6, 
p. 323, John Wiley & Sons, New York. 
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characteristic impedance will be equal to Z 0 of the prototype. Equate 
the expressions for Z 0 of the two sections and solve for Z f 2 . 




4 


Z\Z 2 + 


Zf 

4 


4 


imZ\Z 2 + 


m 2 Z\ 

4 


Squaring and rearranging 

Z 2 

7n,Z\Z 2 = Z\Z 2 H — — 1 
4 


m 2 Z\ 

4 


Z,Z 2 + (1 - m 2 ) ^ 
4 


or 


Z' 2 


Z_2 (1 - m 2 )Z! 

m 4 m 


[10-1] 



Fig. 10-1. Development of m-derived filter section. 


The equation shows that Z 2 , as shown in Fig. 10-lc, is made of two parts, 
one like Z x and one like Z 2 . Also it indicates that, if the second term on 
the right of equation 10-1 is always to be like Z u then 

1 — m 2 > 0, or m < 1 


An infinite number of m-derived filters exist for which m < 1 and all of 
them have the same Z 0 . The nature of this new filter section will now 
be investigated for two special cases. 

It is of course necessary that the cut-off frequencies of m-derived sec- 
tions be the same as those of the prototype if the two are to be connected 
in tandem. The frequency boundaries of the m-derived filter sections 
are obtained by setting 


and 


IL 

4 Z' 2 

A 

4 Z f 2 


= 0 

= -1 


Letting L represent the total series arm inductance of the low-pass 
prototype (or constant -fc) section and C represent the shunt capacitance 
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of this section, we have for the m-derived low-pass section 

Z'i jmuL 
4Z' 2 —3 4 _j_ (1 - m 2 )juL 

rmC m 


or 


and 

Also 


which yields 


and 


jmo)L — 0 

co = 2 tt/ 0 = 0 
/o-0 

iT( jrmcL 

4Z 2 — j4 (1 - m 2 )jo>L 

mwC m 

u “ ww 


[9-H] 


[9-11] 


Thus it is seen that the frequency boundaries of the pass band of the 
prototype and m-derived low-pass filter sections are identical. In a 
similar manner it may be shown that the frequency boundaries of the 
prototype and m-derived high-pass filter sections are identical. (See 
Prob. 10-1.) 

_^82. flf-Derived Low- and High-Pass Filters. For the low-pass 
prototype filter Z x = jcoL and Z 2 = — j/ (co(7). From the previous 
article it is established that 

Z[ = mZi = jrruoL 

and, from equation 10-1, 

r = _ZL 1 (1 - rn 2 )jwL 
2 muC 4m ■ .. 

where' the primed letters represent values for the m-derived &6fction. 
From these equations the elements for the new section become* ~ 


L[ — mL 

[10h2] 

4m 

[10-3] 

C 2 = mC 

[10-4] 
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This newly derived section is shown in Fig. 10-2. At some frequency, 
which will be designated by /«, the shunt arm of this section will be in 
resonance, since it contains both inductance and capacitance. A 
resonant condition for the L-C branch simulates a short circuit across 
the line and thus produces an infinite attenuation. The resonant fre- 
quency is given by 



Fig. 10-2. 
T-section filter. 


Fig. 10-3. Illustration of attenuation. 
(A) Low-pass prototype and ( B ) low-pass 
m-derived section. 


Since m can have any value between 0 and 1, it is seen on reference to 
equation 10-5 that /«, must always be higher than f 0 

\ 7 rVLC 

Thus the frequency for infinite attenuation can be placed wherever 
desired in the stop band and of course may be set just above the cut-off 
frequency, thereby greatly increasing the rate of increase of attenuation 
as the cut-off frequency is passed. Curve A of Fig. 10-3 represents the 
attenuation of the low-pass prototype, and B represents that of the 
m-derived section. 

Since any section so constructed, regardless of the value of /*, has 
the same value of Z 0) a number of these sections with various ./Vs can 
be placed in tandem, producing a high attenuation over the entire stop 
band. 

It is desirable to have an equation giving m in terms of / 0 and /«. 
From equation 10-5, 


1 fo 
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m = Jl - 


[10-6] 


From the above discussion it is seen that if m is made equal to unity 
the prototype section results which can be considered as a special case 
of the m-derived section. 2C ^ 

Similar treatment can be applied to the high- ^ 
pass filter, in which Z x = — j/ (a >C) and Z 2 = jwL. I 

Again using primed letters for the m-derived jo A 

section S 

T s 


juL _ j(l - m 2 ) 

m 4 mwC 


High-pass section, vi- derived 
Fig.IQ- 4. T-section filter. 


From these equations the elements for the new section are seen to be 


cs-£ 

m 


UO-7] 


[10-8] 


[10-9] 


This section is represented in Fig. 10-4. The frequency for infinite 
attenuation (that is, the resonant frequency of the shunt arm) can be 
calculated from equations 10-8 and 10-9. 


4 mC L 

2rJ- 2 * 

\ 1 — wr m 

1 /l - m 2 
4 LC 


[10-10] 


since /o for the high-pass filter is 1/ (4 vVLC). It is seen that/, must 
always be below the cut-off frequency and thus in the stop band. Again, 
if m has a very low value, the frequency for infinite attenuation can be 
placed very near the cut-off frequency. As in the low-pass filter, a 
number of these wt-derived sections with different values of m can be 
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placed in tandem to produce a high attenuation over the entire stop 
band. 

The equation for m in terms of f 0 and/* can likewise be found for this 
high-pass filter. From equation 10-10, 


1 


2 J 00 
m~ — — 


ji 


f s 


or 



[ 10 - 11 ] 


83. The Characteristic Impedance. In the preceding article it has 
been shown that a filter can be constructed of a series of m-derived 
T sections connected in tandem. That they can be connected in tandem 
is permissible because each section has the same value of Z 0 and the 



Fig. 10-5. Af-derived T and ir sections. 


same cut-off frequencies. The characteristic impedance has also been 
shown to be a pure resistance over the pass band although it is variable 
with frequency. (See Fig. 9-10.) Accordingly it is impossible to 
match at all frequencies the impedance of the filter by means of a pure 
resistance alone. As seen in Chapter VII, an impedance match is 
necessary in order to prevent reflection loss. 

The problem will be approached by first constructing a ir section 
from an m-derived T section and then showing that it may be employed 
as an aid in matching impedances. Begin with the T section of Fig. 
10-5a. The same elements when rearranged to form a w section yield 
the circuit of Fig. 10-56. The characteristic impedance of the T 
section is 
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and is independent of the value of m. The characteristic impedance of 
the r section is given by / 

Z[Z’ 2 


Zqt — 


Zqt 
mZ\ I 


Z 2 t (1 - m 2 )Zr 
m 4 m 


1 


7 2 

z,z 2 + ^ 

4 


Z\Z^ "I" (1 — wi 2 ) 






Z\Z 2 + ? 


and is dependent on the value of m . 

For the low-pass filter, equation 10-14 becomes 

L a « 2 L 2 

- - (1 - m 2 ) — 


2ot = 


4 

and, for the high-pass filter, 


f 

fl 


[10-13] 


[10-14] 


Zqt — 


J[‘ - (1 - "‘ ,) ID 

JFW " ^ 

§ - (1 - m,) iJe* ^f[l -<1 -»’>£] 


110-15] 


o 

\C 4w 2 C 2 




[10-16] 


If Zo* is plotted against frequency, for various values of m, a family of 
curves as shown in Fig. 10-6 is obtained. It is found that, if m = 0.6, 
Zqt is practically constant at the value VL/C , for all frequencies less 
than about 0.85/ 0 for the low-pass filter, whereupon Zo* rapidly begins 
to approach infinity, and for all frequencies greater than about 1.18/o 
for the high-pass filter. Thus, in order to obtain nearly constant 
characteristic impedance, such t sections which employ an m of 0.6 are 
suitable for connecting into lines of constant impedance. If a series of 
T sections could be made to have the characteristic impedance of the 
above v section, then our problem would be solved. Consider Fig. 10-7, 
where an m-derived T section is shown terminated on each side by one- 
half the above ir section. On the right, a load Z r = Z 0 = Zor = Vh/C 
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is connected. The m f used for the T section is not necessarily the same 
as the m used for the terminating half-sections. Let the impedances 
looking both ways from points A, B, C, and D be indicated by Z a , Zb) 
etc. as shown. The Zot between points B and C will be unaffected by a 
change in the value of m! , as noted previously. It must now be proved 



0.0 0.2 0.4 0.6 0.8 1.0 


Y (low- pass filter) and ~ (high -pass filter) 

Fig. 1(H>. Variation of Zot and Zo» with m over the pass bands. 


that the network impedances are matched at all points and thus that, if 
m is made equal to 0.6, the impedance Z a, looking into the filter through 
the terminating half-section, is essentially constant over the pass band. 

84. Matching Properties of Terminating Half-Sections. The im- 
pedances for Fig. 10-7 are given in terms of Z\ and Z 2 where 


Z[ — mZ \ , Z 2 h 

m 


Z 2 1 - m? 


7 * 7 * ' 

= ^p, = and 

Zqt 
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Z 2 - ^7 H — - * Z\- It is necessaiy to show that the impedances 
are matched at points A, B, C, and D. 



At D, toward the load, 


Z a = Z, 


At C, toward the load, 


Or 


*6= ^ + 


Z'l , 2Z’ 2 Z { 


07T 


2 2Z' 2 + Zor 

7/ 7/ 7/ O 7/ 7/ 7/ 

7' / 7 f _L _i . Zl ^ 2 1 

^ 1^2 ' a ’ 7 ■ 

L &0 T &0T 


2 z ' 2 + 


Z[Z 2 


C, 0T 


Z[Z' 2 Z 0 t + 2Z 2 (z[Z’ 2 + 


2Z 2 Z ot “I" Z-yZ 2 
(Z[Z 2 -f- 2Z 2 Zqt)Zqt 


2Z 2 Zqt -f- Z[Z 2 


— Zqt 


At B, toward the load, 


Z 


£T 

2 




+ 


(ir + ZoT ) 


Z 2 \ H — ~ + Zqt 


Z[’Z’ 2 ’ 


z n2 

H — - — h Zqt 
4 






z" 

+ + ^or 


[10-17] 


[10-18] 
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ZoT + Z 2 + Zqt^ 

Z c — n — Zqt 

z' 2 ' + Y + Z 0 T 

At A, toward the load, 

2 Z '2 (j + Zo r) Z[Z' 2 + 2 Z' 2 ^ 

Zd ” 7 / “ yt yt yl 

2Zi + 7 “ + Zqt 22 j + ■— + - 

* Z Zor 

Z[Z£ (z 0 , y + Z,'Z^ 

(z[Z£ + Zo, + ZfZ^ 

— + 1 

2 Z| ^ (Zo, + 2 ^)Zc 

J_ 1 2Z2 + Z 0 , 01 

Z 0ir 2Z2 

At A, toward the line, 

Z e = Zd, = Zo 


Thus the impedances are matched at point A since Z d = 
At B, toward the line, 


Z[ 2 Z^Zp, 

2 2 Z 2 + Z„, 


= Z, 


or 


(See Z b ) 


and the impedances are matched at point B since Z c = 
At C, toward the line, 


Z g 



(See Z c ) 


and the impedances are matched at point C since Z b = Z g = 


[10-19] 


[ 10 - 20 ] 

[10-21] 
Ze = Z(>,. 

[10-22] 
If = Zqt- 

[10-23] 

Zqt- 
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At D, toward the line, 


Z h = 


2 A (j + 4>r) 

7 * 

2Z*2 + — + Zqt 


= Zq t (See Zd) 


[10-24] 


and the impedances are matched at point D since Z a = Z h = Zo*. 

If m in the half-section is made equal to 0.6 the impedance looking 
back into the whole filter from D will be practically constant at the 
value Z 0t over the pass band. 

The results of this development may be summarized as follows: A 
constant-fc-type T-section filter may be designed having an appropriate 
cut-off frequency and a desired characteristic impedance. The m-derived 
sections are then designed on the basis of the T section, m being taken 
equal to different values, depending on where the frequencies of infinite 
attenuation are desired. All these sections may be connected in tandem 
and terminated at each end by one-half a section derived with m = 0.6. 
If such a termination is made, the entire filter will then have a practically 
constant Z 0 (= VL/C of the prototype) and also the required / 0 and 
./Vs. Such a filter, when connected between lines or pieces of apparatus, 
will have an impedance which is essentially a constant pure resistance. 


85. Illustrative Example of a Low-Pass Filter Design. Let it be required 
to construct a low-pass filter having f 0 = 1000 and /« = 1200 cycles /sec, and 
Z Q s= 600 ohms resistance. It is to consist of the prototype, one m-derived 
section, and the two terminating half-sections. 

For the prototype, equations 9-17 and 9-18 will be used. 


C = 


10 6 

t r X 1000 X 600 


0.530 ni 


L = = 0.191 henry 

IOOOtt 

From equation 10-6, 

* = XTpy = 0.553 
\ \ 1200 / 

Equations 10-2, 10-3, and 10-4 may be used to find the elements of the m- 
derived section. 

Lj' = mL = 0.553 X 0.191 = 0.1055 henry 

Li = — L = - — - 553 X 0.191 = 0.060 henry 

4 m 4 X 0.553 

C' 2 = mC = 0.553 X 0.530 = 0.293 /if 
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The T section, from which the terminating half-section is obtained, is found 
by using m = 0.6. Let these elements be denoted by Lir, L 2 t, and C 2 t- 

Lit = mL = 0.6 X 0.191 = 0.1146 henry 
1 _ w 2 1 _ 0 fi 2 

L 2r = - —L = ± — X 0.191 = 0.0509 henry 

4 m 4 X 0.6 

C 2 t = mC = 0.6 X 0.53 = 0.318 /if 



i 

Fig. 10-8. For use in connection with illustrative example of Art. 85. 

This m-derived section, which would appear as in Fig. 10-8a, must be re- 
arranged as in Fig. 10-85 in order to be divided at C f thereby making the two 
terminating half-sections. 


Half ,i 



* Halt 

section f*— 
1 

Prototype 

1 

+ m -derived • 

■j section 

1 


0 0573 h I 0 0955 h 00955h | 00528h 00528h | 00573h 



Fig. 10-9 For use in connection with illustrative example of Art. 85. 



The complete filter will appear as in Fig. 10-9. In actual construction the 
elements would be combined as in Fig. 10-10. 
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86a. a and p of Af-Derived Filters. The attenuation and phase 
shift of m-derived filters are obtained also frdm equation 7-22 although 
further consideration must be given to the use of this equation because 
of the fact that Z x and Z 2 may be the same type reactances through a 
large portion of the stop band. 


cosh \ = cosh a cos 0 + jsinh a sin 0 = 1 + 


A 

2Zo 


(a real quantity) 


Since cosh y is real, the imaginary term is zero and 

sinh a sin 0 = 0 


The condition that sinh a sin 0 be zero can be met in three ways: 


(1) sinh a = 0, 

(2) sin 0 = 0, 

(3) sin 0 = 0, 


a = 0, cosh a = 1, 

0 = 0, cos 0=1, 

0 = 7T, COS 0 = — 1, 


0 = anything 
a = anything 
a = anything 


It is seen that a = 0 only in case (1). Thus case (1) represents the 
pass band while cases (2) and (3) represent stop bands. Let these 
conditions be applied to the cosh a cos 0 term of cosh *y, then 

Range of Values Phase Shift 

(1) cosh *y = (1) cos 0 ( — 1 to +1) 0° 

(2) cosh y = cosh a (1) (+1 to ») 0° 

(3) cosh y = cosh a ( — 1) (-1 to — *>) 180° 

For the m-derived filter, when Z x /Z 2 is positive cosh y lies between +1 
and oo and the phase shift is zero whereas when Zi/Z 2 is negative 
cosh y lies between — °o and +1. In this latter range, the phase shift 
is 180° when in the stop band but varies between 180° and 0° in the pass 
band. 

PROBLEMS 


10-1. Show that the frequency boundaries of the m-derived high-pass filter 
section are the same as those of the bigh-pass prototype section, namely: 


/ 


1 

4 wVLC 


and / 


00 


10 - 2 . Design an m-derived T-section low-pass filter with /o 1500 cycles/sec, 
/« * 1600 cycles/sec, and Zo * 100 ohms at zero frequency. 

10 - 8 . (a) Draw the circuit configuration of an m-derived T-section low-pass 
filter which will yield infinite attenuation at /» * 1000 cycles/sec and which, when 
placed in series with the section shown in Fig. 10-11, will match that section at all 
frequencies within the pass band. Give the magnitudes of all circuit elements of 
the m-derived filter section. 

(b) Determine the characteristic impedance of the m-derived section at / 796 

cycles/sec using the expression Zq » V Z 83 Z 80 . 
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1(M. Design an m-derived T-section high-pass filter with fo ** 1500 cycles/sec. 
/# » 1400 cycles/sec, and Zo = 80 ohms at infinite frequency. 

10-6. (a) Draw the circuit configuration of an m-derived T-section high-pass 
filter which will yield infinite attenuation at / « = 500 cycles/sec and which, when 
placed in series with the section shown in Fig. 10-12, will match that section at all 
frequencies within the pass band. Give the magnitudes of all circuit elements of 
the m-derived filter section. 

(6) Determine the characteristic impedance of the m-derived section at / = 1592 
cycles/sec using the expression Zq = v/X. 


0.1015 h 0.1015 h 

: 0.565 jut 


Fig. 10-11. For use in connec- 
tion with Prob. 10-3. 



<o 


o 


Fig. 10-12. For use in 
connection with Prob. 10-5. 


10 - 6 . Calculate and plot a and 0 for the filter sections of Probs. 10-2 and 10-4 
over the range of frequencies from 0 to 3000 cycles per second. * 

10 - 7 . Design an m-derived T-section low-pass filter with fo = 10,000 cycles /sec, 
r » * 13,000 cycles/sec, and Zo = 70 ohms at zero frequency. 


10 - 8 . Design an m-derived T-section high-pass filter with /o^ 10,000 cycles /sec, 
r oe ™ 8000 cycles/sec, and Zo = 70 ohms at infinite liequency. 

10 - 9 . Calculate and plot a and 0 for the filter sections of Probs. 10-7 and 10-8 
>ver the range of frequencies from 0 to 20,000 cycles per second. 

Design a terminating half-section for a low-pass T-section filter having 
0 = 1500 cycles/sec. Zo = 100 ohms at zeio frequency. 


^•10-11. Design a terminating half-section for a low-pass T-section filter having 
o «■ 10,000 cycles /sec. Zo = 70 ohms at zero frequency. 

^16-12. Design a low-pass composite filter to work into 600 ohms resistance and 
jo have fo = 1200 cycles/sec. The filter is to have two terminating half-sections, 
>ne prototype, one m-derived section with /« = 1400 cycles/sec, and one m-derived 
jection with /« = 1600 cycles/sec. 


^ld-13. Design a low-pass composite filter to work into 80 ohms, resistance and to 
lave fo = 12,000 cycles /Sec. The filter is to have two terminating half-sections, 
me prototype, and one m-derived section with / » = 14,000 cycles/sec. 

Design a high-pass filter tb~ work inter -a 70-ohm resistance and to have 
o = 5000 cycles/sec. The filter is to consist of two terminating half-sections, 
me prototype, &nd one m-derived -section with/ » — 4000 cycles/sec, 

10-16. Over what per cent of the pass band does the characteristic impedance of 
/he filter of Prob. 10-12 remain within 10 per cent of 600 ohms? 

10-16. What is the maximum departure, over the first 95 per cent of the pass 


land, of Zq x from the \/L/C value- when m « 0.5? 

10-17. Design a high-pass filter to work into a 100-ohm resistance and to have 
o «* 18,000 cycles/sec. The filter is to consist of two terminating half-sections, 
me prototype, one m-derived section with /<* * 16,000 cycles/sec, and one m-derived 
ection with/ « * 12,000 cycles/sec. 



CHAPTER XI 


IMPEDANCE TRANSFORMATION 

In previous chapters the importance of impedance matching has been 
mentioned. It was shown in Art. 24 that maximum power transfer takes 
place when a generator of a certain impedance Z Q works into a load 
whose impedance is the conjugate of that is, when Z r = Z g . The 
material covered in Chapters VI and VII brought out the fact that any 
mismatch of impedances on a line leads to the existence of reflections, 
and to a consequent loss of power. It is often necessary to alter the 
impedance of a line or element in order to match it to a supply line or 
other source of power, and at the same time either to avoid unnecessary 
loss or to produce a given amount of loss. The general problem of 
impedance matching is treated in this chapter in an elementary manner, 
and some applications of matching to high-frequency transmission are 
considered. In the general discussion of matching it is immaterial 
whether conjugate matching or matching for elimination of reflections 
is meant when the generator and load impedances, or sometimes the 
load impedance alone, are pure resistances , as the two conditions are 
the same for this case. For matching of general impedances, however, 
it must be clearly stated which kind of match is required. 



*i/4 tfi/4 

(a) Balanced Section ( b ) T Section 

Fic,. 11-1. Attenuating sections. 


86. Attenuating Sections. As an elementary consideration of im- 
pedance matching let the problem be proposed to design an attenuating 
section, which is commonly referred to as an H pad, such that it will 
properly match the load resistance into which it must work and at the 
same time produce a certain decibel loss. Such sections are used to 
control the power level to those telephones close to the central office 
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battery so that they will have essentially the same characteristics as 
those telephones which are farthest removed from the battery. The 
balanced type of section shown in Fig. 11-la, in which the potentials of 
corresponding points on either side of the midpoints of R 2 and Ro are 
the same, will be rearranged to form the T section of Fig. 11-16 for the 
following analysis. 

For the section to match the load resistance Ro it is only necessary 
to make R lTi = R o, thus : 


Ri u = R 


o — 



+ flo) ^2 
+ Ro + R>2 


[ 11 - 1 ] 


Solving for R 0 , 


Rq — ^RiR 


RiR 2 + ^ 
4 


(characteristic resistance of the network) 


[ 11 - 2 ] 


By means of this equation R m can be made equal to R 0 by simply 
choosing a resistance value for either R x or R 2 and solving for R 2 or R\ 
in terms of R 0 and Ri or R 2 as the case may be. By this process an 
infinite number of solutions is possible. However, a further restric- 
tion has been set, namely, that the attenuation be a specified amount. 
The attenuation is given by 

db=101og^ [11-3] 

P in 

where P out = power output and P ln = power input. Since R m = R 0y 
we may write 

7 2 I 

n (= number of db) = 10 log = 20 log ■— 

* in I m 

From this relation 

^ut = l 0 «/2° = fc [H-4] 

■‘in 

and, if n is specified, then the ratio / ou t/^in ( = &) is a fixed quantity. 
From Fig. 11-16 it is seen that 

1 in == ^out “b *^2 
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and 


/in /o 


/put 

/in 


Bo + 


Ri 


l + 


R 2 


J?2 


Ri + Ro + 


= k 


Square equation 1 1-2 to remove the radical ; then 

Rl = i2ii? 2 + v 
4 


[11-5] 


[ 11 - 6 ] 


Solve equation 11-5 for R\, and substitute this value of R\ into equation 
11-6, obtaining for R 2 


R 2 = 2Ro 


k 

1 - k 2 


[11-7] 


On substitution of R 2 into equation 1 1-5 there is obtained for R\ 


Ri = 2 Rq 


1 - k 
1 + k 


v 


[H-8] 


Thus Ri and R 2 are determined in terms of R 0 and the requisite number 
of decibel loss. 

For an attenuating section, fc will be less than unity, and Ri and R 2 
will be real quantities. That k will be less than 1 can be shown as 
follows : For an attenuating section, P out will be less than P in by the 
amount of the I 2 R loss in the section and for R 0 equal to R iny J out like- 
wise will be less than / in . Then / ou t//m will be less than 1, and, since 
the log of a number less than 1 is negative, the relation, 


n = 20 log 

* in 

will yield a negative value for n. However, it is more convenient to 
work with positive quantities so n will be taken as positive and k , which 
is 10 n/2 ° on the basis presented above will be written as 


k = 10 ” n/2 ° 


1 

lQn/20 


where it is to be remembered that n is positive, fc, thus defined, will be 
less than 1 for all values of n greater than zero. 
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87. Illustrative Example. An attenuating section is desired that will match 
a load resistance of 150 ohms and have an attenuation of 6 decibels. What 
are the required values of Ri and Rtf 

Ro = 150 ohms 


w = 6 

k = 10 -fl/2 ° = 10 -a/2 ° = 0.501 

Ri = 2R 0 ^—4 = 2 X 150 X 1 ~ °' 501 = 99.73 ohms 
1 + k 1 + 0.501 

k 0 ^01 

R 2 = 2Ro — = 2 X 150 X : = 201 ohms 

1 “ k 1 0.501 2 


The attenuating section is shown in Fig. ll-2a. The balanced type of 
section is given in Fig. 11-26. 



Fig. 11-2. For use in connection with illustrative example of Art. 87. 


As a check on the calculations determine whether R ln is the required 150 
ohms. 


Rm = 49.87 + 


199.87 X 201 
199.87 + 201 


= 150 ohms 


88. Impedance Transformation by L Section. In general, a genera- 
tor or other source of power will not match a load impedance to which 
it may be connected. Assume that a generator whose internal imped- 
ance is Z g is to be connected to a load impedance Z T as illustrated in 
Fig. ll-3a. Unless Z T is the conjugate of Z Q) maximum power will not 
be transmitted. It is desired to connect into the circuit at a-b a simple 
L-type network which will produce a match of impedances at least at 
a given frequency. As will be shown, if Z g and Z r are pure resistances, 
the match can be accomplished by the use of pure reactances, and no 
loss will occur in the auxiliary network. However if Z Q and Z r are 
not pure resistances, then a loss may occur in the matching network. 
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For a reflection match at terminals 1-2, 

Z*X Z r 

Z\2 ~ j I * ~ Zg 

T “r 

For a similar match at terminals 3-4, 

^ _ (^1 + Zg)Zz _ 9 

31 - zT+z^Tz, ‘ ' 



Fig. 11-3. Matching by L section. 


[11-9] 

[ 11 - 10 ] 


From equation 11-9, 

Z g Z% + ZgZ r = Z\Z'& + Z\Z r + Z$Z r [11-11] 
From equation 11-10, 

Z\Z r + ZgZ r + Z%Z r = Z\Z% + Z%Z g [11— 12f 


Subtracting equation 11-12 from equation 11-11 and solving for Z\ 
yields 



[11-13], 


Substituting Z\ from equation 11-13 into equation 11-9 yields an 
equation involving one unknown, Z 3 : 



[11-14] 


The value of Z 3 from equation 11-14 is in turn substituted into equa- 
tion 11-13 to obtain Z\ : 


- ±Z> 


•fe( 


Zo - Zr 


r UZ 9 - Z r ) [ll-15a] 



• [11— 15b] 
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If Z g and Z r are both resistive, and if lossless elements are to be 
employed in the L section then equations 11-14 and 11-15, show that 
Z r must be greater than Z g . Equation 11-14 may then be written 

Zs = ±jZ T [11-16] 

and equation ll-15a as 

Zl = ±j v'ZgiZr - Zg) [11-1 7a] 


and equation ll-15b as 
Zl = Zg~ 


= =F jZg- 


±3 


x B rx 

\Z r -Z B y Z r — 


[11— 17b] 


In order to maintain the matching conditions imposed by equations 
11-9 and 11-10, the reactances must be of opposite sign, that is, if 
Z\ is +jXl, then Z 3 must be —jX c , and vice versa. 

When the condition arises that Z r < Z Q and both are resistive, then 
the reverse of the configuration of Fig. 11-36 may be employed. An 
interchange of Z r and Z g is made and also an interchange of these values 
in the above formulas. Or, more generalized, Z x must be on the side 
of the lower impedance, Z r or Z g . 


For Z r < Z 0 and both resistive : 



Z-i - ±jZg ^ 

4 

[11-18] 


1 Zg - Z T 

and 


z ! = VZ r {Zg - Z r ) 

[1 1— 19a] 

or 


Zl = TjZr — 

V 

I 

Z r 

Zg ~ Z r 

[1 1— 19b] 


When complex impedances are present in either or both Z g and Z r , 
then equations 11-14 and 11-15 together with Fig. 11-3 or the following 
equations 11-20 and 11-21 together with Fig. 11-4 are used. The 
proper circuit configuration to use for a given set of impedances Z g and 
Z r can be determined by proper manipulation of the signs of Z x and Z 3 
and the circuit position of Z\ with respect to Z r . 



[ 11 - 20 ] 
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and 

or 


Zi = db VZ r (Z T - Z Q ) [11— 21a] 



[11— 21b] 


The ± signs before the various expressions for Z\ and Z% would 
indicate that two solutions and possibly four are possible for any given 



Fig. 11-4. Possible L-section circuit configuration. 


matching network. In those cases where Z g and Z x are pure resistances, 
two solutions only are possible since opposite-type reactances must be 
used for Z\ and Z 3 . In those cases where Z Q and Z r are complex im- 
pedances, in general, only one solution is possible. As is shown in the 
following illustrative example, one set of impedances for Z x and Z 3 
would involve the use of negative resistances, and for obvious reasons 
these would be ruled out. Although two possible circuit configurations 
are given in Figs. 11-3 and 11-4, it will be found that, in general, only 
one will yield a decibel gain through matching, and the other will produce 
a loss. For certain combinations of Z r and Z* no L section can be 
found which will provide an impedance match and at the same time not 
introduce a power loss when the resistances required in the matching 
L section are restricted to positive values. 


89. Illustrative Example, (a) To design an L section to match Z g = 
60 [(f ohms to Z r = 600 /0? ohms. What db gain results from inserting the 
L section? Since Z r > Z 0) use equations 11-16 and 11-176. 

From equation 11-16, 


±;600^/— - ±j200 ohms 


From equation 11-1 7b, 


Z x 


=Fj60-i= 

160 

\ 540 


180 ohms 



196 


IMPEDANCE TRANSFORMATION 


If Z j = +j 180 ohms, then Zz — —j2Q0 ohms, 

or if Z\ = — jl80 ohms, then Zz = +j200 ohms, as shown in Fig. 11-5. 

At co = 5 X 10 7 radians/sec or / = 7.96 megacycles/sec, for Fig. ll-5a, 

180 

Li = — = 3.6 X 10“ 6 henry = 3.6 juh 

5 X 10* 

C 3 = - — = 100 X 10- 12 farad = 100 wuf 

5 X 10 7 X 200 

for Fig. 11-56, 

Cl = 1 = 111 X 10- 12 farad = 111 wtf 

5 X 10 7 X 180 


Lz = - = 4.0 X 10" 6 henry = 4.0 /uh 

5 X 10 



(a) ( b ) 


Fig. 11-5. For use in connection with illustrative example of Art. 89a. 


To determine the change in decibels due to the insertion of the network, 
assume a generated voltage of E u . Without the matching section, 

V 2 

P 1 delivered 


-PM 1 
\600 + 60/ 

With the matching section, 

p - ( E ° Y 

*2 delivered - ^ + 

Pi 


X 600 = 0.00138 E] watts 


X 60 = 0.00417 El watts 


db gain = 10 log ~ = 10 log 3.025 = 4.8 
Pi 


A gain exists since the use of this network results in an increase in transmitted 
power. 

(6) To design an L section to match Z g = 60 — j30 ohms to Z r — 600 + 
/300 ohms for elimination of reflections. Can a gain be obtained by inserting 
an L section? 

The configuration shown in Fig. 11-36 will be used first. 

Z g « 60 - j30 = 67 7-26.6° ohms 
Z r - 600 +j'300 = 670 /26.6° ohms 
Z 0 - Z r = -540 - j‘330 = 633 /211.4 0 
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From equation 11-14, 

nr~ , /67/-26.6 0 

- ±670 ^ VeSlir? 

= ±218 /-92.4 e = ± (-9.14 - j218) = -9.14 - j218 ohms 

or = 9.14 +j218 ohms 

From equation ll-15a, 

Zi = ±VZ g (Z 0 - Z,) = ± V67 7-26.6° X 633 /21L4° = ±206 /92.4° 

= ±(-8.63 + j206) = -8.63 + j206 ohms 
or = 8 63 — j206 ohms 

The network using positive resistance values for Z\ and Z 3 is shown in Fig. 
ll-6a, and this network produces a decibel gain of 3.2. 



Fig. 11-6 


(a) ( b ) 

For use in connection with illustrative example of Art 896 


When the configuiation of Fig. 11-4 is used, Z 3 and Z x are obtained by means 
of equations 11-20 and ll-21a. 

From equation 11-20, 

{ Z r , /6 70 /26 6° 

Zi = ±/ e J ■hr = ±67 /—26.6° \ rT~~7 = ±68 9/-29“ 

\Z T -Z „ L V 633 /31.4° L 

= 60.2 — j33.4 ohms 

or = —60.2 +^33 4 ohms 

From equation ll-21a, 

Zi = ±VZr(Z T - Z g ) = ±V670 /26.6° X 633 /31.4° = ±651 /2F 
= 670 + j316 ohms 
or = —570 — j‘316 ohms 

The network using positive resistance values for Z\ and Z 3 is shown in Fig. 
11-66. Although this network produces the necessary matching conditions, 
it yields, not a gain, but a loss of 11.4 decibels. The student should verify 
the existence of reflection matching. 
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90. Tandem Reactive Matching Networks. A study of the networks 
of Art. 89 will show that, in cases of conjugate matching, if impedances 
are matched on one side of a reactive coupling, they are also matched 
on the other side. In this article it will be shown to be generally true 
that, if a series of pure reactive coupling networks are placed in tandem 
between two impedances, and if at any junction the impedances looking 
both ways are matched, that is, conjugates of one another, then the 
impedances at all other junctions are automatically matched. 

Let the diagram of Fig. 1 1-7 represent a generator or other impedance 
Z 0 , connected through a series of reactive networks A, B, C, and D, to 
a load impedance Z T . Suppose that there exists a conjugate impedance 
match at the junction a between the impedance Z Q and the network. 
Then maximum possible power is being taken from the generator, as has 
been shown in Art. 24. If this is the case, there must also be the same 
power transferred from network A to network B because network A, as 



Fig. 11-7. Illustration of react ance theorem. 


well as the others, is nondissipative. However, if this same power is 
being transferred across junction 6, then there must exist at b a match of 
impedances, because, if they were not matched at b , then some adjust- 
ment beyond b could be made which would cause matching and thus an 
increase in power transfer. However, it was assumed that maximum 
power was already being taken from the generator across junction a, 
and so an increase in power is impossible. Thus maximum power is 
already flowing across junction b, and the impedances at b must be 
matched. This argument may be continued to show that an impedance 
match occurs at all of the other junctions. 

The consequence of the above proof is that, if a line, composed of 
reactive networks only, is matched to the impedance of a generator 
or feeder line, then all other junctions on the line are automatically 
matched. Thus adjustment is only necessary at one point. It should 
be remembered however that in actual circuits, where resistance cannot 
be made zero, a slight adjustment may be necessary at several points 
on the line. 

91. Impedance Transformation and Phase Shift Employing Reactive 
T Sections. Since some Z g ’ s and Z r ’s cannot be matched successfully 
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with L sections, T sections are often employed. The use of the T 
section permits the insertion of reactances in the Z x and Z 2 arms which 
will cancel the reactive components of Z Q and Z T) thus leaving a resist- 
ance-to-resistance match which can be accomplished with a reactive L 
section composed of Z[ =F jX g and Z 3 (for Fig. 11-3) or of Z[ =F jX r 
and Z 3 (for Fig. 11-4). For reasons which will become apparent 
presently, however, the T-section analysis will be approached with a view 
toward allowing an arbitrary phase shift to be introduced at the same 
time the impedance-matching condition is established. 

As an illustration of the above, let it be proposed to design a T sec- 
tion to produce a conjugate match of Z Q = 60 — j30 ohms with 
Z T = 600 + j’300 ohms. (See Art. 89b.) The T section is shown in 
Fig. ll-8a. First introduce an inductive reactance of j30 ohms in the 
Z x arm and a capacitive reactance of — /300 ohms in the Z 2 arm to 
cancel the reactive components of Z g and Z r . The problem is now 
reduced to that of finding an L section to match two resistances as 
shown in Fig. 11-85. The match of 60 ohms resistance to 600 ohms 
resistance is given in Art. 89a, and the resulting circuits, using these 
two possible L sections inserted into Fig. 11-86, are shown in Figs. 
ll-8c and ll-8d. The units would be combined as shown in Figs. 
ll-8c and 11-8/. Power transfer is now a maximum since conjugate 
impedances are obtained and no loss appears in the matching network. 
The decibel gain is 5.46 as compared to 3.2 found in Art. 896. 

The reactive T section for matching two impedances will be con- 
sidered as a prelude to the problem of matching resistances and simul- 
taneously providing a desired phase shift. In Fig. ll-8a are shown 
two impedances Z g and Z r (now resistances) which are to be matched 
by the T section composed of Z Xy Z 2 , and Z 3 . Since various combina- 
tions of reactances can be used to effect an impedance match, these 
reactances will be designated as Z’ s for the time being. 

For a reflection match at terminals 1-2, 


Zg = Z x + 


Z 3 (Z 2 + Z r ) 
Z 2 Z 3 -f- Zr 


[11-22] 


For a similar match at terminals 3-4, 


Z t = Z 2 + 


Ml + Zg) 

Z\ + Z 3 + Z Q 


[11-23] 


It is evident that there are three impedances (reactances) to be deter- 
mined, and only two equations are available from which to find them. 
This means that there is a choice to be made in one of the reactances. 




60+;30 (d) 600-;300 ( f ) 

Fig 11-8 Matching by T section All figures represent ohms 

From equation 11-23, 

Z\Z T + Z z Z T + Z r Z g = Z X Z 2 + Z 2 Z z + Z 2 Z g + Z x Z z + Z z Z g [11-25] 

Subtracting equation 11-25 from equation 11-24 and solving for Z z 
yields 

2 _ Z 2 Zg 

3 _ Zg- Z T Zg - Zr 


[11-26] 
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Substituting Z 3 from equation 11-26 into equation 11-24 yields 


Z 2 = i 




Z a (Z g - Z T ) 


(11-27] 


Inserting the value of Z 2 from equation 11-27 into equation 11-26 
obtains 


Z 3 = =F VZj - Z e (Z tf - /,) [11-28] 


Zr Z„ — Z T 


A symmetrical network can be obtained by letting Z\ = Z%= Z/2-, 
then, from equation 11-27, 



which yields 

| = ± V- Z Q Z r = ±jVJ^Z r [11-29] 


hence Z/2 is either inductive or capacitive reactance if Z ff and Z r are 
resistive. From equation 11-26, 


Z 3 = 



| = 


[11-30] 


If Z x = Z 2 = Z/2 are inductive, then Z 3 is capacitive and vice versa. 

Illustrative Example, (a) Let it be required to design the elements of a 
reactive symmetrical T section which will correctly match Z g = 600 /0° ohms 
and Z r = 900 /0^ ohms at 1000 cycles per second. 

From equation 11-29, 

^ = ±jVzj r = ±jV540,000 = ±j735 ohms 


and, from equation 11-30, 

Z 3 = T-jy/Z^Zr = T/735 ohms 


For Fig. 11 -9a, 

Z/2 = «L/2 = 735 ohms 


L/2 

Z 8 

C 


735 

2ir X 1000 
1/ (toC) = 


= 0.117 henry 
735 ohms 


10 8 

2r X 1000 X 735 


0.2165 nl 
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For Fig. 11-96, 

X/2 = l/(coC) = 735 ohms 
C = 0.2165 fif 
Xs — 03 L = 735 ohms 
L = 0.117 henry 




( 6 ) 


Fig. 11-9. For use in connection with illustrative example a of Art. 91. 


(6) If it desired to form a nonsymmetrical network, then equations 1 1-27 
and 1 1-28 are used after choosing an appropriate value for Z\* Let Z\ = j'542 
ohms. From equation 11-27, 


/ s = ±^vz?-z 0 (^-z r ) 

From equation 11-28, 

jC g L r *>q "r 


900 

600 


V — 542 2 — 600(600 — 900) = =tj‘413 ohms 


m x 900 T V600 X 900 v _ . 
-300 -300 


= — jl626 ± j826 = -j800 or — j‘2452 ohms 

The — J800 ohms is associated with +jilS ohms. The two possible sections 
for the assumed value of Z\ = j’542 ohms are shown in Fig. 11-10. 


Phase Shift . A type of problem that can be solved conveniently by 
means of the reactive T section is that of matching a load impedance, 
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such as an antenna, to a transmission line and simultaneously providing 
a phase shift of the output current or voltage to phase that antienna 
correctly with another. For a specified load impedance (antenna) and 
generator impedance (transmission line) a group of curves may be 
drawn which will enable the engineer to choose quickly the proper 
values for Z\ 9 Z 2 , and Z% to effect the desired match and phase shift. 

Let it be proposed to construct such a set of curves to match 
Z g = 500 /0° ohms to Z r = 70 /0^ ohms. The impedance Z\ is again 



Fig. 11-10. For use in connection with illustrative example b of Art. 91. 


assumed known; that is, appropriate values will be assigned to it 
which in the following example will range from 2000 ohms inductive to 
2000 ohms capacitive. Z 2 is calculated from 

z 2 = ± ^| VTi - Z g (Z 0 - Zr) [11-27] 

and Z 3 from 

=F Vz! - Z 9 (Z 9 - Z r ) [11-28] 

£* Q £fy Ju Q £t r 

It is important to keep in mind that, if the + sign is used in equation 
11-27, then the — sign must be used in equation 11-28. 

The curves of Fig. 11-1 la and 11-116 give the relationships between 
*1, *2, and Z 3 . In Fig. 11-1 la, for example, the curves show that, 
with Zi = j200 ohms, Z 2 must be 189 ohms capacitive and Z 3 be 253 
ohms inductive to create the match. These illustrative values are 
given on the diagram a. 

The phase shift may be determined as follows: 

In Fig. ll-8a let the current through Z r be designated / ou t and the 
current through Z 0 be taken as 1 /0° ampere. Then 


font 


Vab 

Z 2 + Z T 


Zz(Z 2 + Z r ) 
Z 2 “h Z% Z r 


X 1/0^ 


Zs 

Z 2 Z% “f" Z r 


x i/or 


Z 2 + Zy 



-jX^ohms 
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Fig. 11-1 la. Z\ versus Z 2 (capacitive) and Z 3 (inductive) for reactive T section 

used for matching. 



Fig. 11-116. Z\ versus Z<i (inductive) and Z 3 (capacitive) for reactive T section 

used for matching. 
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lout 


X XZ£ = |z > 


\Zs + Zs + 7 , 1 / 8 ' 

l/al 


Z 2 + Z3 + Z r 


/«° - a° 


I Z 2 + Z3 + 


l£ 


[11-31] 


where fi is the phase shift (in degrees or radians) of the output current of 
the matching section relative to the input current. 



Fig. 11-12. Phase shift 0 versus Z\ of reactive T section used for matching. 


The curves of Fig. 11-12 show the relationship between Z\ and & for 
the case of Z g = 500/0° ohms and Z r = 70/0° ohms. For these partic- 
ular values of Z g and Z r a phase shift of 47.6° is obtained employing 
Zi = j200, Z 2 = — jl89, and Z 3 = j253 ohms. If a phase shift other 
than 47.6° is desired, it is simply necessary to select the appropriate 
value of Zi as determined from Fig. 11-12 and determine Z 2 and Z3 
required to maintain the impedance match between Z Q and Z r . 

^2. The High-Frequency Quarter-Wavelength Line as an Im- 
pedance Transformer. The characteristic impedance of a T section is 
given by equation 4-1 and is 

Zot = yJz^Z2 + j 14-1] 
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If the total series impedance of the section shown in Fig. ll-8a, na mely, 
dzj2V Z g Z r (from equation 11-29) and the shunt impedance Z g Z r 
(from equation 11-30) are substituted into equation 4-1, there is 
obtained 

Z Q T == ^"ZgZr 

and, if the elements of the matching section are reactive, then both Z g 
and Z r are resistive, or 

Zq T = VRgRr [11-32] 


The expression given by equation 11-32 would lead one to suspect that 
a transmission line, being representable by an equivalent T section, 
could be used as a coupling circuit to match two resistances. Further 
support to such a belief is given by the fact that at high frequencies the 
characteristic impedance is 



(a pure resistance) 


[5-44] 


This impedance simulates a pure resistance, and the elements of the 
equivalent circuit of the high-frequency line, being practically pure re- 
actances, cause the loss to be very small. A coaxial line is especially 
suitable for such matching, provided the necessary unbalance of the 
coaxial line can be tolerated. 

In order to develop the elementary theory of matching by X/4 lines 
(quarter-wavelength lines) it is necessary to refer to equation 6-11, 
which gives the input impedance of a line in terms of the line param- 
eters and the receiving-end impedance. Let this equation be rewritten, 
a + jb being substituted for Vzy S . 

r Z r cosh (a + jb) + Zq sinh (a + jb) 1 
° Uo cos h ( a + J&) + sinh (a + jb) J 

For the quarter-wavelength line at high frequency a will be assumed to 
be zero; then a = al = 0, and & of course is such that b = @1 = w/2. 
If these values are substituted into equation 11-33, 

7T 7T 

Z T cosh j - + Z 0 sinh j - 

_ _ & 

Z 8 — Zq — — 

Z 0 cosh j - + Z r sinh j - 

z z 

Z r 


(See Appendix III) 


[11-34] 
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The result can be written 

Z B Zr - *? « [ 11 - 35 ] 

Consider that Z r is a terminating resistance R r . Then equation 
11-35 indicates that, if the line of characteristic impedance Zo is ter- 
minated in a resistance R r , the input impedance Z 8 will be R 8 a re- 
sistance because Z 0 is a resistance ; and, for a match at the generator, 
R g = R 8 . That is, from equation 11-35, 

R g Rr = Z% [ 11 - 36 ] 

which is the same as equation 11-32. Thus the line with its terminat- 
ing impedance will match a generator whose impedance is Jf2 a (= R 8 ). 



Fig. 11-13. Impedance matching by use of quarter-wavelength line. 


(Refer to Fig. 11-13.) If the line is matched at the generator end then 
it is also matched at the receiver end because of the proof presented 
in Art. 90. Remember that it has been assumed that the equivalent 
circuit of the line consists of pure reactances, thus making the remarks 
of Art. 90 applicable. 

It is however a simple matter to show that a match occurs at the 
receiver end. Consider the line from the receiver end. The terminat- 
ing impedance will then be R g , and let the impedance of the line, 
measured from the receiver end, be written Z[. Then equation 11-34 
will give Z[ by merely writing R g for Z r and substituting Z[ for Z 8 . 
This effectively turns the line around, and there is obtained 



However, equation 11-36 can be written 

Rr - ^ [ 11 - 37 ] 

Rg 

which shows that Z f T = R r , and there exists an impedance match at the 
receiver end. 
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93. Illustrative Example. Design a 50-megacycle-per-second quarter- 
wavelength parallel-wire line to match a resistance of R 0 — 200 ohms to a 
load resistance of R r = 700 ohms. The values of L and C are (see equations 
1-12 and 1-30) 


L = 4 In - X 10“ 7 henry/loop meter 
r 


C = 


1 

36 X 10 9 In d 
r 


farad/meter 


Using equations 5-44 and 11-32 

zl = £ = R r R, = 140,000 

Therefore 

14,400 ln s - = 140,000 
r 

whence 

In - = 3.12 
r 


and 


d _ _ 

- = 22.5 
r 

d = 22.5r 


from which it is seen that if No. 0000 copper wire is to be used the spacing 
should be 

d = 22.5 X 0.230 = 5.28 in. = 13.15 cm 


At 50 megacycles per second the wavelength will be 

x c 3 X 10 8 e t 

X = - = — — - = 6 meters 

/ 50 X 10 6 

A quarter-wavelength line would have a length of 

- = 1.5 meters 
4 

The characteristic impedance is 

Zo = VR 0 R r = Vl 40,000 
= 374 ohms 


The resistance R g sees 374 2 /700 = 200 ohms and the resistance Rr sees 
374 2 /200 = 700 ohms. Thus there is matching from both ends. 
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A Further Property of the Quarter-Wavelength Line. In equa- 
tion 11-35 there is no restriction on the type of impedances represented 
by Z g and Z T) except that their product must be equal to a positive real 
number given by L/C . This means that the line under consideration 
may be used not only for transforming impedance values but also for 
transforming the character of the impedance. Owing to the inverse 
relationship of Z g and Z T1 it is found that a terminating impedance 
Z f which may be written R r 1 t jX r will be transformed into a value 
of Z 0 = R g z F jXg. This is shown below. From equation 11-35, 


where 


zj 

R r ± jX r 

Zl(R r =FjX r ) 
R 2 r + X'; 

= Rg^ jX„ 


„ ZlRr 
K ° ~ R 2 r + X 2 


and 




ZlX r 
Rt + X? 


Thus a capacitive load Z r can be matched to an inductive generator 
Z„ provided the angles of the impedances are the same, or a conjugate 
match can be effected between a load Z r and a generator with an im- 
pedance Z g of the same angle. Another way of expressing this is that 
a load impedance Z r at the receiver end will appear as some factor times 
its conjugate at the sending end. If it is desired merely to change an 
impedance into its conjugate, then a quarter-wavelength line having a 
value of Z 0 = VR, + X? should be used ; that is, Z 0 (= VhJC) must 
have a value equal to the absolute value of the load impedance. This 
condition would of course transfer a pure resistance unchanged. 

96. The Half-Wavelength Line. The consideration of the use of a 
quarter-wavelength line in Art. 92 leads to the inquiry as to how a 
half-wavelength line would serve in such a capacity. For such a line, 
assuming a negligible value of a, equation 11-33 becomes 


Z* — Zq • 


Z r cosh jv + Z 0 sinh jv 
Z 0 cosh jir + Z r sinh jr 


Z r (- l)+j/o(0) 
1) +jZ r (0) 


= Zr 


[11-38] 
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This simple result means that a half-wavelength line will transform an 
impedance unchanged. That is, any terminating impedance Z T will 
appear at the input of the line as the same impedance. Accordingly 
thfe line acts as a one-to-one impedance transformer. 

96. The Use of Matching Stubs. Where a high-frequency line is 
supplying power to a load impedance Z r which is not equal to the char- 
acteristic impedance, there is a consequent loss of power, and it be- 
comes advisable to readjust the impedances so that matching may occur. 



Fig. 11-14. Transmission-line matching by means of short-circuited stub. 

A match may be accomplished by shunting across the line near the load 
a short-circuited line, 1 or stub, approximately one-quarter wavelength 
long. 

A general outline of the method of matching by means of stubs is 
presented here. (See Fig. 11-14.) At the point A , looking toward the 
load, there is presented to the line O-A an impedance Z r which is given 
by equation 6-11 and is in general of the form r + jx; that is, it has a 
resistive and a reactive component. The resistance and reactance 
are both functions of the distance S to the load. For any particular 
value of S the impedance Z' can be resolved into an equivalent re- 
sistance and reactance in parallel. Call these parallel components R p 
and X p . For some value of S, R p will be equal to Z 0 \ (the characteristic 
impedance of the line) which in this case is taken as a pure resistance 
(=» VL/C). (See equation 5-44.) At point A> X p will have a certain 
value which may be either capacitive or inductive and will be of the same 

1 Open-circuit lines, or stubs, may be used also, but they are seldom employed 
because of the difficulty in supporting two free wires with correct spacing and because 
of the tendency to radiate at the higher frequencies. 
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type as the reactance in Z f . In order to eliminate its effect it is .only 
necessary to shunt across t^e line a reactance of the opposite kind and of 
the same value. The result will be a resistance R p in parallel with a 
parallel-resonant circuit, and the total impedance presented at A to 
the line 0-A will be R p (— ^oi)> provided S is adjusted to make R p = Zoi- 
Thus the line is matched up to the point A. The shunt reactance can 
be conveniently constructed of a short-circuited line with a length of 
about one-quarter wavelength. If the length of the stub is less than 
X/4, the reactance will be inductive, whereas, if the length is greater 
than X/4 but less than X/2, the reactance will be capacitive. (See 
equation 6-47.) 

A detailed study of the basic relationships involved will be made 
starting with equations 5-9 and 5-10 which define the space variations 
of voltage and current along the line. Slightly rewritten, these equations 
are 

V = V r cosh (a + jfi)x + IrZ o sinh (a + jfi)x 

V r 

/ = I r cosh (a + jfi)x + sinh (a + jfi)x 

Z o 

Assume a = 0, and recognize that V r = I r Z r : 

V = I r Z T cos fix + jI r Z 0 sin fix 

I = [7 r Z 0 cos fix + jIrZ r sin fix] 

For the purposes of this derivation it is desirable to replace equations 


11-39 and 11-40 with their exponential equivalents, 

V = I T — t i0x [1 + Kt-W*) [11—41] 

JU 

/ = Ir Zr 0 t Z ° ***• [1 - KC i2Six ] [11-42] 

&Z o 

2 2 

where K = ~ = K/yp (called reflection factor) 2 [11-43] 

Z r ~r Zq 

Since K = Ke**, equations 11-41 and 11-42 may be written : 

V = If — 1~ — [1 + [11-44] 

It 

I = Ir 7r -t — < i8x [1 - Kr 3 '^ 1 -^] [11-45] 

2 Zq 


2 The magnitude of the reflection factor is the ratio of the magnitude of the re- 

flected wave to the magnitude of the direct wave at the receiving end of the line. 


[11-39] 

[11-40] 
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Examination of equation 11-44 shows that for given values of Zq and 
Z T the voltage coefficient, * 

r Z r + Z 0 
Ir 2 

is a fixed quantity and that the operator e^* produces rotation (for 
variable x) but does not change the magnitude of the voltage as x varies. 
The change in voltage along the line is produced by the bracket term. 
On a per-unit basis where the voltage coefficient is unity, equation 11-44 
may be expressed : 

V' = [1 + Kr 3 ™*-*'] [11-46] 

A graphical representation of equation 11-46 is given in Fig. 11-15. 
Since the operator t lffx does not affect the magnitude of V or of V', the 



Fig. 11-15. Graphical representation of equation 11-46. 


unit vector (1 of Fig. 11-15) may be stopped on the reference axis, and 
the effect of the — (2/3x — yp) rotation of the vector K investigated. 
In Fig. 11-16 is shown the space variation of V' for the condition of 
f = 45°. 

From equation 11-46 or the diagram of Fig. 11-16 it is seen that 

V is maximum when 2/3x — yp = 0 or where 2(3x max = yp [11-47] 

V is minimum when 2/3x — yp = ir or where 2/3x„ lin = ir + yp [11-48] 

It is worth noting that equation 1 1-45 may be similarly manipulated 
to show that 

I is maximum when 2/Sx — yp = v or where 2/Sx m „ = ir + yp [11-49] 

I is minimum when 2/8x — yp = 0 or where 2flx ™;„ = yp [11-50] 
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Hence a current minimum occurs at the point of voltage maximum and 
vice versa. 1 

The important feature to be noted is that the location of the first 
voltage maximum is defined wholly in terms of Z 0) Z ry and \(or /), and 
hence this point is a convenient reference point from which to work, 
either analytically or experimentally. From the relationship given in 
equation 11-47, 

For lines customarily employed for ultrahigh frequencies, Z 0 is essentially 
resistive, and, if Z r is resistive, then 


^ is equal to 180° if Z r < Z 0 
yp is equal to 0° if Z r > Z 0 



Thus, if Z r < Zq, the first voltage maximum appears at #r max = 90° or 
x max = X/4, and, if Z T > Z§, a voltage maximum appears at /Sx max = 0° 
or x m *x = 0. 

A study of Fig. 1 1-16 will also reveal these facts if ^ is given the values 
of 180° and 0° respectively. The fact that the K vector revolves at an 
angular velocity of indicates that voltage maxima (and minima) 
occur every 180° or every half wavelength along the line. 

Location of Stubbing Points . In order to determine the location of 
the stubbing points on the line, that is, points where the equivalent 
parallel resistance R p looking toward the load is equal to Z 0 (= Z 01 ), 
it is convenient to employ the reciprocal of the equivalent parallel re- 
sistance G x . At these points 

R p = Zoi, G x « — * and G x = — [ll-fi2] 

lip hoi 
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The admittance of the line at x linear distance or fix angular distance 
from the load is, by equations 11-44 and 11-45, 


l x 1 ri — n«)-J 

v x z 0 i Li + Kr 1 ™*-**™* J 


[ 11 - 53 ] 


where $ is equal to 2fix ma% . (See equation 11-47.) 

A simplification will result from setting ( fix — fix max ) equal to A, 
as shown in Fig. 11-17. 



Fig. 11-17. A = (/3a: — Pxm&x) is the angular distance between the position of the 
first voltage maximum and an arbitrarily selected point on the line, &x. 


If A is used in place of (fix - fix„ m% ) in equation 11-53, an expression 
for Y x as a function of the angular distance from the point of first 
voltage maximum is obtained. 


1 p - Ke- ]2A I 

: ~ Zoi Ll + Kr’ 2A J 

1 p — K 2 + K(S 2A - r ]2A ) 

~ 7.1 1 _L ir2 I V(.]2 A I —]2A\ 


[11-54] 


By replacing the exponentials with their trigonometric equivalents 


1 ”1 — K 2 + j2/v sin 2A"1 
/oi _1 H - 4" 2A cos 2AJ 


[ 11 - 55 ] 


The conductance of the line x distance from the receiver is 


G x = 


i r i - k 2 -j 

Zoi Ll + K 2 + 2K cos 2AJ 


and the susceptance of the line is 


1 T 2 K sin 2A 

Zoi [_1 •)■ K. 2 -J - 2 K cos 2A. 


[ 11 - 56 ] 


[ 11 - 57 ] 


where A is angular distance measured from the first voltage m aximum, 
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Proper stubbing points along the line occur only where G x — l/Zoi 
since reactive stubs are to be used. At these points the equivalent paral- 
lel resistance of the line (looking toward the load Z r ) is equal to Zoi 
which for the ultrahigh frequency line is essentially resistive. From 
equation 11-56 it is evident that this condition exists when 



1 - K 2 = 1 + K 2 + 2K cos 2A 

[11-58] 

or 

cos 2A = —K 



cos-H-K) 

A= 2 

[11-59] 


Since it is desirable to express A using the positive angle K and remem- 
bering that the cosine is negative in the second and third quadrants, 
there are obtained four possible values for A in terms of the (+/T) angle, 


180° ± cos 

A = ± 


[11— 59a] 


The expression for A locates the correct stubbing positions (in angular 
measure) from the position of the first voltage maximum. The first 
set of ± signs implies that A may be measured either toward the gen- 
erator (+) or toward the receiver ( — ). 

A study of equation ll-59a will show that corresponding stubbing 
points occur every 180° along the line and that there are two correct 
stubbing points every half wavelength. Since it is desirable to cor- 
relate definitely the correct length of short-circuited stub with any ar- 
bitrarily selected stubbing point, it is best to neglect the first set of ± 
signs in equation ll-59a, thereby employing only -)- measurements. 
If a stubbing point thus found appears to be too far removed from the 
load (x = 0), a point which is 180° closer to the load may be employed, 
provided this point is on the actual line, that is, not in the region of — x. 

The position of the first voltage maximum from the receiver (x = 0) is 

0X max = g t® ee e Q Ua ti° n 11"47] 


Hence the angular distance from the receiver to a correct stubbing point 
is 

(180° dr COS * K ) 

0*.tub * 


o 


[11-60] 
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and since 


s.t«b (= S) = - [* + («• ± cos -1 #)] 
4ir 


[* + (180° ± cos" 1 /!:)] 


[11-61] 


where x„ tu b ( = <S) is linear measure from the receiver to the correct 
stubbing points. 

Length of Stub to Be Employed at a Specified Stubbing Point. The 
susceptance of the line is given by equation 11-57, and at the correct 
stubbing points 

cos 2A = —K and sin 2A = TVl — K* 


A study of the trigonometric relations involved shows that the — sign 
before the radical in the expression for sin 2A is used together with the + 

in A = ± o C ° S — and the + sign before the radical is used with 

the — in the expression for A. 

Since the susceptance of the stub (B s ) must be the negative of the 
susceptance of the line (B x ), 

„ 1 VZK&Vr^'K*)! 


, _ 1 [ 2K{^V\ 
' *oi L 1 - 

= 1 1~ ±2g i 

Zoi Wl — K^J 


[11-62] 


For a short-circuited stub of length y, whose characteristic impedance 
is Z 0 2 (see Fig. 11-14) 

Z" = jZ 02 tan B = jZ 02 tan 0 y, = jX" [11-63] 

l li ±2K ni—ftdi 

' = ~ X" = _ Zq 2 tan (3y, = Z^' VT^K* 


. „ _Zoi vnrg 2 

ten fiy ‘ Z 02 * =F2 K 


[11-65] 
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If the characteristic impedance of the stub is the same as that of the 

line, then 

VI - K* 

[11-66] 


t2J£ 


, Vl - K* 

[11-67] 

or 

=F2K 


X , Vl - K 2 


and 

v> — 7 . tan 1 

y> 360° =F2 K 

[11-68] 


Care must be exercised in the correct use of the plus-minus signs in 
equations 1 l-59a through 11-68. If the first set of ± signs in equation 
1 l-59a is neglected, then only positive values of A are encountered and 




180° + cos 1 K 

Al “ 2 

[11— 69b] 



180° — cos"” 1 K 

a 2 = 2 

[11— 59c] 

If A t 

is selected then 

. Vl - A' 2 
fan = tan _ 2K 

[11-69] 

If a 2 

is selected then 

, Vl - K 2 

0y e2 = tan 2R 

[11-70] 


If a plus sign is used in determining either A or / Sy 8 , then a minus sign 
must be used in determining the other. In the evaluation of Py a the 
use of the minus sign indicates that the angular length in question is in 
the second quadrant, that is, greater than one-quarter wavelength. 

The stubbing points, measured from the load, may be expressed as 


^Btub 1 “ 2 

[11— 60a] 

\p 

and /3a:, mb 2 = 2 + A 2 

[11— 60b] 

in angular measure, and as 

% y * v 


S ' " 360 s G + i ‘) 

[ll-61a] 

Ss_ 3S s (:2 +41 ) 

[1 1— 61b] 

in linear measure. 
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97. Illustrative Example. Let it be required to design a matching stub and 
to determine the point of contact in order to match a line whose characteristic 
impedance is Zoi = 600 /0^ ohms to a load of Z T — 200 j 0 P ohms. The char- 
acteristic impedance of the stub is to be the same as that of the line. 

Zoi = Zq = 600 ohms 
Z r = 200 ohms 

K = — — 6 ° - = -0.5 = 0.5/180° 

200 + 600 L 


* = “51+SSElw = 120 ° or 

Jt 


180° - cos" 1 0.5 


fr»tub i = 90° + 120° = 210° or 30° fe tub2 = 90° + 60° = 150° 

Si = 0.0833X S 2 = 0.417X 

- 139 11 * 40 - 9 ° 


y 8 1 = 0.386A 


y S 2 = 0.1135X 


Let Z r be changed from a value less than Z 0 1 to a value greater than Zoi. 
Z 0 i = Z 0 = 600 ohms 
Z r = 1800 ohms 

1 8 00 = MQ = 7 

1800 + 600 — 


Ai = 18 °° = 120 ° or 

2 

fetubi = 0° + 120° = 120° 

Si = 0.333X 

y,i = 0.386X 


_ 1801 -^ 0^5 = 6QO 
2 

/3x 8tub 2 = 0° + 60° = 60° 

Si = 0.1 67X 


Vl - 0.5 2 


2 X 0.5 


— 0.1135X 


Let Zr be changed from a purely resistive value to Z r = 150 + ,/150 ohms. 
Z 0 i = 600 ohms 
Z r = 150 + jl50 ohms 

x _ iso+iuo-eoo y 

150 + jl50 + 600 L 

. 180° + cos- 1 0.62 , , B OEO A 180° - cos" 1 0.62 , 1<H 

Ai = = 115.85 or A 2 = = 64.15 

2 2 
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/3x atU b i - 75.12“ + 115.85° 


0x^2 - 75.12“ + 64.15“ 


190.97“ or 10.97“ 


= 139.27“ 


Si = 0.0304X 


S 2 = 0.387X 


Vl - 0.62 2 

-2 X 0.62 


(3y,i = tan” 1 — = 147.7“ Py. t = tan" 1 — = 32.3“ 

r'o ox n v / n on r~ i7 •>*> a v/ n on 


Vl - 0.62 2 

2 X 0.62 


y.i = 0.410X 


y t 2 = 0.0897X 


An extension of this illustrative example is shown in Fig. 11-18 which 
shows the variation of the ratios V/V r and I/I r over the first 360° of 



0 40 80 120 160 200 240 280 320 360 

in degrees 

Fig. 11-18. Variation of V/V r , 1/Ir } B X) and G z over one wavelength. 


line from the position of x = 0. Two voltage maxima and two voltage 
minima are present and, as previously stated, current minima occur at 
points of voltage maxima and vice versa. Also shown are the varia- 
tions of B x and G Xy line susceptance and line conductance. Clearly 
shown is the fact that similar stubbing points (capacitive stubs) occur 
at 11° and 191°. In the above example the point at 11° was obtained 
by moving from the 191° position, as found using the first plus sign in 
equation ll-59a, to a point 180° closer to the load. Use of the first 
minus sign in equation 11 -59a will yield the 11° point. An inductive 
stub is placed at the 139.3° point, and, as the curves show, a similar 
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stub could be placed at the 319.3° point if desired. Examination of the 
curves show that in 360° there are eight points that yield the correct 
value of B x to effect a match, but only four points simultaneously 
satisfy the second requirement of G x — l/Zoi- For the curves 


a if 1— g 1 

Zoi Ll + K 2 + 2K cos 2iJ 

1 [" 2 K sin 2A “I 

Bx ~ Z^ Ll + X 2 + 2 K cos 2 aJ 


[11-56] 

[11-57] 


where 2A = 2fix — \f>, 

V 


Z o 

= cos fix + j — sin fix 
V r 


= V (cos /9a; + 2 sin 0x) 2 + (2 sin pxj* 


I a , Z r ■ „ 

— = cos + J — sin 

*r *0 


= V (cos fix — \ sin fix)' 2 + (j sin 0x) 2 


[11-71] 

[11-72] 

[11-73] 

[11-74] 


The results of the third illustrative example are given in Fig. 11-19. 
When stub 1 is used it is seen that the standing wave is virtually elim- 
inated from the line whereas when stub 2 is used the standing wave 
exists for 0.387X. 

Determination of Z r , Stubbing Points and Length of Stubs from Experi- 
mental Data. In those cases where Z T of the load is unknown, it may 
be determined from experimental data giving F mai /F min and the dis- 
tance from the load to the first voltage maximum. It is also required 
that the Z 0 of the line and the transmission frequency be known. From 
equations 11-41, 11-47, and 11-48 the ratio F max /F min may be written, 


F mai 1 + Kr i '***~-* ) _ 1 + Kt~ i0 
F min “ 1 + Kr 1 + Kt~ ,r 

l±_K 

1 - K 


[11-75] 


K = 


N - 1 
N+ 1 


from which 


[11-76] 
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and the associated angle is found from equation 1 1-47, 

tp — 20x max 



(c) Vis line voltage with stub 2 

Fig. 11-19. Matching with short-circuited stubs. See Art. 97. 


where X and x max 
11 - 43 , 


are linear measure in the same units. 


Zr ~ *0 


1 +K[± 
1 - K[4 \ 


From equation 
[ 11 - 77 ] 


The location of the stubbing points and the length of the stubs may 
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Standing wave ratio, V^/V^ 

Fig. 11-20. Determination of location and length of matching stub. 


be found from the above value of N by writing the equations for A 
and 0j/« as 



[ll-59d] 


=F2 


=F(JV - 1) 


[ll-67a] 
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The curves of Fig. 1 1-20 summarize the results of this article by 
giving the location of the matching stub with reference to the point of 
F max and the length of the short-circuited stub. Curve A is for induc- 
tive stubs and the location is measured from V m&x toward the generator . 
Curve B is for capacitive stubs and measurement is made from V mBX 
toward the load . 

The student should check the illustrative examples of Art. 97 with 
the curves of Fig. 11-20 

98. Graphical Treatment of Matching. A graphical construction 
for impedance matching on high-frequency lines which may be readily 
set up and which aids in the better understanding of impedance match- 
ing as treated in the preceding pages will be presented. The construc- 
tion is based on the fact that the input admittance of a line having 


\Y r =G r +jB r 


Fig. 11-21. Short section of line. 

negligible attenuation plots as a circle when G and B are used as co- 
ordinates. Points on this circle represent admittance at any given dis- 
tance from the receiving end. 

A short section of line having negligible attenuation is represented in 
Fig. 11-21. Let its characteristic admittance be Y 0 (= 1 / Z 0 ) and the 
terminating admittance be Y r = G r + jB r . The characteristic ad- 
mittance of the section will be assumed to be a pure conductance 
Y 0 = Go = 1/Ro = v'cjL. 

The input impedance of this line of negligible attenuation is found 
from equation 6-1 1 and is 

2 2 Z r cos b + jZo sin b 

0 Z 0 cos b + jZ r sin b 


Expressed in terms of admittances, this equation becomes 

1 , . 1 . , 

— cos b + J — Sin b 

1 _ 1 £r * 0 

Y~ Y 0 ‘ i . , . 1 . , 

— cos b + J — sin b 

*0 * r 

1 Gp cos b + jYj. sin b 
Go Y r cos b + jG 0 sin b 
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Inversion of the latter equation gives 


G+jB = Go 


Y r cos b + jGq sin b 
Go cos b + jY r sin b 


[11-78] 


or 

G 4- R = G • + J B r) CQS + jgo sin 6 

3 0 G 0 cos b + j(G r + jB r ) sin b 

On cross-multiplication and then division of each term by cos 6, there 
results 


G 0 G + jBG 0 - (GB r + G r B) tan b + j(GG r - BB r ) tan b 

= GoG r + jG 0 B r + jGq tan b 

By separating real and quadrature terms, two equations are obtained * 
GoG — {GB r + G r B) tan b — GoG r = 0 [11-79] 

BGq + (GG r — BB r ) tan b — GoB r — Gq tan 6 = 0 [11—80] 

Elimination of tan b from these equations gives 

G 2 - g ffi + i p+ . ffi. + b 2 = —Gq [11-81] 

G r 


Completing the square involving G and rearranging, there is 

)■-<*] 


obtained 

[11-82] 


Equation 11-82 is the equation of a circle, the center of which is at 
B = 0 

G 2 + B 2 + Gg } 


G = 


2G r 


[11-83] 


and whose radius is 


-jpHpzr-* 


A circle based on the above specifications is shown in Fig 11-22 3 
The circumference of this circle will contain all the possible values 
of the input admittance Y, including of course Y r , obtained when 
6 = 0. As 6 increases, the value of Y will proceed aiound the circle 


3 With the definition of Y = G + jB which has been adopted in the derivation, 
an inductive susceptance is a negative quantity and a capacitive susceptance is 
a positive quantity in the equations, and in depicting these quantities on a G-B plot 
an inductive susceptance is plotted below the zero ordinate and a capacitive suscep- 
tance is plotted above. 
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from point a in a clockwise direction and will become a pure conduct- 
ance at the point c, where Y is written as G. If G is equal to the char- 
acteristic admittance of a line to the left of the section shown in Fig. 



Fig. 11-22. Circle diagram for impedance matching. 

11-21, then an impedance match is obtained. This situation is shown 
in Fig. 11-23. 

The problem is usually presented by having given a line with a 
characteristic admittance G with the requirement that this line match 



Fig. 11-23. Short section of line. 

a receiving admittance Y r . Reference to Fig. 11-22 shows that two 
points on the circle are thus known, G (at c) and Y r (at a). Knowing 
the location of these tw r o points, the circle may now be constructed. 
Draw a line from c to a, and construct the perpendicular bisector of this 
line. The point of intersection of this bisector with the G axis locates 
the center of the circle, point /. With / as a center and f-a as radius 
the circle is drawn. The characteristic admittance of the matching 
section G 0 is then found as the square root of the scalar distances od 
and oc. Using equations 11-83 and 11-84, the values of od and oc 
may be written as 
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On multiplication of these two expressions it is found that od X oc — 

Go, or 

Go - V od X oc [11-85] 


Thus Go can be determined semigraphically from the given values of 
G and Y r . 

The value of 6, which is the angular length of the matching section 
and proportional to the arc of the circle measured clockwise from Y r , 
can be determined by a rearrangement of equation 11-79 : 


or 


tan b = 


Gp(G r - G) 

— ( GB r + G r B) 


b = tan 1 


Gp(G r - (?) 

- {GB r + G r B) 


[11-86] 


In the event that Y r is a pure conductance the problem reduces to 
that treated in Art. 92. A circle-diagram method similar to the above 
may be used when the characteristic admittance of the line to be matched 
is not a pure conductance. 

Illustrative Example. Let it be required to find the value of G 0 for a 
matching section to match a line of characteristic admittance G = 0.002 
mho (Z = 500 ohms resistance) to a terminating admittance of Y r = 0.006 — 
j0.002 mho (Z r = 150 +,750 ohms). The construction is shown in Pig. 
11-24. First the points G and Y r are located and connected by the line ca. 
The perpendicular bisector of this line is erected locating the center of the 
circle at point /. Then with f-a as radius and f as center a circle is drawn 
thus locating the point d. From the diagram oc = 0.002 and od = 0.007 
whereupon 

Go = Vo. 007 X 0.002 = 0.00374 mho 


which is equivalent to a characteristic impedance of 267.4 ohms. 

The value of b is determined from equation 11-86. G r = 0.006, B r = 
-0.002, G = 0.002, B = 0, G 0 = 0.00374. 

. , . 0.00374 X (0.006 - 0.002) 

b = tan -1 

-(0.002 X —0.002) 

= tan"" 1 3.74 = 75.02° 


which is equivalent to 0.208X. 

As a further illustration, let the problem of Art. 93, wherein a resistance 
of R g = 200 ohms is to be matched to a load resistance of R r = 700 ohms, be 
worked using the graphical method. 

Z g = R g - 200 ohms, from which Y (= G + jB) = 0.005 + jO mho and 
Zr — R r — 700 ohms, from which Y r (= G r + jB r ) = 0.00143 + jO mho. 
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From the data it is seen that both points, G and Y r (= G r ), now lie on the 
diameter of the circle, and their magnitudes are those of oc and od , namely, 
0.005 and 0.00143, giving 

Go = V 0.00143 X 0.005 = 0.002675 mho 

or Zo = 374 ohms 


The length of the matching section is found from 


b = 


tan -1 


0.002675 X (0.00143 - 0.005) 
0 


90° 


which is a quarter-wavelength line. 

The characteristic impedance and the length of the line each check the 
values found according to Art. 93. 



0.002 0.004 0.006 0.008 

G — ► 


Fig. 11-24. Circle diagram for illustrative example of Art. 98. 


MH). The Matching Stub. The analysis of the matching stub given in 
Art. 96 may be complemented by applying the graphical method out- 
lined in Art. 98. 

Let the transmission line be represented as in Fig. 11-25. The 
circle diagram based on this line and its terminating admittance is 
shown in Fig. 11-26 for a resistive-capacitive termination. If the 
length b of the line is now increased until such a point as c on the circle 
is reached, it is seen that Y has a real component equal to OGo and 
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a reactive component equal to ac . If a susceptance of the opposite 
kind and of the same magnitude as ac is connected across the line at 
this point, the net admittance at A (of Fig. 11-25) becomes merely 


A 



Fig. 11-25. Transmission line matching by means of short-circuited stub. 

G 0 , thus matching the line at that point. Since ac is here inductive, 
a capacitive susceptance is placed across the line. As presented in Art. 
96, it is convenient to use a short section of short-circuited line for the 



matching stub, and for the stub to be capacitive it will be between one- 
quarter and one-half wavelength. 

Instead of stopping at point c and placing a capacitive susceptance 
equal to ac across the line at point b it would be possible to proceed to 
point c' where Y again has a real component equal to OG 0 and a re- 
active component equal to ac', the reactive component now being 
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capacitive, however. Since ac' is capacitive, an inductive susceptance 
equal in magnitude to ac' is placed across the line at the distance b ' 
from the load. The short-circuited stub, now being inductive, will be 
less than a quarter wavelength. 

As an illustration, let the problem of Art. 97, in which a line of char- 
acteristic impedance Zoi = 600 ohms is to be matched to a load of 
R — 200 ohms, be worked by the graphical method. The point of 



Fio. 11-27. For use in connection with illustrative example of Art. 99. 

contact and the length of the stub are to be determined. The char- 
acteristic impedance of the stub is to be the same as that of the line. 

Y r = G r +jB r = 0.005 -f-jO 

Y 0 = Y=G 0 + jB 0 = 0.00167 + jO 


The center of the circle is found from equation 11-83 to be at co- 
ordinates 0, and 


0.005 2 + 0 + 0.00167 2 
2 X 0.005 


= 0.00278 


The circle is constructed as shown in Fig. 11-27, passing through 
point Y r (= G r ). The distance ac (= —B) represents 0.001925 mho 
inductive susceptance which is likewise the value of capacitive sus- 
ceptance required for matching. 

The length of the stub may be obtained from equation 11-63, noting 
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that the characteristic impedance of the stub is to be the same as that 
of the line. The impedance of the stub is 

„ 520 ohms capacitive reactance 

0.001925 

From equation 11-63, 

X n —520 

fyn = tan -1 — = tan -1 — — = 139.1° 

^02 000 

whereupon y s 1 = 0.386X. 

The value of b is obtained from equation 11-86. 

7 . 0.00167 X (0.005 - 0.00167) 

b = tan" -1 = 30° 

- (0.005 X -0.001925) 

giving S t = 0.0833X. 

By progressing to point c ' of Fig. 11-27, the distance ac f (= +B ) rep- 
resents 0.001925 mho capacitive susceptance, whereupon the matching 
stub must be made to be 520 ohms inductive reactance. 

From equation 11-63, 

520 

% s2 = tan -1 — = 40.9° 

giving y ,2 = 0.1135X. 

From equation 11-86, 


t 0.00167 X (0.005 - 0.00167) 

b = tan 

- (0.005 X 0.001925) 


150° 


and S 2 = 0.417X. 

These two possible stubs with their respective points of attachment 
to the line check the values obtained in Art. 97. 

100. Matching by Means of Two Stubs. The method of matching 
which has been treated in Arts. 96 and 99 requires that it be possible 
to adjust the position of the stub along the line. However, when 
either a coaxial line or a wave guide is to be matched to a load, it may 
not be possible or convenient to adjust the position of the stub. With 
these lines a method of matching which uses two stubs at fixed positions 
near the end of the line may often be employed. This double-stub 
method can be explained most readily by means of the circle diagram. 

Let a line of characteristic admittance G 0 which is terminated in a 
conductance G> be represented as in Fig. 11-28. Let its admittance 
circle be the circle A. The object is to place a stub at some point on 
the line, as at C, such that there will be presented to the line to the 
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left of C an admittance G 0f thus producing a condition of matched im- 
pedances. At the end of the line, across the terminating admittance, 
a timing stub is attached which can be adjusted to represent inductive 



Fig. 11-28. Transmission line matching by means of two stubs. 


susceptance B r across G r . The termination now becomes G r — jB r , 
and the new admittance circle is D. 

The centers of circles A and D and their radii may be found by use of 
equations 11-83 and 11-84. Circle A must of course pass through 
G r and circle D must go through G> — jB r . 

Proceeding back along the line, the admittance will be given by 
points on the circle Z), and, in particular, one of these points is a on the 
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line drawn vertically above Go. If an inductive susceptance equal to 
Go~o is placed across the equivalent point on the line, the admittance 
of the line at point C measured toward the load will be Go, which was 
desired. Instead of proceeding back to point a of the circle and placing 
an inductive susceptance equal to G 0 -a across the line at that point a 
capacitive susceptance could be placed corresponding to point a', 
which is vertically below G 0 . However, by using the greater length as 
at a a stub less than a quarter wavelength may be employed, whereas 
the length represented by the point a! would require a stub of one- 
quarter to one-half wavelength. 

Practically, the distance S is fixed by the construction of the line so 
that the physical separation of the two stubs cannot be changed. How- 
ever, the effective distance can be adjusted by the use of the tuning 
stub at the end of the line. The procedure may be best shown by means 
of an illustrative example. Assume in the illustration of Fig. 11-28 
that Go = 0.002 mho, G r = 0.006 mho, and B r = 0. The center of the 
circle is found from equation 11-83 to be at coordinates 0, and 


0.006 2 + 0 + 0.002 2 
2 X 0.006 


0.00333 


With this point as center the circle A is drawn passing through the 
point G r - (See Fig. 11-28.) The distance G 0 -a n (= B), as measured, 
represents 0.0023 mho capacitive susceptance. This is the value of the 
inductive susceptance required for matching. The value of b is ob- 
tained from equation 11-86. 


t a 0.002(0.006 — 0.002) 
” tan - (0.00C X 0.0023) 


149.9° 


or 8 = 0.417X. 

Now assume that an inductive susceptance of B r = —0.003 mho is 
placed across G r . From equation 1 ^-83 the center of the circle is found 
to be at coordinate 0, and 


0.006 2 + 0.003 2 + 0.002 2 
2 X 0.006 


= 0.00408 


Circle D is drawn passing through point G r — jB r . The distance 
Go-a (— B) represents 0.0029 mho capacitive susceptance. The 
value of b is 

0.002(0.006 - 0.002) 

“ - (0.002 X -0.003 + 0.006 X 0.0029) 


= 145 ’ 
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or S = 0.403X. Any negative value of B r greater than 0.003 mho, 
such as B' r (= —0.006 mho) gives a value of b greater than 146°. Ttyis 
it is seen that the effective length S can be changed by variation of the 
stub at the end of the line. In the illustrative example the minimum 
effective length of S is given by 6 = 145° or 0.403X ; that is, the stubs 
cannot be placed closer together than 0.403X. 

Thus in this example, if the stubs are placed so that the distance S 
is somewhat greater than 0.403X, then matching will be possible. How- 
ever, if they are placed at points slightly less than 0.403X, then no 
adjustment of the stubs could produce matching. 

101. The Transmission-Line Calculator. 4 A very useful tool in trans- 
mission-line calculations is the circular slide-rule chart based on the 
circle-diagram method of solving transmission-line problems. The 
chart which is the basis of this calculator depends on a transformation 
of the ordinary R-X coordinate plane, used for the expression of complex 
impedances, into a new curvilinear system through a conformal transfor- 
mation. The present treatment will cover impedance transformations in 
terms of the length of the line and matching by means of a single stub. 

The input impedance of a high-frequency lossless line in terms of its 
terminating impedance and line length is given by equation 6-46, 

^ ^ Z r cos b + jZ 0 sin b 

0 Z 0 cos b + jZ r sin b 


Since Z 0 is a constant for any particular problem, impedances will be 
written as multiples of Z 0 rather than in the usual direct form. Thus 
the input impedance will be written 


where b = &S. 

When written 
11-87 becomes 


Z 8 _ Z r cos b + jZ 0 sin b 
Z 0 Zq cos b + jZ r sin b 


[11-87] 


in terms of exponentials and rearranged, equation 


1 + h h. e -i2b 

Zr + Zo 1 + KC iab 

1 z r-z 0 _ l2h 1 -Kr*» 

Zr + Zo 

1 + w 

1 - w 


[11-88] 


[11-89] 


where W = KC l2b [11-90] 

4 “ Transmission Line Calculator,” by P. H. Smith, Electronics , Jan. 1930. “ An 
Improved Transmission Line Calculator,” by P. H. Smith, Electronics , Jan. 1944. 
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and 


In terms of Z' 


*1 

Zo 


K 


Z T Z 0 
Z r + Z 0 


= K/J 



[11-43] 


[11-91] 


(Note also that equation 11-88 may be obtained as the quotient of 
equation 11-41 and equation 11-42.) In the above equations, K is in 
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Fig. 11-29. R- X field in Cartesian coordinate system. 


general a complex quantity of the form Ke 3 ' 1 ' expressible on the W plane 
as a vector, and t~ l2h is a term which produces rotation of K in accord- 
ance with the value of b, the angular length of the line under consider- 
ation. Equation 11-89 can be solved for W also, giving 


W = 


Z - 1 

z+ 1 


[11-92] 


Equations 11-89 and 11-92 represent a linear transformation between 
the Z- and W-planes. That is, W = U + jV can be plotted on the 
W plane where the coordinate axes are U and V, or Z can be plotted on 
the Z plane where the coordinates are the familiar R and X. 

In Fig. 11-29 is represented the usual R-X coordinate system where 
the lines, R = constant and X = constant, are of course perpendicular. 
It is of interest now to determine the shape of the corresponding W 
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curves, of Fig. 11-30, as given by equation 11-92. These curves will 
again be characterized by setting R = constant and X = constant. 
For this purpose equation 11-92 is written 


or 


W = 


U + jV = 


Z- 1 

z+ 1 


R + jX - l 
R + jX + 1 


[11— 92a] 


U + VR-VX+ j(RV + UX + V) = R + jX - 1 



Fig. 11-30. Transmission-line chart for determining input impedance of high- 
frequency line. Example of Art. 101. 

By separating real and quadrature terms, two equations- are obtained: 


U + UR - VX = R - 1 [11-93] 

RV + UX + V = X [11-94] 


Curves for constant R are determined by eliminating X from equa- 
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tions 11-93 and 11-94. Then 


U + UR - R + 1 


v RV+V 
ud *-T3TT 

or, setting the right-hand members equal, 

U 2 (R + 1) - U(2R) + (R - 1) = -V 2 (R + 1) 

By completing the square in U and rearranging, there is obtained 


\v - -A_T 
L r + iJ 


+ v 2 = 


(R + l) 2 


[11-95] 


Equation 11-95 is the equation of a family of circles, the centers of 
which are at 

R 1 


R + 1 


V = 0 


and whose radii are 


R + 1 


[11-96] 


[11-97] 


These circles all pass through the point 1,0, and two have been drawn 
in Fig. 11-30 for R = 2 and R = 0.43 ohms. 

The curves for constant X are determined in a similar manner, by 
eliminating R from equations 11-93 and 11-94. The following is 
obtained, after completing the squares and rearranging, 


([/- d 2 + 


( v - IY = -1 

V x) x 2 


[11-98] 


Equation 11-98 is the equation of a family of circles whose centers 
are at 

U = 1 1 


V = — 
X 


and whose radii are 


[11-99] 


[11-100] 
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where X may be positive or negative. It is seen that these circles all 
pass through the point 1,0 also. Two are shown in Fig. 11-30, l;or 
X = l and X = —0.32 ohm. 

The field of Fig. 11-29 represents the usual R-X system in which 
every point to the right of the X axis corresponds to a possible value of 
Z (= R + jX). The field of Fig. 11-30 represents an R-X system, 
also, now distorted and made up of circles, in which every point within 
the unit circle, R = 0, corresponds not only to a particular value of 
Z but also to the corresponding value of W (= U + jV). Thus the 
field of Fig. 11-30 is a translation field for transforming back and forth 
from one system to another. This transformation is known as a con- 
formal transformation and is such as to leave angles unchanged. For 
instance at the point A in both systems is represented the same value 
of Z, and the lines of constant R and X are perpendicular. 

The point A, as stated, represents two quantities. It represents 
Z = 2 + jlj and it also represents a certain value of W = U + jV. 
This value of W can be expressed by equation 11-90 in terms of Z ri Z 0 
and 6, or by equation 1 1-92 in terms of Z = R + jX . Equation 11-90 
states that the locus of W, expressed in terms of Z r , Z 0 and 6, is a circle 
about the origin. When the terminating impedance is held constant, 
but the electrical line length varied, the values of U and V will lie on 
a circle with the origin as center. The value of K can change only if 
the terminating impedance changes, and e~ j2b can change only if the 
line length changes. It should also be noted that one complete revolu- 
tion is made when b varies over 180° or the electrical length of the line is 
varied by a length equal to X/2. The circle for Z T = 140 + j70 ohms 
and Zq = 70 ohms is drawn (dashed) in Fig. 11-30. 

Thus there is now set up a graphical construction which has certain 
advantages since W appears as a circle with a uniform angle scale. 
Distance from the load may be measured by merely rotating in a clock- 
wise direction (as indicated by the negative exponent in equation 11-90) 
from any particular starting point. It is possible now to fix in this 
field a certain value of load Z corresponding to b = 0, such as at A. 
Going back toward the generator is represented by following the dashed 
circle in a clockwise direction for the required distance, say to the point 
C where the value of 7, the input impedance at that point, may be read 
on the R-X coordinate system. 

A numerical example will be given to clarify the discussion. Let it be re- 
quired to find the input impedance to a short high-frequency line in which 
Z r = 140 + j*70 ohms, 7 0 = 70 -f jO ohms, and b = 82°. The terminal or 
load impedance in terms of Zo is 

Z' - 2+jl 
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This value is set at point A on Fig. 11-30 at the intersection of It =» 2 and 
X = +1 circles. From equations 11-90 and 11-91, 

W = Kt~ i2b 

2' ~ 1 1 -,„ 

Z' + 1 

_ ^ + jl ~ 1 .72(82*) 

2+jl + l 

= 0.447 /26.57 0 / — 164° 

= jg /- -164° 

It is seen then that, in terms of U and V, K is given by the point A and that 
IF is obtained by rotating K clockwise from this point through 164 mechanical 
degrees (degrees on the chart) corresponding to 82° on the line, locating point 
C. Here 

W = 0.447 /-137.43 0 

and at this point C 

Z = 0.43 - j0.32 

and Z 8 = (0.43 - j0.32) X 70 = 30.1 - j'22.4 ohms. 

This value of Z 8 should be checked by means of equation 6-46. 

It is evident then, that the use of the chart for determining impedances 
at any point involves a process of transferring back and forth between 
the two coordinate systems which are superposed so that every pair of 
W values corresponds to an appropriate pair of Z values. First, one 
sets the value of Z on the W plane by using the R and X values ; then 
the appropriate rotation is added, corresponding to the length of line, 
which rotates the radius vector on a uniform scale to a new value of W 
which is read off in terms of Z. 

The process will work in either direction. For instance, an input 
impedance may be known at some distance b ahead of the load. This 
value of Z is set on the chart, and a rotation of b is made in the counter- 
clockwise direction leading one to the value of the load impedance Z / . 

Determination of an Unknown Impedance from the Standing Wave 
Ratio . At that point on a line where the standing wave (voltage) is 
a maximum the per unit resistance has the value of the standing wave 
ratio. This fact may be used to determine an unknown impedance, 
such as Z r , provided the characteristic impedance of the line and the 
distance to the first voltage maximum are known. 
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At V mm 2(3x m „ $ 

and, from equation 11-44, 




and, from equation 11-45, 


/ mi „ = /, ■ «* ta U - K] 

zZo 

^max 7 7 1 + A 

= Z = Zq 


Imin 


and 


Z 1 + K 
Z 0 ~ 1 - K 


1 - K 


= N (a scalar quantity) 


Hence at the point of voltage maximum the per unit impedance is 
resistive and has the value of the standing wave ratio N. 

In the previous illustrative example it is seen that K/\p = 0.447 /26.57° 
and N = 2.62. Refer to Fig. 11-30. Upon rotating K clockwise 
through 26.57°, thereby locating the position of the standing wave 
(voltage) maximum, the value of the per unit Z is found to be 2.62 + jO 
and the per unit resistance has the value of the standing wave ratio. 

In Fig. 11-31 is shown the Smith chart in which circles of constant 
R and X are solid and circles of constant N are dashed. The values of 
N may be read along the horizontal axis between the points 1.0 and oo. 
Note that around the outside of the chart is a scale marked off in terms 
of decimal parts of a wavelength for convenience in making calcula- 
tions. With its use a protractor is unnecessary. 

As an illustrative example, let it be required to determine the value of an 
unknown load impedance on a line which has a characteristic impedance of 
300 /0° ohms and a standing wave ratio of 4.5. The distance from the load 
to the first voltage maximum is 104° or 0.289X. Refer to Fig. 11-31. The 
per unit impedance at the point of the standing wave maximum is given by 
point A where the standing wave ratio is 4.5. On moving around the circle 
having the standing wave ratio of 4.5 a distance of 0.289X toward the load f the 
per unit impedance becomes that specified by point B ( = 0.236 — j*0.236 
ohms). Thus Z r is 100 /— 45° ohms. 

Note . In Fig. 11-31, the per unit impedance at the point of the standing 
wave minimum is given by point A f ( = 1 /N) and of course the distance from 
the load to the first voltage minimum is 0.039X. The same per unit im- 
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pedance is then obtained by moving around the 4.5-standing-wave-ratio 
circle a distance of 0.039X toward the load. 


The charts of Figs. 11-31 and 11-32 are available for working problems 
given at the end of the chapter. 

The Matching Stub. For the solution of the matching-stub problem 
it will again be convenient to work with admittances. The input 
admittance of a line in terms of the characteristic admittance Y 0 is, 
from equation 11-88, 


y, i — Kr i2b 
Y 0 ~ 1 + KC l2b 


[ 11 - 101 ] 


1 - w 
- 1 + w 

where W = Ki~ i2h 
Or, from equation 11-102, 


Then 


W = 

w = 


1 - Y 
1 + Y 


U + jV = 


1 - Y 
1 + Y 


1 - G - jB 
1 + G + jB 


[ 11 - 102 ] 

[11-103] 
[11— 103a] 


By writing Y = G + jB and solving equation ll-103a in a manner 
similar to that employed in the solution of equation 1 l-92a it may be 
shown that the chart of Fig. 11-30 is applicable to the use of admit- 
tances by simply substituting G’s for R's and B’s for X’s, + B for +X, 
and —B for —X. 

In order to illustrate the procedure involved let it be proposed to design a 
short-circuited matching stub and to determine the point of contact in order 
to match a line whose characteristic impedance is Z 0 = 600 / 0° ohms to a 
load of Z t = 150 + j 1 50 ohms. The characteristic impedance of the stub iB 
to be the same as that of the line. (See Art. 97.) 

Z 0 = 600 -(- jO ohms Y 0 = 0.001667 mho 

Zr = 150 +jl50 ohms Y r = 0.00333 - j'0.00333 mho 


(o) Locate F r /Fo = 2 — j2 as shown at A on Fig. 11-33. Rotate K clock- 
wise until it intersects the G = 1 circle at C (=1 — j 1.58). The stub is 
placed on the transmission line at this point since at the point of attachment 
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6 must equal 1/Zo (see equation 11-52) or G * To and in terms of the char- 
acteristic admittance G = 1. The angle passed through in going from A to 
C represents a length of line corresponding to 25. In this instance the angle 
is 25 - 22° or 5(= 08* ub i) - 11°. 

(5) Or rotate K until it again intersects the G = 1 circle at point D (= 1 + 
jl.58). The angle passed over is 25 = 278.8° or 5(= 0$Bt U b 2 ) = 139.4°. 



Fig. 11-33. Transmission-line chart for matching stub example of Art. 101. 


(c) To determine the length of short-circuited stub corresponding to place- 
ment (a), start at point Ui (where F rstub /F 0 = 00 ), and proceed clockwise 
around the G = 0 circle until the intersection with B = +jl.58 is reached at 
E . (Reactance of the type opposite to that of the line is required.) The 
angle passed through represents a length of stub corresponding to 25 stub j. In 
this case the angle is 25 stub t = 295° or 5 stub x = 147.5°. 

( d ) To determine the length of stub corresponding to placement (5), start 
at point Ui, and proceed clockwise around the G = 0 circle until the inter- 
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section with B = — jl.58 is reached at F. The angle passed through represents 
a length of stub corresponding to 26 8tub 2- The angle is 26^2 = 64.5° or 
&stub2 = 32.3°. 

These values agree with the analytical results obtained in Art. 97. 

PROBLEMS 

11-1. Design an H pad that will match a load resistance of 100 ohms and have 
an attenuation of 4 decibels. 

11-2. A generator having an internal resistance of 500 ohms is to be matched 
to a load impedance of 200 ohms resistance. Design a two-element (L-type) reactive 
matching network to match this load to the generator. 

11-3. Design an L section which will produce a reflection match between a gen- 
erator of impedance Z g = 60 -f j’30 ohms and a load impedance of Z T — 600 — /300 
ohms. What decibel gain or loss results from inserting the L section? 

11-4. Design an L section which will produce a reflection match between a gen- 
erator of impedance Z g = 600 — j’300 ohms and a load impedance of Z r = 60 + j30 
ohms. What decibel gain or loss results from inserting the L section? 

11-6. (a) Design an L section which will produce a reflection match between a 
generator of impedance Z g - 200 /0° ohms and a load impedance of Z r = 67 /— 26.6° 
ohms. What change in decibels occurs from inserting the matching section? 

(b) Design a reactive L section which will effect a conjugate match. What 
change in decibels now occurs from inserting the matching section? 

Selector switch 



11-6. (a) Design an L section which will produce a reflection match between a 
generator of impedance Z g = 67 /— 26.6° ohms and a load impedance of Z r — 200 /0° 
ohms. What change in decibels occurs from inserting the matching section? 

(6) Design a reactive L section which will effect a conjugate match. What 
change in decibels now occurs from inserting the matching section? 

11-7. A transmission line whose characteristic impedance is 600 ohms resistance 
is to be connected to another line whose Zq is 200 ohms resistance. 

(а) Design an L-type resistance matching network. 

(б) Design an L-type reactive matching network. 

(c) What gain or loss in decibels occurs due to the insertion of each type of 
matching network? 

11-8. Design a voltage attenuator as shown in Fig. 11-34 to meet the following 
requirements: 
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1. V B = 0.1 V A , V c - 0.1 V B , and V D - 0.1 7* 

2. The resistance looking back into the network from the 7o terminals shall ,be 
the same whether the selector switch is set at either the A, B, C, or D positions. 

(a) Determine three linear relationships between the resistors, 22 1 , R*, R$, and 
22 4 from which the general requirements can be met. 

(I b ) Determine the resistance looking back into the network from the 7o terminals 
if Ri = 110, i ?2 =» 99, i ^3 — 11, and R\ = 110/9 ohms with the selector switch set 
at positions A, B, C, and D. 

11 - 9 . A generator has a resistance of 600 ohms and is to supply power to a load 
resistor of 100 ohms. 

(а) Design a reactive L section to match these resistors. 

(б) Design a reactive T section to effect the match. 

(c) What gain in decibels occurs due to the insertion of each type of matching 
network? 

11-10. Specify the elements of a reactive T section which will match a generator 
of Z g = 500 /(P ohms to a load Z r = 70/0° ohms and produce a phase shift of 137°. 
Z\ is to be set at 800 ohms, and the frequency is 10 megacycles per second. 

11-11. The two resistances in Prob. 11-9 are to be matched at 20 megacycles per 
second by using a quarter-wavelength line made of J^-inch-diameter wire. What 
are the length and spacing of the wires? 

11 - 12 . An impedance of 100 ■+■ J250 ohms is to be converted to its conjugate by 
the use of a quarter-wavelength line. Can this be done, and if so what are the 
characteristics of the line? 

11-13. Find the value of K for a line having a characteristic impedance of 300 /0° 
ohms which is terminated in an impedance of 100 /— 45° ohms. What is the voltage 
ratio, 7 max /y m t n , for this line and its terminating impedance? 

11 - 14 . An antenna feeder is 1000 feet long and is made up of two parallel wires 

inch in diameter and spaced 6 inches center to center. It supplies power at 
5 megacycles per second to an antenna whose effective resistance is 100 ohms. Design 
a short-circuited stub for impedance matching, and specify at what point it should be 
attached to the line. Assume both lines have the same Zo( = y/ L/C). 

11 - 15 . The antenna feeder in Prob. 11-14 is to be matched to the 100-ohm resist- 
ance load at a frequency of 10 megacycles per second. The stub line has a Zq of 
150 ohms resistance. Find the length of the stub and the point at which it must be 
connected to the line. 

11 - 16 . A line having a characteristic impedance of 475 ohms resistance is termi- 
nated in an impedance of 100 -f jlOO ohms. This line is to be matched to its termi- 
nating impedance by the use of a short-circuited stub which has the same character- 
istic impedance as the line. Determine the length of the matching stub and the 
distance from the receiver end of the line to the stub for each of the two correct 
stubbing points closest to the receiver by : 

(o) the analytical method of Art. 96, 

(6) the graphical method of Art. 99. 

11-17. Experimental data obtained on a certain high-frequency line shows 
that 7max/7mi n = 4.26 and the distance to the first voltage maximum is 0.208X. 
Determine the location of short-circuited matching stubs, and give the lengths of 
these stubs. 
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11 - 18 . A line whose characteristic impedance is 300 ohms is operating at 200 
megacycles, and it is desired to use this line to measure an unknown impedance 
which is connected across the receiver terminals, at x » 0. Experimental data 
yield V max = 100 units and F mln = 20 units, and the first voltage maximum (from 
x =» 0) is located at 12.5 centimeters from the receiver terminals. Find the value 
of Z r specifying both the magnitude and the phase angle of Z r . 

11 - 19 . Determine the value of characteristic impedance necessary for a matching 
section which is to match a line of characteristic impedance Z' 0 = 475 ohms resist- 
ance to a terminating impedance of 100 — j'100 ohms. Use the method of Art. 98. 
Specify, in terms of wavelength, the length of the section. 

11 - 20 . Solve Prob. 11-14 by the graphical method of Art. 99. 

11 - 21 . A line having a characteristic impedance of 300 /0^ ohms is terminated in 
an impedance of 100 /— 45° ohms. This line is to be matched to its terminating 
impedance by the use of a short-circuited stub which has the same characteristic 
impedance as the line. Determine the length of the matching stub and the distance 
from the receiver end of the line to the stub for each of the two correct stubbing 
points closest to the receiver by : 

(а) the analytical method of Art. 96, 

(б) the plotted form as illustrated in Fig. 11-18, 

(c) the graphical method of Art 90 



11 - 22 . The line and load impedance of Prob. 11-16 are to be matched by means 
of two stubs, one at the terminating impedance and the other of a wavelength 
from the terminating end of the line. Find the length of each stub necessary for 
matching. Each stub is to have the same characteristic impedance as that of the 
line. 

11 - 23 . Using the Smith chart, find the input impedance of a line for which 
Zo — 300 + jlOO ohms, pS = 338°, a = 0, and whose termination, Z r , is 100 — j200 
ohms. 

11 - 24 . A line is % wavelength long and must have an input impedance of 
600 + j300 ohms. Zo = 300 /(P ohms and a = 0. Find the terminating impedance 
using the Smith chart. 

11 - 25 . Solve Prob. 11-14 by means of the Smith chart. 

11 - 26 . Solve Prob. 11-16 by means of the Smith chart. 

11 - 27 . A lossless line, 3.8X long, which has a characteristic impedance of 
Zoi ** 140 /0^ ohms is terminated by an impedance Z r and is connected at its other 
end to a lossless line 2.6X long having a characteristic impedance of Z 02 = 70 /0 ° 
ohms, as shown in Fig. 11-35. 
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(a) What must the value of Z r be so that no standing waves are present on the 
140-ohm line? What is the standing wave ratio on the 70-ohm line? What is the 
value of the input impedance Z 5 ? 

(b) What must the value of Z r be so that no standing waves are present on the 
70-ohm line? What is the standing wave ratio on the 140-ohm line? What is the 
value of the input impedance Z s ? 

11-28 A line which has a characteristic impedance of 500 /0? ohms is terminated 
in an impedance of 500 + jbOO ohms. The line has an attenuation of 1 decibel per 
wavelength. What is the input impedance and standing wave ratio for a line which 
is 3 wavelengths long? 



CHAPTER XII 


ULTRAHIGH-FREQUENCY TRANSMISSION IN WAVE 
GUIDES — GENERAL 

Of increasing importance in recent years has been the transmission 
of extremely high frequencies, usually referred to as UHF transmis- 
sion. For this purpose two rather different systems have been used. 
One is the coaxial or concentric cable conductor which consists essen- 
tially of a tube with a rod placed inside of and concentric with it. These 
two elements constitute the two conductors of the line, and ordinary 
transmission theory can be applied, as shown in previous chapters. 
The second system makes use of a tube or pipe, rectangular, circular, or 
elliptical in cross section, with no internal conductor. The ordinary 
theory of transmission cannot be applied in general to this latter system. 
However, both can be h andled on the electromagnetic-wave basis, 
using Maxwell’s equati ons. 1 ^ 

A number of papers and books in recent years have treated the 
theory of such high-frequency transmission rather fully, and reference 
should be made to them for more complete information. 

The second method mentioned, that of transmission through a hol- 
low tube, is generally referred to as wave-guide transmission of ultra- 
high frequencies. In a sense this is misnamed, as any method which 
confines the propagation to a certain direction may be called a wave- 
guide method. For instance, the ordinary parallel-wire system can 
be treated on the basis of electromagnetic waves guided by wires. 
However, the name has come to be associated definitely with this par- 
ticular method and always means the propagation of electromagnetic 
waves through hollow tubes. 

The material of this and the following chapters treats, in an elementary 
way, the theory of transmission through rectangular and cylindrical 
guides. Maxwell's equations will be needed for both types of trans- 
mission, but for the cyli ndrical type Bessel functions 2 w ill also be 
required. VA ~ ~ 

102. Elements of Field Configuration. In beginning a discussion of 
the elementary theory of the so-called wave guide it is first advan- 

1 See Appendix VI. 

2 See Appendix VII. 


246 




BOUNDARY CONDITIONS AND FIELD DISTRIBUTION 247 

tageous to emphasize that the propagation which takes place is through 
the dielectric material inside the guide. In considering the propaga- 
tion of radio waves in space it is seen that whatever energy is trans- 
ferred is conveyed by the advance of the electromagnetic wave. In 
radio this propagation is more or less in all directions unless a directive 
antenna is employed, whereupon the field is constrained to advance 
only in a relatively limited space. The wave guide serves merely to 
limit this field to still more definite bounds. The theory remains 
that of the propagation of the electromagnetic field which is based on 
Maxwell's equations. 

In order to understand the material that follows it is essential to have 
in mind a relatively clear physical picture of the type of transmission 
to be considered. There are many modes of operation (or excitation) 
possible, and those treated in the following pages are selected as illus- 
trative of the general problem. The ones selected are also the ones which 
are normally used in practice. 

First, some elementary properties of electromagnetic fields must be 
reviewed. A fact which is fundamental to the general discussion here is 
that in th e elect romagnetic field the electriciings Qf force (the E vectors 3 ) 
al ways cross the^ magnetic lines at an angle of 90°. This can be seen in 
an elementary manner by reference to equation A-63. Note from this 
equation that if the electric field is assumed to be entirely in the y 
direction, that is, E x = E z = 0, then the magnetic component H y is 
identically zero, showing that H and E must be perpendicular. Thus, 
inji wave gu ide, the electric jand magnetic lines are mutually perpen- 
dicular, regardless of the shape of _the .guide, and this fact in itself 
presents a means of obtaining an idea of the configuration of the field. 
The detailed configuration for a particular case however will depend 
on both the method of excitation used to establish the electromagnetic 
field and the boundary conditions existing at the walls of the guide. 

103. Boundary Conditions and Field Distribution. Those conditions 
or restrictions which are imposed on an electromagnetic field at its 
boundaries are called boundary conditions. I n a n electromagnetic 
field which exis ts w ithin an enclosure made of material having infinite 
conductivity the electric vectors (E) must always intersect the boun dary 
of the enclosure at 90° angles. In others words, at the surface ot the 
boundary the re can be no ta ngential component of the electric. -fields 

8 In electromagnetic theory it is customary and convenient to employ the symbol 
E to represent the electr ic intensity (the negative of the potential gradient), even 
though the same symbol is used to represent emf (or potential difference) in circuit 
theory. The context of the subject matter will clearly indicate which of the two 
physical quantities is intended. See footnote (2), Chap. XIII, on notation. 
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since the material, having infinite conductivity, ca nnot support a po^ 
tential gradient. This then constitutes a boundary condition. Also 
at TuglTfrequencies the current is found to flow in a very thin layer on 
the inside surface of the guide. (Refer to Fig. A-ll, Appendix VI.) 
In this connection it is of interest to note that the conducting surfaces 
of wave guides are sometimes silver-plated to improve the conductivity 
and that only a very thin layer (in the order of 1CT 8 centimeter) is 
required to make a guide behave essentially as would a structure of solid 
silver. 

Interest in the present treatment lies primarily in propagation through 
two types of wave guides, the rectangular and the cylindrical. In the 



Fig. 12-1 Illustration of displacement current-density vectois (Jd) and conduction 
current-density vectors ( J c ) m rectangular TEo 1 mode 


rectangular wave guide which is considered first the simplest mode of 
operation is characterized by the fact that the electric lines and the 


associated displacement current-density vectors 


('-•a 


are all 


perpendicular to the base of the tube and extend between the lower and 
upper Jjoundaries shown in Fig. 12-f7~ The Jd vectors in Fig 12-1 
may for example leave the lower boundary at right angles and make con- 
tact with the upper boundary in the same manner. These Jd vectors 
produce a magnetic field within the interior of the guide as indicated by 
the dashed lines and establish conduction current densities in the walls 
of the guide as indicated by the J c lines shown in Fig. 12-1. The 
various time- phase relationships cannot be shown in a diagram of this 
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kind, and neither can the space densities of the electric and magnetic 
fields be depicted. These quantities can howeyer be determined from 
Maxweirs equations as is shown presently. Figure 12-1 serves the 
purpose of showing the reader that the interior of the guide is filled with 
( dE\ 

Jd vectors (established by e — 1 and that these current-density vectors 
are rendered continuous by conduction current-density vectors, J e , 






Fig. 12-2. Illustrations of three possible modes of excitation in rectangular wave 
guides, (a) TEo.i, (b) TEo,2, ( c ) TE 0 ,3. 

which exist in the metal walls of the guide. The precise manner in which 
the Jd vectors establish a magnetic field within the interior of the guide 
and the manner in which the E and H fields interact to produce wave 
propagation along the axial length of the guide will follow a solution of 
MaxwelFs equations which are applicable to the particular boundary 
conditions employed. 

For the present, we shall assume that the Jd configuration shown in 
Fig. 12-1 may be established in a rectangular wave guide and that in this 
configuration Ed (which establishes Jd) varies as a half sinusoid from 
one vertical wall to the other. (Various methods of excitation are 
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shown in Fig. 12-2.) In any case, E d must be essentially equal to zero 
at either vertical wall, and, if the guide is excited in such a manner that 
maximum E d occurs at the mid-section, then the half sinusoid of space 
variation of E d will fit the boundary conditions. Later it is shown that 
this space variation of the E d vectors will satisfy Maxwell’s equations 
and hence represent a possible mode of operation in the rectangular 
wave guide. 

Since J c = E c /p = gE c , the electric-field intensity E c in the metal 
wall is negligibly small if g (the conductivity of the metallic walls) is 
sufficiently high. Unless the HI 2 power loss in the walls of the guide is 
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(b) 

Finite conductivity 

Fig. 12-3. Effect of guide conductivity on shape of electric lines. Propagation in z 
direction Rectangular TE mode. 


of immediate concern, it is customary to assume that E c is equal to zero, 
and this assumption is equivalent to assuming g = oo. 

If g = oo , the electric vectors meet the top and bottom walls of tl e 
guide at precisely 90° as shown in the side view of the guide in Fig.l2-3a. 
If however, g is finite, a small value of E c exists at both the top and 
bottom walls which results in a slight tilt of the E vectors at these walls 
as shown in Fig. 12-36. For good conductors, however, this tilt is so 
slight that it is neglected except where the power loss in the walls is 
under consideration. 

Wave guides may be excited in many different ways with the result 
that many modes of wave propagation may exist in the guide. 4 In 
Fig. 12-2 are shown three different modes of excitation of rectangular 
wave guides. In each case the electric intensity vector is introduced into 
the guide along a conductor, which is an extension from the output of the 

4 It should be recognized that any field configuration which represents a solution 
of MaxwelFs equations and at the same time satisfies the boundary conditions 
imposed by the metallic walls of the guide represents a possible mode of operation 
of the guide. The following chapters are devoted to the details involved in estab- 
lishing particular modes of operation, and much of what is said here about wave 
guides is established on a more rigorous basis in these chapters. 
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oscillator employed to energize the system, in such a manner as to make 
the E field transverse relative to the axial leugth of the guide. (See 
Fig. 12-4.) The intensity of the electric field varies sinusoidally in 
space, and of the various number of possibilities three are shown in 
Fig. 12-2. The designations employed to distinguish these three modes 
of excitation are TE 0( i, TE 0 , 2 , and TE 0| 3 where the TE indicates that the 
electric field is always transverse relative to the direction of propagation, 
that is, relative to the axial length of the guide. The subscripts 0 



indicate that zero space variation of the E vectors occur along the y axis 
of Fig. 12-4, dE/dy = 0; and the subscripts 1, 2, and 3 refer to the 
number of half sinusoids of space variation of E which occur between 
x = 0 and x = 6 of Fig. 12-4. (More elaborate schemes of notation are 
sometimes employed, but where only a few of the more basic modes of 
operation are to be considered the scheme employed here appears to be 
satisfactory.) 

In Fig. 12-2a the electric intensity is so distributed that it is maximum 
in the middle at x = 6/2 and essentially equal to zero at the side bound- 
aries (x = 0 and x = 6) because of the high conductivity of the walls. 

In Fig. 12-26 the boundary conditions are still fulfilled, but the space 
variation of the electric field intensity goes through one complete cycle 
from zero at x = 0 to zero at x = 6/2 and to zero again at x = 6. This 
mode of operation is induced into the guide by injecting an E y at x — 6/4 
which is equal in magnitude but opposite in direction to the E y which is 
injected at x = 36/4. 
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The mode of excitation illustrated in Fig. 12-2c is similar in certain 
respects to a in that the intensities of both electric fields are zero at 
2 = 0 and x = 5 and maximum at x = 5/2. 

In the cylindrical guidesh own in Fig. 12-5 it is obvious t hat the only 
su rface in cont act with the elect romagnetic field is the inner surface 
of the^ miidfi . at ihe r adius r = 5. ^jfcjbhis surface the boundary con- 
dition reguires^that the tangential component of the electric field be 
zero" The field however may exist in such a tube in a number of 
different configurations. In any case it will be noted that, if cylindrical 
coordinates are used as shown, there are two components of the elec- 



Fig. 12-5. Coordinate system for cylindrical wave guide. 


trie field which may be tangential to the inner surface, E$ and E z . 
These components must reduce to zero when r = 5 if a perfect con- 
ductor is assumed. Two possible modes which may exist in such a 
tube are considered in the following pages. The first mode, shown in 
Fig. 12~6a, has electric lines which meet the inner surface perpendicu- 
larly, E$ being zero, and which have components E z in the z direction 
only at values of r less than b. It is to be noted also that in this mode 
the field is entirely symmetrical about the axis of the tube. The 
other mode to be considered is shown in Fig. 12-65. The electric 
lines again meet the inner surface perpendicularly ; but now, although 
no E z component exists, there exist both E r and E$ components. It 
must be kept in mind, however, that at r = 5, E$ must be equal to 
zero. Note that in each of these modes there are no tangential com- 
ponents of the electric field at the boundary. 
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The mode of operation shown in Fig. 12-6a is designated as TM since 
t he magnetic fi eld is transverse relative to the ftxis of j^ ube and the 
mode indicated in Pig. b is designated as TE since the electric field 



(b) 

Fig. 12-6. Configuration of electric lines in TMo.i and TEi.i, waves. 

is now transverse. The subscripts employed in connection with cylin- 
drical wave guides have meanings which are somewhat different from 
those used in connection with rectangular guides. (See page 297.) 

104. Field Configuration and Propagation. Whether one mode or 
another will actually exist depends on a number of factors to be con- 
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sidered later. The immediate question concerns the configuration of 
the magnetic lines which must occur in conjunction with the electric 
lines. It is necessary to make use of the previously expressed require- 
ment that magnetic lines are everywhere perpendicular to electric 
lines, and it must also be recalled that magnetic lines must be continuous. 



Fig. 12-7. Field configuration in rectangular guides, TEo.i wave. 

Electric lines of force. 

Magnetic lines of force. 

The circles with crosses and dots represent direction of magnetic lines according to 

the usual convention. 


Let the rectangular TE 0 ,i mode be considered first. It was seen 
that the only existing electric field component is E y . This fact im- 
mediately requires that the magnetic lines be confined to the x-z plane, 
or in other words the magnetic field can have no y component. Since 
the magnetic lines must be continuous, they then exist as closed curves 
parallel to the x-z plane, such as shown in Fig. 12-7c. An inspection 
of Fig. 12-7o will show that the electric and magnetic lines of force 
are represented as having definite directions shown by arrows. Refer- 
ence to the meaning of the Poynting vector as established in the vector 
method of handling field equations will establish the following facts. 
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The flow of power in an electromagnetic field at any point will be given 
by the equation 

p - E x H watts/sq m 


or, if 4> is the space angle between E and H, the value of p may be written 
p = | EH | sin <(> watts/sq m 
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(b) 

Side section e-e' 


Fig. 12-8 Field configuration in rectangular guides, TEo ,2 wave. Corresponds to 
type of excitation shown in Fig. 12-26. 

Electric lines of force. 

Magnetic lines of force. 

The cncles with crosses and dots represent direction of magnetic lines according to 

the usual convention. 


Here <t> is the smaller space angle between E and H , and the direction of 
propagation will be given by the right-hand rule applied as follows: 
Let the curled fingers of the right hand lie in the plane of E and H 
and point in the direction from E to H through the smaller angle ; then 
the thumb will point in the direction of power flow. Applying this 
rule to Fig. 12-7o, using the directions of E and H as shown, it is found 
that the direction of propagation is along the positive z axis. In Figs. 
12-76 and 12-7c the propagation is toward the right. 

The rectangular mode TE 0 ,2 is similarly portrayed in Fig. 12-8. 
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Of the cylindrical modes to be considered, that illustrated in Fig. 
12-6a, known as the TMo.i, allows of only one component of the mag- 
netic field. It is clearly seen that with the electric lines as shown, if 
the magnetic lines are to be everywhere perpendicular to the electric 



Fig. 12-9. Field configuration in cylindrical guides, TMo.i wave. 

Electric lines of force. 

- Magnetic lines of force. 

The circles with crosses and dots represent direction of magnetic lines according to 

the usual convention. 



Section c-c f |«' 

Fig. 12-10. Field configuration in cylindrical guides, TEi.i wave. 


Electric lines of force. 

Magnetic lines of force. 

The circles with crosses and dots represent direction of electric lines according to 

the usual convention. 

lines, they must then lie in concentric circles about the axis. In other 
words only the He component can be present, as illustrated in Fig. 
12-9. Note here again that the directions of the transverse com- 
ponents of the field are such that the propagation takes place to the 
right or in the z direction. 

The necessary configuration of the magnetic lines in the TEi f i cylin- 
drical mode is not so easy to visualize. However, a careful inspection 
of Figs. 12-66 and 12-10 will show that the magnetic lines must consist 




DETERMINATION OF TUBE SIZES 


257 


of closed loops which lie parallel to the z axis and which are curved 
appropriately about this axis in order to be everywhere perpendicular 
to the electric lines. It is thus seen that the magnetic field in this 
mode of transmission must have all three possible components, H rt 
H $ , and H z . In Fig. 12-10 it is again seen that the directions of the 
fields are such as to produce propagation in the z direction. 

105. Determination of Tube Sizes. In this and the following sec- 
tions, in order to present a brief outline of the physical aspects of wave 
guides as an introduction to later theoretical work, certain equations 
from future chapters will be used without immediate discussion of their 
derivation. These equations are intended to show some of the char- 
acteristic features of wave-guide transmission which will be derived in 
some detail in later chapters. 

Wave guides f i n general, act like high-p ass filters transmitting only 
frequencies above a certain critical or “ cut-off ” value. For this reaso57 
as^Will be seen, they are suitable, in reasonable sizes, tF^ rans- 

mission of extremely high frequencies. Fortunately the equations 
giving this cut-off frequency in terms of tube size or vice versa are very 
simple. 

The discussion will first consider the rectangular TE 0f i mode pre- 
sented in Fig. 12-7. It is shown in Chapter XIII that the cut-off 
frequency for this mode depends only on the width b of the tube and 
for an air dielectric is given by 

/o = - 1 cycles/sec [13-19] 

where c and b are respectively the velocity of light and the tube width in 
similar units, usually centimeters per second and centimeters, or meters 
per second and meters. Note that the dimension b must be the one 
which is perpendicular to the electric lines of the field in the simpler 
modes. When writt en in termsj)f the^ wavelength of^the vibration jn 
air this equationTJecomes 

Xo 35 c//o == 2 b 

which clearly shows that t he critical or c ut-off wavelength is that which 
will just fit into a sjgace twice as wide as the tube^ L onger wave- 
lengfhsfhaSthis will not be tra nsmitted. 

As an illustration let it be required to find the cut-off frequency and 
wavelength for a tube which is 10 centimeters wide. From equation 
13-19, 

3 X 10 10 

fo = - 1Q - 1.5 X 10 9 cycles/sec 
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The corresponding wavelength is of course 20 centimeters. Frequen- 
cies above 1.5 X 10 9 cycles per second will be transmitted, and for 



Fig. 12-11. Cut-off frequencies for various modes of transmission. 

b = radius of tube in centimeters 
b = width of tube in centimeters for rectangular guide 


practical work a frequency considerably above this value should be 
used. Equations for cut-off frequencies of various other modes are as 
follows. 
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For the TM 0 ,i mode in cylindrical guides (Fig. 12-9), 

fo = cycles/sec [14-20] 

27 TO 

where c is the velocity of light, b is the radius of the tube, and p = 2.405. 

For the TEi,i mode in cylindrical guides (Fig. 12-10) the equation is 
the same but with p = 1.84. 

Curves showing the relations between tube dimensions and cut-off 
frequencies are given in Fig. 12-11 for several different modes of opera- 
tion. These are plots of equation 14-20 using the appropriate value of 
p. Parenthetically, it should be noted that this equation applies also 
to the rectangular tube, for the TE 0 ,i mode, where b is the width of the 
tube, if p is taken as t. One curve is also given in Fig. 12-11 which 
represents the frequency for minimum attenuation of the TM 0 ,i mode 
as a function of b. The curves for / 0 are such that only combinations of 
/ and b represented by points above the curves result in transmission. 
For example, a tube is specified as having a radius of 4 centimeters. 
What modes will be transmitted at 4 X 10 9 cycles per second? The 
answer is immediately seen to be TE 0 ,i rectangular, TM 0 ,i, and TEij. 

The following tabulation gives the values of p to be used in the gen- 
eral equation for cut-off frequency : 


V 

Mode (cylindrical) 

1.84 

TEi,! 

2.405 

TMo.i 

3.83 

TEo.i 

3.83 

TM U 

5.14 

TM 2ll 

5.33 

TEi,2 

IT 

TEo.i (lectangular) 


106. Criteria for Selection of Shape and Size of Tube. The question 
now arises on what basis the type of tube to be used as well as the mode 
of excitation is selected. In the consideration of this matter it is neces- 
sary to note that a jisable tube should be somewhat larger t han the critir . 
cal size for the frequencyjn questi on. Also, for most modes there is 
afrequency at which minimum attenuation occurs, and this frequency is 
generally a considerable distance beyond / 0 . In the rectangular guide 
one other peculiarity is to be noted. If a tube having dimensions such 
that a = b is transmitting a certain frequency which is somewhat above 
the cut-off frequency, then the tube can transmit the same frequency 
with the electric lines parallel to the dimension b as well as perpendicular 
to 6. Thus such a tube can transmit the same frequency in two different 
orientations. Such a condition would cause considerable difficulty in 
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actual practice since, if detecting equipment were constructed to pick 
up only the wave which has E parallel to a, and if for some reason a 
parasitic vibration were set up at right angles to this wave, the detector 
would not indicate its presence. 

The problem of detection also dictates certain requirements in 
cylindrical tubes. If a detector were inserted through the wall of a 
cylindrical guide which is transmitting the TE lt i mode, it is seen that 
an accidental change in the orientation or polarization of the wave would 
result in a decreased pickup. In fact if the plane of polarization were 
to rotate 90° no indication at all would be obtained. On the other hand 
it is noted that the TM 0f i mode is circularly symmetrical, and such 
rotation of the wave would not cause any error in the detector reading. 

For transmission through rectangular tubes it has been intimated 
that a form other than square should be used in order to maintain what 
may be called the original polarization. There is also a requirement on 
dimensions fixed by attenuation. The fact can be shown that, for 
minimum attenuation for various tubes of the same perimeter but 
various values of a/b when transmitting the TE 0 ,i mode, a/b should 
be about 1.18 where a is the dimension parallel to the electric field. It 
will immediately be noted that these dimensions will allow the same 
frequency to be transmitted with both polarizations, and so the atten- 
uation requirement cannot be utilized. Thus, in spite of an increase 
in attenuation, a/b is made less than unity and may be made about 0.5 
in order to transmit as low a frequency as possible with a minimum of 
copper. The detailed considerations for size are somewhat involved, 
and in practical cases, since the transmission is generally for short dis- 
tances, the primary determining factor may be convenience. 

As an illustration, the attenuation for a rectangular copper tube 3 
inches by 1.5 inches transmitting at 3 X 10 9 cycles per second in the 
TEo.i mode may be calculated to be 5.0 decibels per 1000 feet. This is, 
of course, far from the ideal conditions. The attenuation for a tube 
having the optimum a/b ratio of 1.18 and the same cut-off and trans- 
mitted frequencies as the above 3-by-l. 5-inch tube is 2.96 decibels per 
1000 feet. Note that here no attempt has been made to transmit the 
optimum frequency. That the attenuation can be relatively low for 
ideal conditions is seen from the fact that this guide of 3 inches 
width, which has the optimum a/b ratio when transmitting the 
optimum frequency of 3680 megacycles per second, has an attenuation 
of 2.13 decibels per 1000 feet. 

The tube considered above, which has an attenuation of 5.0 decibels 
per 1000 feet, is designed to transmit 3000 megacycles per second. It is 
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interesting, before leaving this portion of the general discussion, to 
determine how well this tube meets the cut-off requirement. The 
cut-off frequency is given by equation 13-19. 

3 X 10 8 

h ■ 2 ~ X 3 X 0.0254 " l970meS “ ycles/sec 

Thus certainly 3000 megacycles per second is passed easily. For a 
wave with a 90° shift in polarization 

3 X 10® 

h - 2 X ~ 15 X 0.0254 " 3940 

Consequently this mode will not be transmitted, so there is no danger 
of a wave of the same frequency and mode existing in the tube at 
right angles to the original. The cut-off frequency for the next higher 
mode TEo ,2 is given by /o = c/6, and use of the relation shows that 
this mode cannot be transmitted since the cut-off frequency is either 
3940 or 7880 megacycles per second depending on orientation. 

The above discussion brings out the advantage of the rectangular 
tube transmitting the TE 0 ,i mode. If a/b is approximately 0.5 or 
less, the tube will not transmit any other mode or orientation at the 
given frequency. The disadvantage lies in the fact that the tube is 
not operating with minimum attenuation. 

In order to decide definitely on tube size for a cylindrical guide it is 
necessary to consider the effect of size on attenuation. For most modes 
minimum attenuation exists at some definite frequency above cut-off, 
and this frequency varies for different tube sizes. It is advisable to 
select a tube size which will give a minimum attenuation at approxi- 
mately the frequency to be used. The TE lt i wave (Fig. 12-10) has a 
lower attenuation than the TM 0 ,i (Fig. 12-9). However, for short 
lengths, this disadvantage of the TM 0 ,i wave is outweighed by its 
advantage, mentioned above, gained by its circular symmetry. The 
relation for minimum attenuation in the TM 0 ,i mode is X/6 = 1.5. 
Actually however any value from 1 to 2 may be used, as in this region 
the attenuation remains substantially constant. For the TMo.i wave 
the attenuation curve is almost flat over a band width of about 2 times 
the cut-off frequency. In a tube of 4 centimeters radius for example the 
attenuation limits for such a frequency band are 3.96 and 4.15 db per 
1000 feet. 

As an illustrative problem, assume that it is required to determine 
the tube size to transmit 3000 megacycles per second and to prevent 
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the transmission of all modes above TM04. The cut-off size is given 
by equation 14-20. 


fo = 


3000 X 10° = 


3 X 10 8 X 2.405 
27 rb 


from which 


3 X 10 8 X 2.405 
3 X 10 9 X 2tt 


0.0383 meter 


Thus it is known that a tube larger than one having a radius of 3.83 
centimeters is to be used. From the relation \/b = 1.5, 


X 

b 

b 



c 3 X 10 8 

1.5/ ~ 1.5 X 3 X 10 9 
0.0667 meter 


Thus for minimum attenuation, the radius of the tube should be 6.67 
centimeters. It is now necessary to determine whether any higher 
modes will be transmitted through the tube. The cut-off size (radius) 

3 83c 

for the next higher mode, the TE 0 i, is given by / 0 = - *— • 

27 rb 

3.83c 
~ 2tt/o 


3.83 X 3 X IQ 8 
2tt3 X 10 9 


0.061 meter or 6.1 cm 


Accordingly the TE 0 ,i mode would be transmitted, and it is necessary 
to reduce the tube size to not more than 6.1 centimeters radius. Let it 
be reduced tentatively to a radius of 5.8 centimeters, and recheck the 
size for the optimum attenuation condition. 


X 

b 


1.72 


This is satisfactory because X/6 falls in the range from 1 to 2. It must 
be remembered that this tube can also transmit the TEi fl mode at 
this frequency, so that owing to some irregularity the tube may be trans- 
mitting two modes simultaneously. In this respect, rectangular wave 
guides do not suffer from irregularities or tortuosities to the same extent 
as circular wave guides. It is for this reason that rectangular wave 
guides are often selected in place of circular wave guides in actual 
practice. 
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107. Combinations of Tubes and Modes. Any practical system of 
wave guides will involve the problem of selecting tube shapes, sizes, 
and modes of vibration to be used. For the rectangular tube sufficient 
material has been covered to justify the selection of a guide having 
dimension a considerably less than b and transmitting its lowest possible 
mode, the TE 0f i. For purposes of ordinary transmission in a fixed 
system this method would be satisfactory. However it suffers from 
the lack of mechanical flexibility in that it is difficult to transmit the 
TEo.i mode through elements which may be changing their orientation 
with respect to the source. For this reason it would seem to be better 
to transmit only symmetrical waves through cylindrical guides, but, as 
stated previously, this permits of the existence of lower modes which 
will interfere with measurements. A compromise must be made by 
using the symmetrical mode in the movable sections and changing from 
one to another whenever necessary. This requires, of course, an easy 
way of changing from rectangular to cylindrical guides and vice versa. 

In such a composite system the indicating or detecting equipment 
would be attached to the rectangular guides at those points where only 
one mode can exist and that in the correct orientation. Thus any 
extra loss due to irregularity in the cylindrical section or in the couplings 
will show itself through an indicated increase in over-all attenuation. 

108. Methods of Excitation. Thus far the discussion has been con- 
cerned only with transmission through the guides. Two important 
additional problems, however, are excitation and detection of the waves. 
Generally speaking the excitation of any given mode may be accom- 
plished by setting up artificially at some point in a tube either an electric 
or magnetic field of the correct configuration. As a simple illustration 
let it be required to construct a transfer section which, fed by a small 
coaxial line, will set up the TE 0 ,i mode in a rectangular tube. In this 
tube the electric field is entirely transverse, consisting only of the com- 
ponent E y . The maximum intensity of this component occurs at the 
center of the tube where x - 6/2. Such a field suggests the possibility 
of extending the inner conductor of the coaxial line transversely through 
the wave guide parallel to E y , as shown in Figs. 12-2 and 12-12. The 
coaxial tuning stub b and the sliding collar a are used to provide a support 
for the end of the conductor as well as to provide a means for adjusting 
for maximum transfer of power from coaxial cable to wave guide. The 
transverse conductor is usually placed about a quarter wavelength from 
the closed end of the tube in order to provide for reinforcement due to 
reflection in phase at c. If the end of the tube were adjustable so that 
the distance from the conductor to the end could be varied at will, a still 
better match between coaxial cable and wave guide could be obtained. 
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Section a-a 

Fig. 12-14. Method of excitation for the TMo.i wave. 
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On account of the similarity in configuration between the rectangular 
TE 0f i and the cylindrical TEi,i modes the letter may be set up in 
exactly the same manner as in Fig. 

12-12, as shown in Fig. 12-13. 

The TMo.i mode has as a charac- 
teristic of the field configuration a 
well-defined axial component of E. 

The E z component is a maximum at 
the center of the tube, and such a 
field configuration suggests that this 
mode may be set up by projecting 
the center conductor of a coaxial 
cable into the end of the guide as 
shown in Fig. 12-14. The length of Fig - 12 * 15 ; Method of excitation for 
the rod projecting into the end of the cylindrical TMo.i wave. 

tube may be varied in order to obtain optimum transfer of power. 
Since the only magnetic component in this mode is He , an alternative 



TEu 

Fig. 12 - 16 . Modes of excitation. 


method of excitation is suggested as shown in Fig. 12-15 where a small 
loop fed by a coaxial line projects into the side of the tube and sets up 
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the appropriate magnetic field. This is the method which is used in 
the resonators of some klystrons. 

Transfer sections to be used to change from waves guides to coaxial 
lines are made exactly as in the cases mentioned above. In other words, 
if a section is good for transmitting from coaxial cable to wave guide, 
it will also be suitable for the opposite transmission. Alternative 
methods for exciting various modes in cylindrical guides are presented 
in Fig. 12-16. 

109. Methods of Detection. For detecting the presence of waves in 
a wave guide the most suitable means available at present is the ordinary 



crystal detector. The problem of detection is naturally divided into 
two classes, detection and pickup. It may be necessary merely to de- 
tect a wave as it passes along a tube in order to determine the relative 
amount of power being transmitted or to detect standing waves, etc. 
In other words it may be necessary to extract only a small amount of the 
power for purposes of some kind of indication. On the other hand it may 
be necessary to pick up all the power being transmitted, as for instance 
when receiving a signal. For the first use mentioned it is essential to 
disturb the wave in the tube the least possible extent. 

The first problem to be considered will be the detection of standing 
waves in a tube. A so-called traveling detector for either rectangular 
or cylindrical guides is represented in Fig. 12-17. This detector con- 
sists of a fine short wire probe projecting through and insulated from a 
slide which travels in a longitudinal slot in the guide. For the rec- 
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tangular guide it is necessary that this detector travel in a side of the 
guide which is perpendicular to the electric lines of force. It should be 
centered laterally so that its position is at x = 6/2 when used to detect 
the TEo.i mode. In this position the electric intensity is a maximum, 
and thus the amount of pickup will be greatest. The probe should be 
as short as possible so as not to disturb the field any more than necessary. 
Electric lines will end on the probe, thus producing a potential difference 
between it and the material of the guide near the slot. The probe is 
connected through a crystal detector to the slide itself, while across the 
detector is connected a capacitor and a microammeter. This detector 



Fig. 12-18. Wavemeter for measuring wavelength in guide. 


is known as the shunt type. As the detector is moved along the slide, 
a pulsating direct current which is a function of the electric-field intensity 
at the point in question flows through the microammeter. By this 
means the distribution of the field in the tube can be easily determined. 
Various mechanical constructions may be used for the traveling detector. 

The shunt type of detector is used also in resonant chambers, or 
wavemeters. One of these is represented in Fig. 12-18. In this 
instance a small amount of power is introduced into the chamber at A 
through the coaxial cable. The plunger P is moved until the open space 
in the tube is some multiple of a half wavelength, whereupon resonance 
will occur, and the probe and detector at B will indicate a maximum 
reading. The probe should be placed approximately one-quarter wave- 
length from the solid end of the chamber. By adjusting the plunger 
to successive positions which result in maximum readings the wave- 
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length can be found. It must be remembered that the detectors must 
always be in the wall on which the electric lines end. This applies 
to all three modes considered previously. With the TEi.i cylindrical 
mode, care must be taken that the polarization of the excitation is such 
that the electric lines meet the tube near the probe. The optimum posi- 
tions for the detector for the three modes are shown in Fig. 12-19. 
Note especially that there is no special “ best ” location of the detector 
in the TMo t i cylindrical mode. Such a fact agrees with the previous 
statements as to the advantages of the TMo.i mode. Note that, in 
the cylindrical TEu mode, the detector becomes less effective if for 
some reason the polarization changes. In particular, if the polarization 


Detector Detector 


Rectangular TE 0l Cylindrical TE I X Cylindrical TMo, i 

Fig. 12-19. Optimum positions for detector. 

rotates by 90°, no power at all can be picked up. In the rectangular 
TE 0l i mode, if the tube were constructed so that the required frequency 
may be transmitted in both polarizations simultaneously, the detector 
when placed as shown will indicate only the intensity of the wave which 
has vertical electric lines. 
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PROBLEMS 

12-1. In Fig. 12-1 assume that at the center of the guide Ed is 50,000 volts per 
meter of sinusoidal time variation, the frequency of which is 3 X 10 9 cycles per 
second. Determine the maximum value of the displacement current density at the 
center section, assuming that e r — 1. 

12-2. A frequency of 2500 megacycles per second is to be transmitted in a rec- 
tangular guide in the TEo.i mode. Determine the minimum dimension of tube 
width b for such a tube, and suggest a value for the dimension a. Give reasons for 
the choice of dimension o. 

12-3. Find the cut-off frequency for a rectangular tube having dimensions of 
a = 1 cm and b = 3 cm when transmitting in the TE 0 ,i mode. Calculate the 
values of v p and \ g in this tube when transmitting at a frequency of 2/o. 

12-4. Specify the range in size of cylindrical tube which will transmit in the TEi (1 
mode at 4000 megacycles per second but which will not transmit the TMo.i mode at 
this frequency. 
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12 - 5 . Specify the range in size of cylindrical tube which will transmit in the 
TMo,i mode at 4000 megacycles per second but which will not transmit the TEo.i 
mode at this frequency. ' 

12-6. A cylindrical copper tube is to be used for the transmission of the TMo.i 
mode at a frequency of 3500 megacycles per second. What will be the optimum 
size of tube? Will this tube transmit the TEo.i mode at this frequency? 

12 - 7 . It is required to transmit 5000 megacycles per second through a system 
composed of several feet of rectangular guide operating into a section of cylindrical 
guide. The rectangular tube is to transmit in the TEo.i mode and the cylindrical 
tube in the TMo.i mode. Specify the size of rectangular tube and the size of cylin- 
drical tube necessary. Design a coupling for joining the two sections together. 

12 - 8 . Suggest a method for connecting a klystron to the rectangular guide of 
Prob. 12-7 and for transferring the power from the cylindrical guide to a coaxial 
line. Adjustments should be provided for obtaining the maximum transfer of power. 



CHAPTER XIII 
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In the previous chapter the general problem of wave-guide trans- 
mission was outlined, and certain equations were used for which no 
derivations were given. The present chapter is devoted to the mathe- 
matical theory of the rectangular wave guide and to the derivation of 
its fundamental equations. The theoretical derivations begin with the 
electromagnetic equations developed in Appendix VI. 

110. The Differential Equations. Let the problem be proposed to 
find the characteristics of transmission through a rectangular tube such 
as shown in Fig. 13-1. The “ dominant ” mode of transmission which 
is to be considered is designated by the letters TEq.i. 1 The width of 
the tube is b in the x direction, the depth is a in the y direction, and the 
longitudinal dimension is along z. The forms of Maxwell’s equations as 
they apply here are equations A-57, A-58, A-59, A-62, A-63, and A-64. 


dHy 

dx 

dH z 

dy 


dH x dzE z 

— = gE z + — 
dy dt 


dH y 

dz 


qEx + 


deE x 

dt 


[A-59] 

[A-57] 


1 See “ Electromagnetic Waves in Metal Tubes of Rectangular Cross-Sec tion,” 
by John Kemp, I.E.E . , Part 3, Sept. 1941, for an alternative treatment. 

The method of designating the modes of transmission is based on the components 
of the field which arc transverse. Thus a field designated by TE n>m has only trans- 
verse components of the electric field, in the “ dominant ” mode E y only, although in 
general E v and E z may both exist, as well as 11 x , H yi H z . However, there would be 
no E z component. The designation TM n ,m means that only transverse components 
of the magnetic field exist while all components of the electric field may be present. 

The subscript notation, as applied to rectangular guides, refers to the number of 
half wavelengths or maxima of the field-intensity distribution which fit transversely 
into the guide at the cut-off frequency. The index n indicates the number of half 
wavelengths found along the y axis and m the number found along the x axis. Thus 
in the TEo.i mode there is no variation in the electric field along the vertical side, 
whereas along the base the electric field intensity varies from zero to a maximum 
and to zero sinusoidally, covering one-half wavelength of this variation. Waves 
such as TEi, 2 and TE 2 ,i which have complementary indexes are alike except for 
orientation in the guide. 
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dH x 

dz 

dH t 

dx 

... n -p , d*Ey 

- gE ‘ + dt 

[A— 68] 

dEy 

dx 

dE x 

dy 

dt 

[A-64] 

dE t 

dy 

dE v 

dz 

dfi 0 H x 

dt 

[A-62] 

dE x 

dz 

dE t 

dx 

dnoH v 

dt 

[A-63] 


A solution of these equations, as given, would yield propagation in an 
arbitrary direction in space. In order to simplify matters, since it is 



known that propagation is to be in the z direction and also that it is 
desired to treat of only sinusoidal variations in time, some adjustment 
is necessary. Since only sinusoidal functions are involved, all the 
time derivatives in the above equations can be eliminated. The 
terms involving time derivatives will now be transformed as follows: 
Let H and E be replaced by fKV and &e )iat respectively where the new 
3ff , s and &’s are independent of time and are functions of the space 
coordinates only. 2 

2 In the notation of Chapters XII, XIII, XIV, XV, and Appendix VI the light face 
E and H are general space vectors and are functions of x, y, z, and t. The bold face 
script 3 and script 3Ff are functions of the space coordinates only. The light face 
script 3 and script 3C are functions only of the space coordinates exclusive of z. 
Where it is necessary to indicate the usual a-c complex vector, which indicates phase 
position, bold face E’s and H's will be used with or without subscripts as the situa- 
tion may demand. This is a departure from the system used in previous chapters 
and should be carefully noted. 

Wherever the exponential term is used it is to be remembered that only the real 
part of its trigonometric equivalent is retained. The substitution is justified because 
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Where no subscript appears with either E or H it is meant that the 
expression is general and that any subscript desired may be provided. 
Also that which is given immediately following concerning 8 applies 
also to 3C. The assumption made above concerning the dependence 
of E on time amounts to assuming that E is given by the product of 
two terms : 8 and c* ut , or 

8 


where 8 is now a function of x> y, and z only. Thus in MaxwelPs 
equations E may be replaced by the above expression, and the deriv- 
ative deE/dt may be replaced by ds &e Jut /dt = jcae&6 J0,t . It will be found, 
as shown in the following paragraph, that the time derivatives will dis- 
appear and that the exponential terms may all be divided out. 

of the ease with which the exponential is handled mathematically. Its use may be 
made clearer by the following brief illustration : 

Suppose that a function H is known to be made up of a part dependent sinusoidally 
on t and a part tK dependent on y , and z only. Write 

H = 3CV W ‘ 

Remembering that only the real part is to be retained, this is equivalent to 

H — 3f cos ml [A] 

= real part of tK (cos (at + j sin (at) [B] 

Now let it be required to find dH/dt. This may be written in two ways, either in 
the direct manner as from equation A, 

I (DC cos id) [C] 

at 

or as the real part of 

| (3 KV"') ID] 

These will be shown to be equivalent. From C, 

0 

— (tK cos <at) = — to sin (at [E] 

at 

From D, 

| (5KV“‘) = TKjo>e lut 

at 

= tKju (cos wt + j sin id) 

-3f ( — w sin (at + j(a cos (at) 

of which the real part is 

— fK* ci a sin c at [F] 


which is seen to be the same as equation E. 
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Let attention be directed to the type of propagation where the only 
component of the electric field present is $ y . This requires that 
S* = S j « 0, although all components of 3C may be present. The 
above equations become, after transforming the t derivatives: 


dtKy 

d3f« 

dx 

dy 

dW, 

dfJCy 

dy 

dz 

a3C« _ 

dJC z 


dz dx 


S&y _ 

dx 

d&y = 

dz 

0 = 


0 

[13-1] 

0 

[13-2] 

( g + faz)&y 

[13-3] 

— fanout 

[13-4] 

— fanoWx 

[13-5] 

— fano^Ky 

[13-6] 


From equation 13-6 it is seen that DC y = 0. 

Let equation 13-4 be differentiated with respect to x. 


d3C z _ _-l . d 2 & v 
dx fan o dx 2 


[13-7] 


From equation 13-5 there is obtained, upon differentiation with re- 
spect to z, 


d3C x _ 1 d 2 & v 
dz fan o dz 2 


[13-8] 


If the expressions 13-7 and 13-8 are substituted into equation 13-3, 
there is obtained 


1 d 2 &y 1 d 2 &y 

fano dz 2 fan o dx 2 


(fir +j«s)S„ 


[13-0] 


Let this equation be rewritten 


d 2 & y d 2 & y 
dz 2 dx 2 


(— u 2 nos + junog)& u 
h 2 6 v 


where h 2 = —a? no e 4* fan off. 


[13-10] 
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The solution of the differential equation 13-10 will give & y as a 
function of x and z. From the value of & y the SFTs can be determined 
by using equations 13-4, 13-5, and 13-6. 

111. Solution of Equation 13-10. It is to be expected from previous 
considerations that the propagation of the wave along the tube should 
give rise to some change in & y analogous to that experienced by the 
voltage vector on a transmission line. In other words, it is safe to 
assume that part of the solution, that depending on z , is 

E y i = KC yz 

where y is the usual propagation constant, written y = a + J0. Thus 

&y = Eyi&y 

= & y Ke~ yz 

where & y is a function of x and y only. Equation 13-10 then becomes 

+ ^Ke-" = (-a>V + jww)& u Ke-" 

or, differentiating the first term and dividing out Ke~~ yz 

d 2 fb 

Y 2 &v + ~T~2 = (" w W + junog)& y 

ox 

or 

d 2 6> 

~~2 = (~ V 2 ~ + jufj. 0 g)& u [13-11] 

ox 

Since the propagation is taking place in a region where g = 0, equation 
13-11 may be written 

^ =■ (13-12] 

where k 2 = y 2 + and S y is a function of x and y only. 

The solution of equation 13-12 is known to be of the form : 

& y = A[ cos kx + A 2 sin kx 

It has been assumed that the z term of & y is KC yz so the complete 
solution of & y becomes 

S y = (& y E y i 

= (A[ cos kx + A' 2 sin kx)KC yz 
= ( A\ cos kx + A 2 sin kx)e~ yz 


[13-13] 
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Two boundary conditions exist which will allow two of the constants, 
one of the A* s and k t to be evaluated. They are 

& V = 0 

when x = 0 and x = b 

These conditions exist because at the inner surface of the metal tube 
where the conductivity has been assumed infinite zero-potential differ- 
ence and hence zero-potential gradient exist. Using these conditions, 
two equations result 

0 = [Aj(l) + A 2 (0)]r yz 

0 = [A i cos kb + A 2 sin kb]C^ x 

From these equations it is easily seen that 

Ai — 0 

A 2 sin kb = 0 [13-14] 

From equation 13-14 it is found that kb must be equal to zero or to 
some multiple of t radians; that is, k = rmr/b . Making this substi- 
tution for fc, the solution of equation 13-13 may be written 

& y = Ae~ yz sin [13-15] 

where the subscript has been dropped from the constant. The above 
interpretation requires that 

TT= Vy* = ~ [13-16] 

112. Propagation Constant, Cut-Off Frequency, Velocity, Wave- 
length. Since there are an infinite number of possible values for m , 
there exists an infinity of solutions for equation 13-15. An important 
mode of vibration is obtained, however, for the lowest practicable 
value of m, that is, unity. The wave obtained Tor this mode of vibra- 
tion is variously referred to but will be denoted here by the symbol 
TEo.i. For m = 1, equation 13-16 provides a means of determining 
■y the propagation constant. Thus 

Vy 2 + w 2 Mo e = ^ 

V + - (0’ 
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from which 



[13-17] 


According to equation 13-17, y may be either a real quantity or a 
pure imaginary, depending on the relationship between ( ir/b ) 2 and 
wVos. Interest in the present discussion, however, lies only in those 
waves which are propagated with no attenuation, and thus y must be 
a pure imaginary ; that is, y = 0 + jp. Accordingly 


or 



[13-18] 


If mks values for mo, £ , and b are employed, P is expressed in radians per 
meter length of tube. 

The vanishing of a is a direct consequence of the assumption that the 
material of which the tube is constructed is a perfect conductor. In 
order for ft to be real, it is seen from equation 13-18 that o> 2 mo£ must be 
greater than (t/ 6) 2 . It thus appears that the wave guide will transmit 
only frequencies above a certain cut-off frequency / 0 . The cut-off 
frequency is obtained from the equality, 

o>onoe 
or 

wo 

♦ 

The cut-off frequency is 

/o 



7= cycles/sec 

26 V/x 0 e 


For air, 1/V^ 0 c 0 = c, the velocity of light. 
Therefore 

/o-~ cycles/sec 


[13-19] 
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As an illustration, let it be required to determine the cut-off frequency 
for a rectangular tube with dimensions of a ='5 cm and 6 = 8 cm. 'It 
should be noted that no restrictions have thus far been placed on the 
value of a. For this tube 

3 X 10® 

fo = 2X0 TO = 1875 me 8 ac y cles /sec 

The phase-shift constant for this frequency is of course zero, but it 
increases indefinitely in value as the frequency is increased above the 
cut-off frequency as indicated by equation 13-18. 

The phase velocity is given by 


v p 


03 03 

- = " == . ===== meters/sec 

* W 7 ® 


and the wavelength \ g in the guide is 




2tt 





meters 


[13-20] 


[13-21] 


Let the wavelength of the wave in air, corresponding to this frequency, 
be written as 



c 

2w 03 


where c is the velocity of light. Substitute this value of c/« into equa- 
tions 13-20 and 13-21, and 


03 



meters/sec 


[13-22] 
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Also 



[13-23] 


As an illustration let it be required to find the phase velocity and 
wavelength for a wave of frequency / = 3 X 10® cycles/sec in a tube 
of width b = 10 cm. 

2t3 X io 9 y 
3 X 10 8 / 

= 54.5 radians/meter 

2tt3 X 10 9 „ - 

v„ — — - — - — = 3.46 X 10 s meters/sec 
54.5 

\ 0 = — — = 0.115 meter or 11.5 cm 
54.5 




The wavelength in air for this wave is 


K-j 


3 X 10 8 
3 X 10 9 


= 0.10 meter or 


10 cm 


The striking result of these calculations is that the velocity in the 
guide is greater than the velocity of light, and as a consequence the 
wavelength in the guide is greater than that in air. Ij^is to be noticed 
that at the cut-off frequency 0 = 0 and both v p and A 0 are infinite* 

113. Components of the Magnetic Field. Equation 13-15 shows 
that & y is given as 

iroc 

& y = Ar T sin — [13-24] 

o 


when m has been set equal to unity. A is a constant which depends on 
the magnitude of the excitation only, and y = jV (co/c) 2 — ( 7 r/6) 2 . The 
remaining components of the magnetic field can be determined by 
means of equation 13-24. Thus, from equations 13-4 and 13-24, 


3C, 


1 d&y 

ju>Ho dx 


jAwe~ yz 



[13-25] 
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From equations 13-5 and 13-24, 


9C- = 


1 d& y 
JUHO 


_ jA' ye '* . irx 


sin • 


como 


[13-26] 


The component ^K v has already been shown to be zero. 

The calculation of the absolute values of the above components can 
be accomplished as follows : It is necessary to write the terms in their 
complete form, including the time term. From equation 13-24, 3 


Ey = A(~^ z e 3ut si 


sm 


7 TX 


irX 

= A [cos (a )t — fiz) + j sin (a d — fiz )] sin — 

0 

or, taking the real part, 


7 TX 

Ey( real) = A COS (ut - ftz) sin — 

In a similar manner, from equation 13-25, 
unob b 


[13-24a] 


^7 [cos (a )t — &z) + j sin (c ot — pz)\ cos — 
a )nob b 


of which the real part is 
— Air 


+ m. n TX 

j(reai) = ~T sin ( ut - ftz) cos — 

(jO^qD 0 


[13-25a] 


and, from equation 13-26, 

rr _ - 

xi x — € 

como 
—A ft 


TX 


sin - 

COMO 0 


it# 


[cos (erf — ffz) + j sin (c ot — fiz)] sin , 
como o 


or 


rr -^40 . v , TTX 

-n*(real) = COS (c ot — @Z) Sin — 

COMO 0 


[13— 26a] 


8 See footnote 2 of Art. 110. 
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These three equations will give the three components of the field any- 
where in the wave guide at any given time. Equation 13-24a, repre- 
senting the only component of the electric field, indicates, as has 
already been pointed out, that the electric field for this mode is dis- 
tributed sinusoidally across the guide. The nonexistence of a mag- 
netic component H y is consistent with the fact that the electric and 
magnetic lines must be everywhere perpendicular. In order to arrive 
at the actual shape of the magnetic lines it is necessary to derive an 
equation which will give the curves. To do this it is to be noted that 
the slope of the magnetic lines dx/dz at any point is equal to the ratio 
of H x to H z . 

The ratio is found from the equations 13-25a and 13-26a. 

dx H, » C0S ( “‘ - Sin (f) 

dZ H g T . . / 7Tt\ 

sm (w/ — 0z) cos ( —J 

Accordingly 

7 tx 


b , 0b cos (wf — 0z) l 

ax = — • **— . dz 

. tx t sin (ojI — 0z) 

sm — 
b 

or 

tx 0b 

cot — ax = — cot (c ot — 0z) dz 
b t 

On integration there is obtained 

In sin ^ = —In sin (c*>/ — 0z) + In C 
b 

TX 

In sin - — [- In sin (c ot — 0z ) = In C 
b 

TX 

or sin — sin (c ot — 0z) = C [13-27] 

A set of curves representing the magnetic lines of force in a rectan- 
gular guide of 8 centimeters width when transmitting a frequency of 
3 X 10 9 cycles per second is shown in Fig. 13-2. The curves are drawn 
for the time condition of t = 0. The wavelength in the guide is 12.8 
centimeters, and the cut-off frequency is 1875 megacycles per second. 
The numerical value of the constant C which appears in equation 
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Fig. 13-2. Magnetic lines of force in a rectangular guide. TEo.i mode. 
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13-27 determines which of the loops is under consideration. The 
numerical equation for the A loop of the figure is 

sin ^ sin (—0.4912) = —0.243 

with dimensions taken in centimeters. 

114. Calculation of Z 0 . Strictly speaking, since there are no con- 
ductors involved in the ordinary sense in the wave guide, a characteristic 
impedance does not exist for it. However, there are voltages and cur- 
rents involved, as may be seen by the following considerations: An 
electric-field intensity & y exists as given by equation 13-24. A po- 



Fig. 13-3. Illustrating the transmission-line analogy of a wave guide. 

tential difference therefore exists between the top and bottom of the 
guide. Furthermore, as shown in Appendix VI, it is reasonable to 
associate a current with H and thus also with 3T. In fact, H is ex- 
pressed in amperes per meter. It is also evident that H and the 
associated guide current should be at right angles to one another. 
This is clear even from the simple well-known expression H = // (2* d) 
where H is the field about a wire carrying a current /. Since & y is 
effective from the bottom to the top of the tube, by analogy it would be 
appropriate to find a current component which is directed along the 
z axis of the guide. This situation may be visualized to some extent 
by an inspection of Fig. 13-3. Here the total magnitude of voltage 
difference between the bottom and top of the guide at x = 6/2 where & y 
is maximum is obtained from equation 13-24 as 



[13-28] 
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since & v is constant in magnitude at any particular instant of time along 
the y axis. Since the term C yz affects all components the same for a 
given value of z, it may be omitted here. Also, by the circuital law of 
magnetism, it is known that the integral of 3C X around the path abcda 
of Fig. 13-3 will give the value of current I z flowing in the z direction 
along the lower plate of the guide. The magnitude is given by the 
integral, 

h = ftKjs 

Now at high frequencies it is clear that at any appreciable depth in the 
metal the electric vector & y and the associated magnetic vector 3fC z 
have been reduced effectively to zero, and so in integrating around the 
path abcda it is convenient to notice that only along a-b will there be a 
sensible value of JC X . (See Appendix VI concerning depth of penetra- 
tion.) Thus the current desired is easily obtained by the following 
integral : 

I z = jf DCzdx 


If the evaluation of I z is performed at z = 0, it follows from equation 
13-26 that , . 

x -Alt f°_; 


! jf *'(?)*' 

-©I 


2 A0b 

C0/I07T 


[13-29] 


Now it is clear that we have expressions for a maximum transverse 
potential difference across the center of the guide and for a longitudinal 
current based on the peak value of H x . (This is analogous to a trans- 
mission line having line conductors which correspond to the bottom and 
top plates of the guide.) Since the fundamental units of H and E are 
amperes per meter and volts per meter, we immediately obtain an 
expression for Z 0 (= V/I) from equations 13-28 and 13-29 which is at 
least the dimensional equivalent of ohms. 

V OWfJLQT 
0 ~ I 20b 

7TM0& & 

= ~26~* 0 


[13-30] 
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Using equations 13-20 and 13-22, this becomes 


Zo = 



or, expressed in terms of / instead of X 0 , it is 


[13-31] 



591a 

4-(g 4 


(Refer to Appendix VI for numerical values of g, e, and mo-) 

Another possibility for a definition of Z 0 is to define it as the ratio of 
E y m ax to H x max , a ratio which also has the dimensions of ohms. Em- 
ploying this concept and using equations 13-24a and 13-26a, 


591a 


%N 2 
/, 


ohms 


[13-32] 


Z 0 = 


CQMO 

0 


[13-32a] 


By way of illustration, this equation will be compared to equation 13-32 
for a = 5 cm, b = 10 cm, and / = 2 f 0 . For equation 13-32, 


591 X 0.05 _ , 

Zq = = 342 ohms 

0.10V1 - i 

For equation 13-32a, 


Z' 0 


2ir X 3 X 10 9 X 4ir X 10 -7 

, — ■ 


= 435 ohms 


In general, there is little agreement among the various definitions of 
Zo as applied to wave guides, and in practice the concept of character- 
istic impedance is not much used. Instead emphasis is placed on the 
standing-wave ratio, and correct termination is obtained when a travel- 
ing detector, similar to that shown in Fig. 12-17, indicates the samn 
voltage when moved along the guide for a distance of at least a hal ' 
wavelength. 

Illustrative Example. Let it be required to plot /o against the guide 
width 6, and /S, v p , \ 0} and Zo against the frequency for the 5-by-8-centimeter 
tube considered in Art. 112. It can be seen from equation 13-19 that the 
curve relating /o and b is a hyperbola. For b expressed in centimeters in this 
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particular case, 

15 

/o * — X 10 9 cycles/sec 
o 


This curve is shown in Fig. 13-4. 



Fig. 13-4. Variation of cut-off frequency with width of rectangular wave guide. 


For b expressed in centimeters, the value of 0 is given by equation 13-18 as 



= V4.39/ 2 X 10 20 — 0.1542 radians/cm 



cm/sec 



These three quantities are plotted in Fig. 13-5. 

It will be noted that the phase velocity in the tube is higher than the 
velocity of li^ht, only approaching the velocity of ligh t as a limit a s the fre- 
jqueacy is,i.nda fi ni te ly j&creas&d. 

The characteristic impedance is given by equation 13-32, from which 


Zo 



370 

0.0351 X 10 20 


f 2 


ohms 


It will be noted that Zo is imaginary for frequencies below the cut-off fre- 
njndjrt /q it m Jllillli TEe Emr^ng^yalue of the fm t 
qq^ncv increases yitfiqqfr ?70 ohms. The characteristic impedance is 

plotted in Fig. 13-5. 
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Fig. 13-6. Illustration of group velocity The scale for platting the resultant 
wave is not the same as that for waves y\ and y%. 
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■H5. Group Velocity. Thus far the only velocity considered has been 
the so-called “ phase velocity ” which is the Velocity of the crest of a 
wave whose time variation is sinusoidal. This velocity has significance 
only if one is speaking of a steady-state wave which is already in exist- 
ence. Obviously, no intelligence can be transmitted by means of this 
steady-state wave, and in communications of any kind waves must vary 
in a certain manner and must be finite in duration. The actual trans- 
mission of energy then takes place at a velocity known as .the .group 
velocity UT^nd” corresponds to the velocity of the region of reinforce- 
ment 'or Interference when two waves, for instance, of slightly different 
wavelength and velocity are superposed. In wave guides the group 
velocity is always less than the phase velocity. It will be found that, 
in the wave guide, although the phase velocity v p may become infinite, 
the group velocity is always less than the velocity of light. 

Let it be assumed that two slightly different waves exist which may be 
expressed as follows (see Fig. 13-6) : 

From equation 13-24a, 


real)l — A' COS («l< - & X z) 

= A' cos 2ir (fit — — ^ 
•®»(real)2 = A! COS 2ir (f 2 t — — ^ 


The sum of these two waves is 


E V =A’ j^cos 2ir (fit — — COS 2w (f 2 t — 

=2A' cosir ' cost jVi-/ 2 )<-^ 


When Xj = X 2 , 


/ i +/ 2 = 2 / fi-f 2 = d(f) 


and 


Then 


I + I = 2 - 

Xi x 2 x 


Xi x 2 \X/ 

Ey = |2 A' cos v £d(/)f — d cos 2t (ft — 

2 A' cos t J ~d(f)t — d ^0 z | cos y ( vt ~ 2 ) 


[13-33] 

[13-34] 



[13-35] 


[13-36] 
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Equation 13-36 is the expression for a wave traveling in the z direction 
with a phase velocity v and an amplitude given by the bracket term. 
Interest lies in the determination of the velocity of the crest of the 
resultant wave. This velocity is given by the condition that the 
amplitude term must remain at its maximum value, or 


-o- 


<W) 


(0 "00 


For the rectangular wave guide, 



l/o>) 

2 

i / 

f *\ 


— 


l\c) 

f 

Kb) 


[13-37] 


group velocity, v g = 


[13-38] 


An inspection of equation 14-21 shows that equation 13-38 holds also 
for the cylindrical wave guide Equation 13-38 shows that, since v p is 
always greater than the velocity of light, v g is always less than the veloc- 
ity of light. 

In passing, it is of interest to apply equation 13-37 to the distortion- 
less line treated in Art. 40, wherein 0 = w VLC. Then 

vie 


U>VLC 0 

) velocity and phase velocity are 


It is thus seen that for thisTHne the group velocity and phase velocity are 
&qual. 

116. Attenuation in Rectangular Guides. In the foregoing discussion 
of wave guides it has been assumed that the walls of the tubes have been 
perfect conductors and accordingly that at all frequencies above cut-off 
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the attenuation is zero. Actually guides 

I ngh-conductivity materials su ch as brasi^coppe r, and silver, and > the 
finite conductivity will of course produc e some joss in the guide since 
ther e will fre some penetration^^ into the metals (See Ap- 
pendix VI.) 

The procedure for calculating attenuation will be as follows : First, 
equations 13-24a and 13-2 6a will be rewritten to include an assumed 
attenuation term, e~ az , where a is the usual attenuation constant in 
nepers per meter. These expressions will be combined in Poynting’s 
vector (Art. 104) and integrated over the cross section of the guide. 
The power loss per unit length of the guide will then be found by 
differentiating the power with respect to z , and finally the expressions 
obtained may be rearranged to give an explicit expression for a in terms 
of normally specified quantities. 

Equations 13-24a and 13-26a, rewritten to include the attenuation 
term, are as follows: 

ttoc 

Ey = AC az cos («< - @z) sin j [13-39] 

H x = — — € az cos (cot — @z) sin [13-40] 

cono b 

Since the space angle between these fields is 90° and since the units are 
volts per meter and amperes per meter, we may write the peak power 
employing the Poynting-vector concept as 

p = c 2az cos 2 ( cot — j3z) sin 2 ^ watts/sq m [13-41] 4 
cofiQ b 

The time-averaged power per unit cross section of the x-y plane becomes 

= sin 2 ^ [13-42] 

The total power is now obtained by integrating over the cross section of 

4 This expression is positive because Poynting’s vector is written in vector nota- 
tion as 

p = E x H 
= j E y x iH x 
= -kEyH X 

which, on substituting equations 13-39 and 13-40, becomes positive. It is noted 
that the direction of propagation turns out to be + k which means that propagation 
takes place along the positive z axis as specified by equations 13-39 and 13-40. 
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the tube opening. This becomes 


A 2 f3a _ 2 P b . .« 

P t = - — t 2at 1 sm 2 — dx 

2«mo «A> b 


_ A 2 pab _ 2az 

4wmo 

[13-43] 

The power loss per unit length is 


dP t _ 2 aA 2 Pab 
dz 4uno 

[13-44] 

from which 


its 

II 

[13-45] 


This should be compared with equation 5-4G. (Note that if the right 
side of equation 5-46 is multiplied by the square of the line current in 
both numerator and denominator equation 13-45 is obtained.) The 

A 2 pab 

transmitted power at z — 0 is given by expression 13-43 as • 

4o)/xo 

To find P L note that at the surfaces of the guide we have the following 
expressions for H. Along the vertical sides such as at A in Fig. 13-7, 
from equation 13-25a, 

Air 

H z = 7 sin (cot — pz) [13-46] 

cofiob 


At a point such as B , from the same equation, 


H z = - 


wmo b 


sin (ot — Pz) cos 


irx 


[13-47] 


At a point such as C, from equation 13-26a, 


tt A/3 _ . . 7TX 

H x — cos (ot — pz) sm — 

COjUo b 


[13-48] 


In the preceding material, where the conductivity has been assumed 
to be infinite, there is no electric wave transmitted into the metal, and 
thus no power enters the walls. However in this case, where g is finite, 
an electric field may exist in the metal, and the immediate problem is to 
determine its magnitude. In changing g from infinity to its actual value 
for the guide walls, it will be assumed that the resulting percentage 
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change in the magnetic field at the surface is negligible. Just inside the 
metal surface there will be an electric field which will be determined 
through a knowledge of H and the characteristics of the metal. We may 
define the intrinsic impedance of the metal in terms of E/H as follows ; 5 
where boldface letters are now used because time phase angles enter the 
picture. 


Zi = \ — /45°ohms 


[13-49] 


’ 9 



Fig. 13-7. For determining the power loss in the walls of a rectangular wave guide. 


where of course g. and g refer respectively to the permeability and the 
conductivity of the metal walls of the guide. Then the electric fields 
corresponding to equations 13-46, 13-47, and 13-48 are 


and 


Ey = ZiH t ' 
E x = ZfH , . 

E z = ZiH x 


[13-50] 


Equation 13-49 indicates that the magnetic component lap the electric 
component by 45°, and so, in writing the expression for power density 
in general, 

P = £ m< H rms cos45° [13-61] 


where cos 45° is the power factor and E ms and Hnn, represent the 
rms values of the quantities in question. 

The rms values of H corresponding to equations 13-46, 13-47, and 


8 See equation A-91, Appendix VI. 
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13-48 are, respectively, 

(At A) 


(AtB) 

Hz(: rms) = 

(AtC) 

■^x(rms) == 


y/2a>nob 
At 


tx 
cos — 
V 2o)fi()b b 


Ap 


V2c 


sin • 


tx 


-co/xo 


[13-52] 


The power flowing into the side walls per unit area, such as at A in 
Fig. 13-7, then becomes, when equations 13-50 and 13-51 are used, 

1 


P = \Zi\H % (rm8 , T 
v2 


/WM 
\ 2a’ 


AW 


watts/sq m 


[13-53] 


2 g 2co 2 mo b 2 

The power flowing into both sides of the guide for 1 meter length, is 

aA 2 T 2 
1 2(7 


P' 


__ /com a A 2 t 2 
\ 2g co 2 mo^ 2 


watts 


[13-54] 


Power flows into the top and bottom of the guide on account of two 
different field configurations. One is at points like B where H is 
longitudinal and the other at points like C where H is transverse. 
Both conditions exist, of course, to some degree, at all points of the top 
and bottom. At B the power per unit area is as follows, using the second 
of equations 13-52, 

P=\Zi\H 2 iia ,,-A 


UafJL A 2 W 2 oTX 

w " 8/8qn 


[13-55] 


This component of power flow into both the bottom and the top of 
the guide per unit length is given by integrating across the tube and 
multiplying by 2 : 


_ fuii AW r b ? vx 


• 2 -dx 


W/Jt 

V 2a 


A W 

2 g 2a > 2 fiob 


watts 


[13-56] 
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Similarly the power flow into top and bottom on account of fields 
involving H x , as at C, is 


,,, pp A 2 /3 2 P b . 2 irx 
P = \ — • — 5-5 / sur — dx 
\ 2 g u 2 p % b 

[up A 2 P 2 b 

— \ — • — o o watts 

\2? 2o 2 /4 


[13-57] 


The total power loss per unit length is the sum of equations 13-54, 
13-56, and 13-57, 


£ A2 f g7r2 1 t2 1 ^ b ~\ 

~ yl2g'uV 0 lb 2 + 2b + 2 J 


watts 


[13-58] 


Now from equations 13-43, 13-45, and 13-58 the attenuation constant 
becomes __ 

_ Pl _ [up ' 2 V air 2 , tt 2 ft 2 b ~l 
“ “ 2P t ~ \ 2g ' upofiab lb 2 + 2b + 2 J 

Substituting 


and X = c/f, Xo = 2 b, c = l/Vp 0 t 0 , 

into the above equation, there is obtained, 


u/* 1 




nepers/meter 


where p refers to the metal and mo is the value for free space. 


[13-59] 


PROBLEMS 

13-1. A rectangular wave guide has dimensions as follows: a = 3 cm, b « 10 cm. 
It is excited in such a way that A of equation 13-24 is unity, y is assumed to equal 
jfi. A frequency 50 per cent above the cut-off frequency is to be transmitted. Find 
the components of the electromagnetic field 12 centimeters from the sending end of 
the tube, at the point x — 5/4, and y = a/2, when t « 0. 

18-2. Plot Zo f v P y and \ 0 against frequency for the wave guide of Prob. 13-1 from 
/o to 3/o. 

18-3. For the wave guide of Prob. 13-1 plot the wavelength in the guide against 
the wavelength in air over the range of frequencies fo to 3/o. 

18-4. Plot the group velocity of the guide of Prob. 13-1 against frequency over 
the range /o to 3/o. 
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18 - 5 . Denve the numerical equations for the curves which represent the mag- 
netic lines of force in a rectangular wave guide with dimensions of a » 5 cm and 
b » 8 cm when excited m the TEo i mode The curves are to pass through the 
following points 

(а) x m 4, z - 0 2 (c) x = 4, z » 1 0 

(б) x - 4, z « 0 5 (<J) x - 4, * * 1 5 

(e) x « 4, z «b 2 0 

The guide is transmitting at 3000 megacycles per second, and the time condition is 
t «0 

13 - 6 . Plot the equations derived m Prob 13-5 for the magnetic lines of force for 
that tube 

13-7. A rectangular wave guide has dimensions of a = 1 cm and & * 3 cm The 
mode is TEo 1 , and the frequency is 1 5/o Let A m equation 13-24a be 10 5 volts 
per meter Find the total power transmitted Find Zq from equation 13-32 and 
from equation 13-32a 

13 - 8 . A rectangular wave guide is made of copper, and its dimensions are a = 5 
cm and b » 10 cm Find the attenuation in db per meter when transmitting fre- 
quencies of 1 5/o, 2 0/o and 2 5/o Change the a dimension to 11 8 cm and recalculate 
the attenuation at each frequency 

13 - 9 . Show that the ratio of a/b = 1 18 used in Prob 13-8 produces minimum 
attenuation. 



CHAPTER XIV 


ULTRAHIGH-FREQUENCY CYLINDRICAL WAVE GUIDES 

117. Transmission in Cylindrical Guides. In Chapter XII a few 
of the many possible modes of electromagnetic vibration in rectangular 
guides were briefly mentioned. That it is also possible to set up a great 
number of modes of vibration in cylindrical guides should be evident. 
The type of wave produced is determined by the method of excitation, 
provided the size of the tube will permit the transmission of that par- 
ticular wave. 



Fig. 14-1. Field configuration in cylindrical guides, TMo,i type. 

Electric lines of force. 

Magnetic lines of force. 

The circles with crosses and dots represent direction of magnetic lines 
according to the usual convention. 


One of the simplest modes of vibration possible in a cylindrical guide 
is characterized by magnetic lines which are concentric about the axis 
of the tube. Such a mode is consistent with the requirement that mag- 
netic lines be continuous ; hence both radial and axial components of H 
are at once eliminated. The electric lines which exist within the guide 
must meet the requirement that they make contact with the boundary 
of the tube at right angles, and that they be everywhere perpendicular 
to the magnetic lines. The tube is assumed to possess infinite conduc- 
tivity. Thus it is seen that for this particular case the electric field can 
have components in the direction of propagation and in a radial direc- 
tion, but in no other directions. In Fig. 14-1 are shown electric (solid) 

295 
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and magnetic (dash) lines as they exist for this condition. As time 
passes, the loops of electric lines and the associated magnetic lines pro- 
gress along the tube at phase velocity. Two loops constitute a wave- 
length since it is apparent that conditions are repeated after every second 
loop. 



Section a-a 

Fig. 14-2. Method of excitation for the TMo.i wave. 


The purpose of the present chapter is to outline briefly the theory of 
this mode of vibration in its simplest form and to derive equations giv- 
ing its characteristics of transmission. This wave can be obtained by 
feeding electrostatically an axial rod projecting into one end of the 
tube as shown in Fig. 14-2. Later, one other mode of transmission in 
cylindrical guides will be considered, that of the “dominant,” or 
TEi.i, wave. 



Fig. 14-3. Coordinate system for cylindrical wave guide. 


118. The Differential Equations. For transmission through a 
cylindrical tube the natural coordinates to use are the cylindrical 
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ones, r, 0, and e, where the tube is oriented so that its axis is along the 
2 coordinate. (See Fig. 14-3.) The Maxwell equations for this case 
are derived in Appendix VI and are as follows : 

dH z dHg dzE r 

7dd ~ ~dz ~ 9 r + ~dT 

dH r dH t „ , feEo 

r\ dr 89/ y dt 

8E Z 8E e __ 8 hq H r 

rdd dz ~~ dt 

dE r dE z dnoHo 

dz dr dt 

1 (drEe _ dEA = _ d^H z 
r\ dr dd ) dt 

As before, these equations may be simplified by writing Sc 7 "* in 
place of E and 3Ce 3Uit in place of H, with appropriate subscripts, thus 
making an assumption that the time variations of E and H are sinus- 
oidal. Also, as before, certain restrictions are placed on the fields 
in order to obtain a certain type of vibration. Let the fields have 
components only as follows : l 

Electric : E z and E r 
Magnetic: He 

that is, Ee = H r = H z = 0. Also, on account of circular symmetry 
d/dd = 0. The conductivity of the dielectric material will again be 

1 This assumption leads to a mode of vibration different from the rectangular 
TEo.i mode and is introduced here to provide variety of treatment. This mode is 
designated as TMo.i. 

The method of designating modes in cylindrical guides is different from that 
used In rectangular guides. The TM and TE have the same meanings as given in 
footnote 1 of Art. 110. For the TM mode the first subscript refers to the order of 
the Bessel function involved in the solution while the second subscript refers to 
the number of the root of that Bessel function. In the TE mode the first subscript 
designates again the order of the Bessel function involved, but the second refers to 
the number of the root of the derivative of this Bessel function. 

In the TMo.i mode the Bessel function Jo provides the solution while the first 
root, 2.4048, is the one used. The TEi.x mode involves the derivative of the 
Bessel function J i and the first root of J i, which is 1.84. 


[A— 67] 
[A-68] 
[A— 69] 
[A-70] 
[A-71] 
[A— 72] 
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considered as zero. Applying these restrictions to equations A-67, 
A-69, and A-71 there is obtained 



d?Ko . „ 

— = 

dz 

[14-1] 

1/ 

drJC e \ 


;( 

, Or ) * **•' 

[14-2] 

d& r 



dz 

— = — juixqTKq 

dr 

[14-3] 


The procedure for setting up the differential equation and its solution 
follows very closely that given for the solution in Cartesian coordinates. 
Write equation 14-2 in the form 

rficrr 

+JC e = jrcoe&, [14-4] 

dr 

It will be assumed, in this case also, that the part of the solution de- 
pendent upon z , the coordinate in the direction of propagation, is 

KC ' 2 

where y is the propagation constant to be determined. Making this 
substitution in equation 14-3, in a manner similar to that used for the 


rectangular guide, there is obtained 


y& r + 

or 

[14-5] 

Equation 14-1 becomes 


yXe = jox&r 

[14-6] 

and equation 14-4 


r -^ + = jrus&, 

dr 

[14-7] 


It is desirable to obtain a differential equation expressing a relationship 
between & z and r. To this end first substitute & r from equation 
14-6 into equation 14-5. From equation 14-6 

&r = ^ [14-8] 

jue 

and equation 14-5 then becomes 


y a 3C 9 

jus 


+ 


d(b z 

dr 


= jwwfiCe 



SOLUTION OF EQUATION 14-12 


299 


This equation is solved for OCe and the result substituted into equar 
tion 14-7. 


or 


and 


nr (, 

—jus dS z 


“DCa = 


■y 2 + u 2 hqs dr 


[14-9] 


dOCe 

dr 


—jus 


d 2 S z 


y 2 + u 2 ii 0 s dr 2 

Substituting the expressions for DC e and dOCe/dr into equation 14-7 

d 2 S z 


—JUTS 


JUS 


d& z . p 
= jrus&z 


y 2 + u 2 nos dr 2 y 2 + u 2 fi 0 s dr 
Let k 2 = y 2 + u 2 nos. Equation 14-10 may then be written 
r d 2 S z 1 dS z 

k 2 dr 2 + T 2 ’1F = ~ T&Z 


[14-10] 


[14-11] 


or 


d 2 S z 1 d& z 
dr 2 r dr 


+ k 2 & z 


= 0 


[14-12] 


119. Solution of Equation 14-12. The solution of equation 14r-12 
is given in Appendix VII, where m 2 appears in the place of k 2 (equa- 
tion A-108). The solution is J 0 (kr), Y 0 (kr), or a combination of these 
such as Ho(kr) or H 2 (kr). Within the tube, where r may become 
zero, it is necessary to select a solution which will be finite for r = 0. 
Among the above, only Jo(kr) meets this condition. Thus the r part 
of the solution is 

& z = A' Jo (At) [14-13] 

where A: 2 = y 2 + « 2 /x oe. If the z part of the solution be written also 
there results as a complete solution 

& z = A'K<T yz J 0 (kr) = A<T y *Jo (At) [14-14] 

It is to be noted that & z is the component of emf along the axis of 
propagation ; and, since the wall of the tube is assumed to be a perfect 
conductor, the component & z along the wall, at r = b, where b is the 
radius of the tube, is zero. Thus a boundary condition is 8, = 0, 
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when r = b. (See Fig. 14-3.) Therefore from equation 14-14 

6* = Ae~ yx J 0 (kb) = 0 [14-14o] 

Accordingly Jo(kb) = 0. There are an infinite number of values of 
kb which will result in a value of zero for J 0 (kb). The lowest of these 
values as found from a table of the function J 0 is 2.4048. 2 Thus 

kb = &V«W + -y 2 = 2.4048 = p [14-15] 

The propagation constant, y, is obtained from equation 14-15. 

Y = yj (^j ~ “W [14-16] 

120. Propagation Constant, Velocity, and Wavelength. The argu- 
ment concerning the propagation constant for the cylindrical guide 
follows that given previously for the treatment of propagation in the 
rectangular guide. Interest lies in those waves transmitted with no 
attenuation; so 

y = jP - j yj "W — [14-17] 



[14-18] 


If mks values for mo, e and b are employed, j8 is expressed in radians per 
meter length of tube. The development now parallels that given for 
the rectangular wave guide, the only difference being in the fact that 
here p(l= 2.4048) appears instead of it. 

The critical frequency which divides the region of tr a n sm ission from 
the region of nontransmission is given by /3 = 0. Thus 

2 . P 2 
»oMoe = ^ 

and 



from which 


/o 



cycles/sec 


[14-19] 


* Gray, A., and G. B. Mathews, Treatise on Bessel Functions, New York, The 
Macmillan Co., 1895. 
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For f <fo complete attenuation results, and for f>fo perfect trans- 
mission takes place. ' , 

If the inside of the tube is air or free space, the substitution c = 
1/vWo can be made, where c is the velocity of light. The following 
can then be written : 


fo - —■ cycles/sec 

2irb 

[14-20] 


radians/meter 

[14-21] 

07 

meters/sec 

[14-22] 

<N 

1 

<N 

1 

a. 

^ 2ir 

9 l/.\2 /~\ 2 

meters 

[14-23] 


121. Illustrative Example. Let it be required to determine fo, ft, v p , and 
\ a for a tube whose diameter is 3 inches. It will be assumed that the material 



b in centimeters 

Fia. 14-4. Variation of cut-off frequency with radius of cylindrical wave guide. 

is a perfect conductor and that the tube contains air as a dielectric. An 
equation for fo will be written which utilizes the numerical values of c and p, 
that is, 

. cp 3 X 10 8 X 2.4048 1.148 X 10 8 . , 

fo = r^r = T-r = 7 cycles/sec [14-24 

2 vb 2 Tb n b m 

where 6 m is in meters. For the 3-inch tube this becomes 

fo = 3010 megacycles/sec 

Accordingly, the 3-inch tube acts like a high-pass filter which will transmit 
only frequencies above 3010 megacycles per second. Cut-off frequency 
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versus tube radius is plotted in Fig. 14-4 for tubes from about 1 to 20 centi- 
meters in radius. 

For the 3-inch tube 


fi 


/ " 2 

/2.4048V 

J9 X 10 J0 

V 3.81 ) 


= V4.39/ 2 X 10- 20 - 0.398 


radians/cm 


Values of £ together with v p and \ 0 are plotted against frequency in Fig. 14-5 
for the 3-inch tube. 


60 
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Frequency in thousands of megacycles 


Fig. 14-5. Typical curves for cylindrical wave guide. 


122. Calculations of Field Components. One component of the field 
inside the tube has already been found. Written out completely, in- 
cluding the time term, it is 

E 


= AJ 0 (~J 


[14-25] 


where p/b has been substituted for k from equation 14-15. 
a procedure similar to that used for the rectangular guide, 
ponent can be written 


or 


E t = 


AJ o 



[cos (ut — i 3z) + j sin (ul — /9z)] 


Following 
this com- 


•®.(real) 


AJ o 



COS (ut — P z) 


[14-26] 
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The component He can be found from equation 14-9, using the ex- 
pression A-103, 

9ft = 2 ~ j ~ l ^ [14-9] 

y 2 + co 2 /i 0 e dr 


[14-9] 


jueAb 


'•(?) 


[14-9a] 


<•*-» 

= — Jj [cos (w t — (3z) + j sin (oit — /3z)] 


Hfl(real) = J l (j^ sin ( w< “ 0 Z ) 


From equations 14-8 and 14-9a 

Jtoe 


[14-27] 


£ r = 0*) 

— </ i [cos (to< — (3z) + j sin (co< — /3z)] 


_ fiAb _ /pr\ . . . 

A'r(real) ~ Jl Sin («< - fig) 


[14-28] 


123. The Field Configuration. It is seen that the field considered 
in the previous article is made up of one magnetic component, H$, 
which is not a function of 6. Thus the magnetic lines are circles con- 
centric about the tube axis. The shape of the electric lines are found 
from the slope, dr/dz, of the E curves at any point and this slope must 
be equal to the ratio of the field intensities at the point in question. 
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Thus 


dr 

dz 


AJ 0 cos Cut — Pz) 

'■(?) 


0b' 

V 


This equation can be rearranged to give 


tan (at — pz) 


'«(?)„ . (( , M 

— - — 7 dr tan {ut — fiz)dz 

(pr\ p 

'•{ij 


or 


pr / pr\ 


vdv 

— = — 0 tan (at — pz)dz 3 
b 


pr / pr\ 

b j, \b) 

Integrating both sides of the equation there is obtained 

in [(^r) Jl (?)] = “ 1x1 cos ^ ~ #0 + c 


from which 


COS (a )t — (3z) = 


(?X) 


[14-29] 


A set of curves representing the electric lines of force in a cylindrical 
guide of 5 centimeters radius when transmitting a frequency of 3 X 10 9 
cycles per second is shown in Fig. 14-6. The curves are drawn for the 

8 A useful differential form in Bessel functions is 

T , x d[xJi(x)] 

xJ o(x) * 3 

ax 

Reddick, H. W., and F. H. Miller, Advanced Mathematics far Engineers , New York, 
John Wiley & Sons, p. 214, 1938. 
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Fig. 14-6. Electric lines of force in cylindrical guide. TMo.i mode. 
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time condition of t = 0. The wavelength in the guide is 16.5 centi- 
meters. 

The numerical value of the constant C which appears in equation 
14-29 determines which of the curves is under consideration. The 
numerical equation for the A curve of the figure is 

, ^ v 0.0072* 

cos (—0.4053) == — — — 

(0.481r)Ji(0.481r) 

with dimensions taken in centimeters. 

124. Characteristic Impedance. The characteristic impedance Z 0 will 
be defined as the ratio of the transverse emf in the tube to the longi- 
tudinal current corresponding to the magnetic field term DC$. The 
transverse emf will be given by 

V-£s4r.Aj^ [j^)dr 

where the exponential terms have been omitted since they refer only to 
the phase of the emf. 

j; /.(=)! 

= -Ajfip[j 0 (p) - j 0 m 
= AjpZ J [14-30] 


The current may be obtained by integrating DC& around the inner 
surface of the tube. 



j**Ab n ,, T (v b \ 

{2irb)J x I — I 

V \ o / 

b 2 

= 2wjcocA — Ji(p) 

V 


[14-31] 


where again the exponential terms have been omitted. The charac- 
teristic impedance thus becomes 



fi 1 
— 

co 2repJi(p) 


= 1.442 X 10 12 X - = 

CO 


1.442 X 10 t2 

Vp 


ohms [14-32] 



ATTENUATION IN CYLINDRICAL GUIDES 


307 


The value of J\(p) = J\ (2.4048) can be found on reference to a table 
of Bessel functions and is 0.519. It will be recalled that the quantity 
e is 1/(36 tt X 10 9 ) for free space. (See Appendix VI.) 

The limiting value of Zo as v p approaches the velocity of light is 
48 ohms. The characteristic impedance as obtained from equation 
14-32 is plotted against frequency in Fig. 14-5 for the 3-inch tube. 

125. Attenuation in Cylindrical Guides for the TM 0 ,i Mode. Thus far 
in this chapter it has been assumed that the wave guides are constructed 
of material having infinite conductivity. Under this condition of course 
there can be no loss of power, and the attenuation constant is zero above 
the cut-off frequency. However, as was mentioned in Chapter XIII, 
if the material has a high but not infinite conductivity, the attenuation 
is finite though small, and it may be assumed that the tangential mag- 
netic-field intensity next to the metal surface is not appreciably different 
from the previous value. As in the preceding chapter, it will again be 
assumed that the attenuation constant a will be given by the expression, 

1 power loss per unit length 

2 power transmitted 

It is thus necessary to calculate the transmitted power and the power 
loss per meter length. 

The power transmitted may be calculated from equations 14-27 and 
14-28. It is noted that these components are perpendicular and in such 
a direction that the direction of power transmission is along the positive 
z axis of the tube, according to Poynting’s vector. 

The magnitude of Poynting’s vector is 

P = E r H$ watts/sq m [14-33] 

Substituting from equations 14-27 and 14-28, the power expression 
becomes 

p = ~ ' sin 2 M — 0z) watts/sq m [14-34] 

The average value of power is 

P av g = J 1 (y) watts/sq m [14-35] 

In order to obtain the total power transmitted, equation 14-35 must be 
integrated over the cross section of the wave-guide opening. The 
expression is not a function of 0; accordingly, the integration with 
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respect to 8 merely means multiplication by 2irr . Thus the total power 
becomes 

■'*(?)'* [1M61 

on substituting for P from equation 14-18, using c= l/V/i 0 €o and 
e = € 0 for air. 

It is now necessary to evaluate the power loss per meter of the line. 
The only magnetic component present is He which, at the guide wall 
where r = 6, has the value given by equation 14-27, 

H e = Ji(p) sin (ut - pz) [14-38] 


It will be assumed that reduction of g of the wall material to its actual 
value will not affect the value of H$. Then just beneath the surface of 
the metal the value of E z will be given by 


E z = ZiH e [14-39] 

where 



as given in Appendix VI. In the immediately following equations the 
term mo will be used for both the air in the tube and for the metal which 
is nonferromagnetic. 

It is seen that there is a phase difference of 45° between E z and He 
in the metal, and the power flow into the metal must be written as 
follows, using the quantity 1/V2 as the power factor, 


f = 



c oh 2 A 2 b 2 


J\(v) sin 2 (wt — Pz) 


[14-40] 


The average power is 

Icojjlo a ? 2 e 2 A 2 b 2 o / 

-Pav* = ■sj'fy" 2 p 2 " A (P) watts/sq m [14-41] 


4 This integration comes from a useful formula in the theory of Bessel functions , 
jT 6 Jl(kx)xdx - „-!(**)/„+!(**) + Jl(kx) J 


In the above development, w = 1 and Jo (kb) = 0. 
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This is a constant, and in order to obtain the value for 1 meter length of 
line it is only necessary to multiply by the area of the wall, 2 irb. Thus 
the total power loss becomes 


Pl 


_ /o>Mo 

\ 2 g‘ 


< 2 e z A 2 b 3 T 


J\(p ) watts 




[14-42] 

[14-43] 


and the attenuation becomes 


a 


Pl 
2 Pt 



nepers/meter 



[14-44] 


[14-45] 


The attenuation is thus seen to depend in a somewhat peculiar manner 
on the frequency. This will be investigated in the following sections. 

126 . Curves of Attenuation and Phase Shift, TM 0 ,i Mode. Equation 
14-45 may now be written into the more general expression for the pro- 
pagation constant, remembering that, from equation 14-21 



[14-46] 


•y = a + j/9 = - 




[14-47] 


It can be shown that equation 14-47 is also valid when / < /o. 5 At 
such frequencies this equation becomes, 


If* 




[ 14 - 48 ] 


5 See, for example, “ Attenuation of Electromagnetic Fields in Pipes Smaller than 
the Critical Size/’ by E. G. Linder, Proc. I. R. E. t Vol. 30, No. 12, Dec. 1942. 
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Fig. 14-7. Attenuation and phase shift versus f/fo for the cylindrical guide trans- 
mitting the TMo.i mode. 


from which, for / < fo, 


a = c v 00 _ ne P ers / me * er 
1 hre^ 

* 1ST ' 



radians/meter 


[14-49] 

[14-50] 


Curves of a and /3 versus f/fo are plotted in Fig. 14-7 for a cylindrical 
guide of 4 centimeters radius when transmitting in the TMo.i mode. 




OPTIMUM SIZE OF WAVE GUIDE 


311 


The constants used are 

eo = 1/(36 tt X 10 9 ) farad/meter 
Mo = 4 ir X 1(T 7 henry /meter 
(7 = 6 X 10 7 mho-m/sq m 


It should be noted that, for very low values of /, a approaches the 
value p/6 = 60.1 nepers/meter. It is interesting to note that, for low 
values of /, a is independent of tube material and depends only on 
dimensions. This is the basis for an important type of attenuator used 
in microwave work. 

127. Optimum Size of Wave Guide. On account of the manner of 
occurrence off and b in equation 14-45, it might be suspected that some 
particular combination of these two factors might produce minimum 
attenuation. In order to investigate this point it is better to work in 
terms of wavelength; so let equation 14-45 be rewritten as follows, 
using / = c/X, and f 0 = pc/2Trb : 



where 


= mr^M 



- MH0G) ] 


3-l-H 


[14-51] 


From this equation it is clear that for a constant value of X/6 the attenu- 
ation decreases rapidly as b increases. For low attenuation it is then 
advisable to use as large a tube as permissible. However, the attenua- 
tion also varies with (X/6), and the optimum value of (X/6) is found by 
minimizing M. Let (X/6) = h> and (p/27r) = q . 

M = (h — q 2 h?r H 

3T - -J(* - 1 - 3 3 2 A 2 ) = 0 

art 

or 

1 - Z(?h 2 = 0 


from which 


X 2ir 
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Actually the value of h is not very critical, and values between 1.0 and 
2.0 are satisfactory. Thus the criteria for low attenuation are to set 
(1) b as large as possible and (2) ( \/b ) at about 1.5. However, if the 
frequency to be transmitted is fixed, then the value of b is controlled by 
the factor 1.5. 


128 . Comparison of Wave Guide with Coaxial Cable. As an illustrative 
example, let it be required to transmit a frequency of 2000 megacycles per 
second and to compare the attenuation when using a wave guide with that 
obtained when using a coaxial line of the same diameter whose ratio of radii 
has the optimum value of 3.6. (See Art. 41.) The relation \/b = 1.5 for 
the TMo,i mode gives the radius of the cylindrical guide as 


6 = 


X 


1.5 


c = 3 X 10 8 

1.5/ ~ 1.5 X 2000 X 10 6 


0.10 meter 


The cut-off frequency for this tube is 
= cp_ _ 3 X 10 8 X 2.405 
10 ~ 2t rb ” 2tt X 0.10 


= 1148 X 10 6 cycles/sec 


= 1148 megacycles/sec 

The attenuation is given by equation 14-45 in which 
/ = 2000 X 10 6 cycles/sec 
e = co = 1/(367 r X 10 9 ) farad/meter 
/io = 47r X 10 -7 henry/meter 
g = 6 X 10 7 mho-m/sq m 
b = 0.10 meter 


On substitution of these quantities, a becomes 

a = 3.72 X 10“ 4 neper/meter 
= 0.984 db/1000 ft 


It will be assumed that equation 5-48 can be applied to the coaxial cable 
at 2000 megacycles per second. Changing to decibels per 1000 feet, equation 
5-48 becomes 


a = 40.1 X 10" 6 X 



db/1000 ft 


[5-48a] 


Let the following values be used 


/ = 2000 X 10 6 cycles/sec 
a = 2.78 cm (radius of inner conductor) 


b = 10 cm (inner radius of outer conductor) 
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From equation 5-48a, 

40.1 X 10- 6 
a = ' - — ■■ 

= 1.48 db/1000 ft 

It is seen from the above that, in this illustration, the wave guide is to be 
preferred over the coaxial cable; however, the wave guide is used only for 
the very high frequencies because of the rather inconvenient sizes encountered 
at the low frequencies. Another advantage to add to the improvement in 
attenuation is the fact that the wave guide, in many cases, is the more easily 
constructed. 

THE DOMINANT WAVE IN CYLINDRICAL GUIDES 

129. The Dominant Wave in Cylindrical Guides. The dominant or 
TE 0 ,i wave for rectangular guides was considered in Chapter XIII. 



log 3.6 



Fig. 14-8. Field configuration in cylindrical guides, TEi.i type. 

Electric lines of force. 

Magnetic lines of force. 

The circles with crosses and dots represent direction of electric lines according to 

the usual convention. 

From the standpoint of logical sequence it might be inferred that this 
same type of wave, since it may exist in a cylindrical guide, should have 
been considered first in the present chapter. However, since the 
mathematical development for the dominant wave in a cylindrical guide 
(designated TE lf i) is somewhat more involved than that for the “longi- 
tudinal ” or TM 0 ,i wave, the treatment of the dominant wave was 
delayed until more familiarity with the mathematics had been gained. 
The mode of vibration now considered is shown in Fig. 14-8, and the 
similarity to the corresponding mode for rectangular guides shown in 
Figs. 12-2a and 12-7 is evident. 
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The dominant mode of vibration may be obtained in a manner similar 
to that employed for the rectangular guide, that is, by exciting by means 
of a transverse rod as shown in Fig. 14-9. An examination of Fig. 14-8 
shows that there is no component of the electric field parallel to the axis 



Fig. 14-9. Method of excitation for the TEi.i wave. 


of the tube. The other components E$ and E r are present. All com- 
ponents of the magnetic field may be present. As evident from the fore- 
going treatment of the longitudinal wave, a certain amount of dupli- 
cation between types of transmission is to be noted. However the 
development by the student of the basic equations for these three types 
of transmission in wave guides should provide a very good insight into 
the general problem. 

130. The Differential Equation. The basis of the treatment is again 
of course equations A-67 to A-72 inclusive. The same assumptions 
as to variations of E and H with t and z are to be made as previously 
employed. The equations can be written as follows after these simplifi- 
cations have been applied, remembering that E z = 0 : 

' m ~‘ + — (g + jwe) & r [14-52] 

dDC 

—y^r 7 * = (fif + j«e)€>0 [14-53] 

dr 


1 ( dr ^ e _ 

r \ dr 66 )~ 

y&e — —junfpCr 


[14-54] 

[14-55] 
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—y&r = —junoXe 
1 /dr&g d(b r \ . „ 

- H ) ~ - , “ npc - 


[14r-56] 

[14^57] 


From equation 14-55, 




Multiplying equation 14-56 by r and taking the derivative with respect 
to r gives 

dr& r , drVCe 

From these two equations, using equation 14-54 

d(&o dr(b r 

~ ZT U4-58] 


KJ \ZSH KJ i V^r 

14-59 

drdd dr 2 J 

Differentiate equation 14-57 with respect to 6, divide by r, and rearrange. 
j /d 2 r& e _ c^SA = 1 tfKi 
3 uiM)\drd9 dd 2 ) r dd 

Substituting this expression and that of equation 14-56 into equation 
14-52 

U4-60] 

rccfiQ \ drdd dd / ufiQ 


Rearrangement of this equation will give 
1 / d 2 & e . d&e d 2 S r \ , 


-K 


d 2 &e d&e 

r 4“ — 

drdd dd 


^ = tigwo - — y 2 )& r 


Using equations 14-58 and 14-59 this becomes 
d 2 r& r drS r d 2 & r 




[14-61] 


where 


h 2 — u 2 n oe + y 2 — jguno 


131. Solution of the Differential Equation. Multiply equation 14-61 
through by r, and consider that the new function to be found is rS r m Q. 

^ dr* +r dr + dd 2 h ^ 


[14-62] 
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Let Q be represented by RT, where R is the portion of the solution de- 
pendent only on r and T is the part dependent only on 9. Then 


or 


r*T^ + rT^ + R^ = -h 2 r*RT 
dr 3 dr dd 2 

* jl L *2. . 1 &T 2 , 

R’ dr 2 + R'dr + T‘ dd 2 ~ h 


[14-63] 



Fig. 14-10. Coordinate system for the TEi.i wave in cylindrical wave guides. 
The z axis projects into paper. 


Since the third term depends only on 6 , it must be independent of the rest 
of the equation. Therefore it is a constant with respect to the r terms 
and can be represented by a constant C\. Then 


d 2 T 

- ~ C ' T 


[14-64] 

and 



*(>•-» 

R = 0 

[14-65] 

The solution of equation 14-64 is 



T = C 2 sin Vc[ 9 + C 3 cos 

Veld 

[14-66] 


where T is the part of Q (= r& r ) dependent on 9. From Fig. 14-10 
it is seen that there are two values of 9 where r$ r will be zero, 0° and 180°. 
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Thus two boundary conditions exist for equation 14-66. 

0 = C 2 sin Vcl 0 + C 3 cos Vc[ o 
0 = C 2 sin Vcl r + Cz cos VCi it 


From these equations it is seen that C 3 = 0 and that sin Vcl r = 0. 
Thus the simplest condition results if VCi = 1, and C\ — 1 satisfies the 
condition. Thus 

T = C 2 sin e [14-67] 


Equation 14-65 now becomes 


d 2 E 1 dR 
dr 2 r dr 



R = 0 


The solution of this equation is known to be 6 


[14-68] 


R = FJxQir) + GYi(hr) 


The fact that Yi(hr) becomes infinite at r = 0 causes it to be unsuitable 

6 In Appendix VII it is shown that Ji{r) and Ki(r) are solutions of 


d?V . 1 dy , 

dr i+ 'r' ’ dr + 



[A] 


It will be shown that, if r in the above equation is changed to hz, then Ji(hz) and 
Yi(hz) will be solutions of 


, 1 ^ 2 / , 
dz 2 z dz 


(*■-?> 


Substituting hz for r into equation A 


[B] 


dy __ Idy 
dr h dz 


d 2 y _ d dy ~ d /I dy\ __ 1 d 2 y 
dr 2 dr dr hdz \h dz) h 2 dz 2 


Therefore equation A becomes 


l d\ 1 i dy ( 
h 2 * dz 2 ^ hz' h' dz^\ 



Multiplying through by h 2 


d 2 y 

dz 2 



0 


0 


[Cl 


Since the solution of equation A is CJ\(r) + DY\(r), then the solution of equation C 
must be C f J\(hz) + D'Yi(hz). 
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for use as part of this solution, so the complete solution may be written 


Q = r& r = RT = (C 2 sin 6)FJ 1 (hr) 
= AJ\{hr) sin 6 


[14-69] 


where A is a constant depending on the excitation. Thus 


& T = — J i (hr) sin 0 
r 


[14-70] 


It is now necessary to determine &e in order to apply the boundary 
condition that = 0 when r = b. Proceed as follows : 


= AhJ[(hr) sin 0 


[14-71] 


and, from equation 14-58, 


— = — AhJ[(hr) sin 0 

do 


sin Odd 


&g = —AhJ'i(hr) J si 


= AhJ[(hr) cos 6 + B 


The boundary conditions for are 


Accordingly 


&e = 0 at r = b (radius of the tube) 


&e = 0 at 6 = ^ or ^ (any r) 


0 = AhJ[(hr) cos - + B 


and, since cos (x/2) = 0, B = 0. Then 


and, at r = b, 


Therefore 


&e = AhJ[(hr) cosO 
0 = Ah J{ ( hb ) cos 6 
J[{hh) = 0 


[14-72] 


[14-73] 
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This equation 7 is satisfied by placing hb * y = 1.84. It is thus 
found that 

hb = y = 1.84 = bVw 2 n 0 z + y 2 — jgrcojuo [14-74] 

However, for the interior of the tube, g — 0, so that h will be used to 
represent 


h = Va) 2 Mo£ + ~ 


and 


or 


Y 2 - (l) - -W 


= a+ ^ = V(f) 2_ “ : 




Again the only type of transmission which is of interest is that which is 
carried on with no attenuation ; so 

"i 


4 


( a ) ju 0 £ — 



[14-75] 


132. Components of the Field. Two of the field components have 
already been found. They are 


& r = — J i (hr) sin 0 
r 


[14-70] 


Also 


&o = AhJ[(hr) cos 0 [14-72] 

S z = 0 


7 McLachlan, N. W., Bessel Functions for Engineers , New York, Oxford University 
Press, 1934. J[{hb) represents the derivatives of J\(hb) with respect to hb. The 
expression for this derivative is 


from which 


hbJ[(hb) = J\(hb) — hbJ 2 {hb) 


J[ (hb) 


Ji{hb) 

hb 


- J 2 {hb) 


Through the use of tables of J i and J 2 this equation can be solved by trial with the 
condition that 


J\(hb) 

hb 


J 2 (hb) 


* 


since J[(]hb) * 0 from equation 14-73. It is found by this means that hb — 1.84. 



320 ULTRAHIGH-FREQUENCY CYLINDRICAL WAVE GUIDES 


Two components of the H field can be found from equations 14-55 and 
14-56. From equation 14-55, 


3C r = — Sj 

o>Mo 

—pAh v 
= J\(hr) cos 0 


[14-76] 


From equation 14-56, 


jc e = -jy& r 


PA 

03HqT 


J i (hr) sin 0 


[14-77] 


From equation 14-53, 

dDC z 


dr 


= —yX r — joje&e 


« 0) 


jP 2 Ah 

J[(hr) cos 0 — jweAhJ'i(hr ) cos 0 


o>Mo 


and 


dr 


= — jAh ( — — + coe^ J[(hr) cos 0 
\wmo / 

= — jAh (— \ J[(hr) cos 0 
Wo/ 


[14-78] 


from which 


— jAh 2 

3fC^ *= J i (/ir) cos 0 

O)M0 


[14-79] 


133. Properties of the Transmission. Since p for this mode of 
transmission differs from the P in previous modes only through the 
quantity y , the following expressions can be written immediately : 


IS 




radians/meter 


• [14-75] 


where mks values are used for c and b, 


fo = zrr cycles/sec 

2xo 


[14-80] 
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The curve of attenuation versus frequency for this mode of vibration 
is quite similar to that of the TM 0 ,i mode, both curves having a min- 
imum. 

In this connection it is interesting to note that the attenuation of 
one of the possible modes in cylindrical guides, the TE 0 ,i, decreases 
continuously as the frequency is increased. 

134. Comparison of the TE 11 Wave with the TM 0 ,i Wave. Since 
the quantity y which appears in the expressions for the TE lt i wave is 
less than the p that appears in the characteristic equations of the 
TMo.i wave, it_is clear that a give n size of wave guide will transmit a 
much^ i° -the JI Ei "1 mode than in The other. TnTact 
for a 3-inch tube the cut-off f requencylor the wave" was found 

to be 3010 megacycles per second. For the TE lt i mode the cut-off 
frequency is, from equation 14-80, 


fo - 


3 X 10 8 X 1.84 
2tt X 1.5 X 0.0254 


= 2310 megacycles/sec 


Also for a given tube size and a given frequency the phase velocity 
for the Tfi lt i or" dominant jrnxle will b je^IessJRian f^tK^l TOo]7" or 
longitudinal ’mode? T his m eans of course that the group^veloc ity will 
^egreater for the TEi.i wave, and thus actually transmission will be 
speededlip: 

PROBLEMS 


14 - 1 . For the type of wave considered in Art. 117 and for z = t ~ 0 plot the 
value of the E X} E r , and He components from r « 0 to r — b. (Take A *■ 1, the 
tube diameter to be 3 inches, and / = 4000 megacycles/sec.) Repeat for t «■ 
0.626 X 10 -10 sec. 

14 - 2 . Find the values of E z , E r , and He in Prob. 14r-l at a point given by z «■ 6 
cm, r » 1 cm, and t *= 0. 
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14 - 3 . Given a cylindrical wave guide with a diameter of 4 inches. The wave 
to be transmitted is the type treated in Art. 117. Plot Zo, v p , v Q , and \ g against 
frequency from /o to 3/<j. 

14-4. The tube in Prob. 14-3 is made of copper. Find the attenuation in db per 
mile at a frequency of 3500 megacycles/sec. 

14 - 5 . What is the optimum size of tube to transmit 3500 megacycles per second 
using a cylindrical copper guide, the excitation being of the type considered in Art. 
117? What is the attenuation of the tube per mile in db? 

14 ^ 6 . A cylindrical guide has a diameter <2 = 3 in. and is transmitting the “ dom- 
inant ” wave considered in Art. 129, at a frequency 30 per cent above the cut-off 
frequency. What are the values of v Pf v g , \ g , and Zo? Find the lowest diameter 
of tube which will transmit a dominant wave of 3000 megacycles per second. 

14 - 7 . Derive the numerical equations for the curves which represent the electric 
lines of force in a cylindrical wave guide having a radius of 5 centimeters when ex- 
cited in the TMo.i mode. The curves are to pass through the following points: 

(a) z - 0, r = 0.5 cm (c) z = 0, r = 1.5 cm 

(b) z = 0, r = 1.0 cm (d) z = 0, r = 2.0 cm 

(e) z = 0, r = 2.5 cm 

The guide is transmitting at 3000 megacycles per second, and the time condition is 
t s= 0. 

14 - 8 . Plot the equations derived in Prob. 14-7 for the electric lines of force. 



CHAPTER XV 

ELECTROMAGNETIC THEORY OF COAXIAL LINES 


In the opening paragraph of Chapter XII mention was made of the 
fact that the theory of ' coaxial, or concentric, conductors can be 
handled on the basis of Maxwell's equations, although elementary cal- 
culations on such lines have been treated very briefly in earlier chapters 
by means of the ordinary line theory. It is now well to note that in 
transmission lines in general, as the frequency is indefinitely increased, 
the treatment by the electromagnetic theory is more and more justi- 
fied. It is for this reason that, in recent years when greater emphasis 
is being placed on ultrahigh-frequency work, a knowledge of electro- 
magnetic field theory is necessary to every student of communication 
engineering. 

At first sight it may seem, after the treatment of the cylindrical 
wave guide in Chapter XIV, that very little change will be necessary in 
order to make the treatment applicable to the coaxial line. Such is the 
case. However, it will be noted that the simple act of placing a con- 
ductor in the center of a cylindrical guide, while it can still be taken 
care of by the same theory, will lead to somewhat different results in 
many respects. One of the great advantages of the electromagnetic 
theory is that it can be applied equally well to problems which are 
normally handled in quite different ways. 

In this chapter only the elements of the theory of coaxial transmis- 
sion are presented and the student is advised to refer to supplementary 
material available in published articles. 1 

135. The Differential Equation. Cylindrical coordinates fit natu- 
rally into the present problem. The aim is to set up a differential 
equation which will relate the various field components and provide 
a means for determining the characteristics of the propagation. This 
preliminary development for the coaxial line will parallel that for the 
cylindrical wave guide in all respects, and it is presented here again 
merely to prevent unnecessary confusion. 

In Fig. 15-1 is shown a sectional view of such a Une. The outer 
radius of the inner conductor is o, the inner radius of the outer oon- 

1 “ Electromagnetic Theory of Coaxial Transmission Lines and Cylindrical 
Shields,” by S. A. SchelkunofF, B.S.T.J., Oct., 1934. 
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ductor is b, and P represents a point within the enclosed space desig- 
nated by the coordinates, r, 6, and z where z is taken as the direction 
of propagation. For such a transmission line, where circular symmetry 
exists, there is no variation with 8. Thus, in the set of equations A-67 
to A-72, all derivatives with respect to 8 will be zero. Also it will be 



assumed that the time variation of all quantities is sinusoidal and given 
by t iat , so that in the equations 6 t lat and 3KV"' may be substituted 
for E and H. In the resulting equations the S’s and 3C’s will be func- 
tions of r and z only. Let it be further assumed that the material 
between the cylinders is a perfect dielectric, thereby making g = 0. 
The resulting equations can now be written by reference to equations 
A-67, A-68, A-69, A-70, A-71, and A-72. 


dWe 

dz 


— juS&r 


tiJCr 

dz 


d3C, 

dr 


= ji ce&e 



d&$ 

~dz 


— —ja>no?fC T 


[15-1] 

[16-2] 

[15-3] 

[15-4] 
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It will be noted that the above equations fall into two groups, one 
involving &$, and one involving 3C ». On a line energized by connecting 
a generator to one end in the usual manner, E cannot have a 0 com- 
ponent and therefore equations 15-2, 15-4, and 15-6 are eliminated. 
The r emaining three equations will be further altered by the justified 
assumption, used in Chapter XIII, of making that part of each field 
component which depends upon z equal to 

Ke~v 

If this is done, all of the derivatives with respect to z can be eliminated 
in a manner similar to that used in Chapter XIII. From equation 15-1 

yDCe = MS,. [15-7] 

Expanding equation 15-3 

rd’DCe + c Ke= juerSz [15-8] 

dr 

From equation 15-5 

y&r + cWe [15-9] 

It will be noted that these equations are identical with equations 
14-6, 14-7, and 14-5, respectively. The differential equation which 
expresses the relationship between &> z and r is given by equation 14-12 
and is 

d 2 $, , 1 


where 

k 2 = y 2 + u 2 iMfi 

The solution is also 

S* = AJ o{kr ) + BYo(kr) [15-11] 

where both J 0 and Yo are used, as shown in Appendix VII. 

136. Evaluation of the Propagation Constant. The development for 
the coaxial pair now deviates from the course followed for the cylin- 



326 


ELECTROMAGNETIC THEORY OF COAXIAL LINES 


drical wave guide. Since r ranges from a to & it never becomes either 
zero or infinite. For this reason the F 0 part of the solution which is 
infinite at r = 0 can be retained. Along either conductor at r = a 
and r = b, $ x must be zero because of the perfect conductivity of the 
material. Accordingly, two defining equations result. At r = 6 

= AJ 0 (kb) + BY 0 (kb) = 0 [16-12] 

and at r = a 

S 20 = AJ 0 (ka) + BY 0 (ka) = 0 [15-13] 

Let equations 15-12 and 15-13 be rearranged as follows: 


and 


or 


A = Y 0 (kb) 

B J 0 (kb ) 

A = Y 0 (ka) 

B J 0 (ka) 

A _ Fp(fcb) Y 0 (ka) 
B Jo(kb) Jo(ka) 


[15-14] 


In order to obtain approximate values of k the above equations can 
be rewritten in terms of circular functions. 2 For large x 


Mx) 



[15-15] 


F 0 (x) 



[15-16] 


Using these two approximations, equation 15-14 can be written 


A 

B 


in (kb — 0 sin (ka — 0 

( kb ~l) °os 


cos ( kb 


[15-17] 


2 Gray, A., and G. B. Mathews, A Treatise on Bessel Functions , New York, The 
Macmillan Co., 1895. Kdrmdn, T., and M. A. Biot, Mathematical Methods in Engi- 
neering, p. 53, New York, McGraw-Hill Book Co., 1940. 
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This equation will be satisfied if 


nx + fca — 7 = fc& — 7 
4 4 


or 


from which 


k(b — a) = nv 


k = 


nv 

b — a 


However, ft 2 has been given the role of *y 2 + co 2 /^, so 

. 2 ,, 


y 2 = fc 2 — w 2 /xoe 


and 




>02 


[15-18] 


[15-19] 


Assigning various values to n will give y for the corresponding modes of 
transmission. It is seen that a cut-off frequency exists which, for air 
dielectric, is given by 


CO 

c 


nv 

b — a 


or 


fo = 


nc 

2 (b — a) 


The cut-off frequency, below which transmission will not take place, 
becomes zero for n = 0. This amounts to setting k = 0 and the mode 
obtained is treated in the following section. 

137. Mode of Transmission for k = 0. It is obvious that equation 
15-14 can be satisfied by making k = 0. This leads to the simplest 
possible mode of transmission and requires that E z be zero every- 
where, as will be shown subsequently. Let equation 15-7 be solved 
for & r and the result substituted into equation 15-9. 


v 2 JC fl 

jus 



= jumZKe 


or 


3 C V 2 + QS _ _ d&, 
jus dr 

d&, = 

dr jus 


[15-20] 
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Since k - 0, d& z /dr = 0, and is a constant as far as any change 
with respect to r is concerned. It was previously shown that & 9 = 0 
at the boundaries. Thus & g must be zero everywhere. 

The fact that k has been chosen as zero requires further that 


or that 
and 


k 2 = y 2 + w 2 /*oe = 0 
y 2 = — w 2 mos 

y — [15-21] 


The propagation constant is made up of two parts, an attenuation 
constant and a phase constant, that is 

y = cl + jp = jw Vmo® 


or 


P = coV^ 


[15-22] 


However, the velocity of light, c, is equal to 1/VWo; so the velocity 
of the wave transmitted by the line is 


O) 



[15-23] 


138. Components of the Field. One component of the field has 
been shown to be zero everywhere under the assumption that k = 0. 
Equations 15-7, 15-8, and 15-9 may now be written 


From equation 15-8 


yXe = 


drDCe 

dr 


= 0 


[15-7] 

[15-24] 


and from equation 15-9 

y&r = jutMPCe [15-25] 

Equations 15-7 and 15-25 can be shown to be consistent if k = 0. 
From equation 15-25, using equation 15-21 

juno^e 
<*> r = ~ 

jo)V fi 0 e 



[15-26] 
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Equation 15-24 states that 



rX e = C 


from which 



[15-27] 


where C is a constant, independent of r. The usual expression for 
the field about a wire is DCs = 2I/r where I is in abamperes to give 
DC® in gilberts per centimeter. Since DCs is to be expressed in amperes 
per centimeter and I in amperes, the equation must be written 



2m 


[15-28] 


Thus the constant C in equation 15-27 is 7/ 2 jt. 
The field components now are 

C /W) <T7f 

fer = 

and 



[15-26] 

[15-28] 


where the exponential term e (-72+ -'" i) has been omitted. 

139. The Characteristic Impedance. It is a comparatively simple 
matter to find the voltage between the inner and outer conductors in 
terms of the current. Let equation 15-28 be substituted into equa- 
tion 15-26. 


S,= 



7 

2m 


[15-29] 


The voltage between conductors is found by integrating $ r from the 
inner conductor surface to the outer conductor. 
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From this equation the ratio V/I — Zq is found to be 


By substituting the numerical values for ju 0 and e ( = €o) there is obtained 
for air dielectric 

Zo = 60 In- ohms [15-31] 

a 


= 138 log- ohms [5-47] 

a 

140. Inductance and Capacitance of a Coaxial Line. As a conclud- 
ing article it will be shown that the usual equations for inductance 
and capacitance of a coaxial line can be derived on the basis of the 
electromagnetic treatment. It has already been shown that SFC# = 
I/2rr is consistent with the foregoing development and that E z (or 
& z ) is zero everywhere. Also, as has been done previously, that part 
of the field component which is dependent upon t will be omitted. 
Equation 15-5 can then be written 


dS r __ —jum)I 
dz 2irr 


[15-32] 


and from equation 15-1 


_1 dl 
2 t r dz 


= — ja>eS r 


or 


— = — j27rcoeS r 
r dz 


[15-33] 


Let these equations be integrated with respect to r from r = a to 
r = 6. 

s r b ~ , —junoi r b d r 


£ r &4r r* 

dzj a 2 t J. r 


or 


Also 


dV 

dz 

dl p b dr 


-junpl b 
2v a 


[15-34] 


dl C 0 dr _ r°. 

* J. 7 " *-* 


37, 6 « T7 

-In - = 
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or 


dl —j2ruiV 



a 


[16-35] 


where V is the potential difference between the elements of the coaxial 
line. 

On the basis of ordinary transmission line theory the differential 
equations 15-34 and 15-35 may be written 

dV 

- = -Zl [15-30] 

and 

f z = -YV [15-37] 


where a negative sign now appears in place of the positive sign in 
equations 5-1 and 5-2. The occurrence of negative signs in these 
equations is due to the fact that voltage and current drops are taken 
in the direction of propagation. The capital Z and Y are used in 
equations 15-36 and 15-37 to denote impedance and admittance per 
unit length, instead of lower case letters as in equations 5-1 and 5-2, 
because of the prior use of z as the coordinate axis in the direction of 
propagation. A comparison of equations 15-36 and 15-37 with 
equations 15-34 and 15-35 shows, on the basis of infinite conductivity 
of conductor and a perfect dielectric between conductors which is the 
basis of the present treatment, that 

Z = ^ In h - = jaL [15-38] 


and 



[15-39] 


where L and C are parameters of the line per unit length, measured 
in henrys and farads respectively. 
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From equations 15-38 and 15-39, 

L = ^ In - henry /unit length 
2ir a 

C = —7 farad/unit length 

In - 

a 

In the rationalized mks system 

Mo = 4?r X 10~ 7 henry/meter 

«o = l/(36ir X 10 9 ) farad/meter 


and 

On substitution 


L = 2 In - X 10 7 henry/meter 
a 


C = 


farad/meter 


18 X 10 9 In - 

a 


[15-40] 

[15-41] 


[1-24] 

[1-35] 


Changing to henrys and microfarads per mile and to logarithm to the 
base 10, 

L = 0.741 log- X 10 -3 henry/mile [1-25] 


and 


log b - 


[1-37] 


These are the usual equations for L and C as defined and derived in 
Chapter I. It is seen that on the more general theory they occur as 
constants inherent to the system, depending only on the boundary 
conditions and the fundamental bases of Maxwell’s equations. 

This rather brief treatment of coaxial lines (and that in the previous 
chapters on wave guides) is to be looked on as merely introductory. 
It cannot be too greatly emphasized that the student should make 
himself thoroughly familiar with the electromagnetic treatment of 
electrical-engineering problems and with the mathematical methods 
which are basic to this treatment. 



CHAPTER XVI 

TRANSMISSION-LINE EXPERIMENTS 

The aim of the present chapter is to outline briefly a number of exper- 
iments which are designed to lend considerable aid to the better under- 
standing of various portions of the text material. Detailed procedures 
will not be given because of the fact that the equipment available in 
different communication laboratories varies greatly. It is assumed, 
however, that the more usual pieces of test equipment are at hand, such 
as the impedance bridge, vacuum-tube voltmeters, and oscillators. An 
artificial transmission line will be necessary for the performance of 
several experiments. If such a line is not already available, one can 
be constructed with little difficulty by calculating equivalent T sec- 
tions by the method given in Chapter VII. The effective length of 
each T section should be approximately 1/15 of the total length of the 
line, and the line should be sufficiently long to subtend slightly more 
than one wavelength at the usual test frequency, which for convenience 
may be taken to be 796 cycles per second. 

The experiments on wave guides involve equipment not usually 
available. However, these experiments have been included because 
of the increasing importance of high-frequency technique, and many 
laboratories may find it advantageous to acquire the necessary equip- 
ment. These two experiments should offer suggestions concerning the 
types of apparatus needed for elementary work. 

1. Determination of Equivalent T and it Sections. 

Reference: Chapter II. 

Apparatus needed: Several three- and/or four-terminal boxes con- 
taining “ unknown ” T or r sections. 

Impedance bridge. 

Oscillator (voice frequencies). 

Exercises: Label the input terminals of the unknown networks a 
and b and the output terminals c and d. Measure Z a bo, Zabi, Zedo, 
and Z e d, by means of the impedance bridge at a frequency of 796 cycles 
per second for each network. Record the data as: R a bo, L a bo, (Cabo), 
Rab>, Labs, (Cab,), etc., and /. Repeat the measurements for a fre- 
quency of 1600 cycles per second. 

833 
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Report: Calculate the elements of the equivalent T section of each 
network at both frequencies and draw a circuit diagram for each. 
Also calculate the elements of the i r sections equivalent to the T sec- 
tions at 796 cycles per second. Discuss fully. Are the elements of 
these sections constant or do they change with a change in frequency? 
Verify the validity of equation 2-31 by means of test data for each 
network and frequency employed. 

2. Verification of Th^venin’s Theorem and the Reciprocity Theorem. 
Reference: Chapter III 
Apparatus needed: Resistances. 

Variable d-c voltage. 

Ammeter and voltmeter 


Exercises: (a) Th 6 venin’s Theorem Set up a circuit such as shown 
in Fig. 16-1, preferably using resistances which are large compared to 
the internal resistance of the battery. Measure the value of the 

current I in the load resistance. 
Remove the resistance R L and 

WJ' 

t r k 


Ri 

j- WWA^ 


r 2 

-MW/A- 


E 


Fig 16-1 


Test circuit for verification 
Th^vemn’s theorem 


of 


measure: 

(1) E ab . 

(2) R ab with E removed 
and the two terminals short- 
circuited together. It would 
be preferable to insert a resist- 
ance at E when the battery is removed of a value equal to the internal 
resistance of E. 

Use these measured values to 
construct the circuit shown in 
Fig. 16-2, again using R L . How 
does the load current compare 
with the value as measured be- 
fore any change was made? 

Determine the values of E, Ri, 

R 29 R 3 , and R l , as used in Fig. 


*06 (as measured in 2 ) 
-<W WWW 


E ab (as measured in 1 ) 



E IS 


Fig 16-3 


Test circuit for verification 
reciprocity theorem 


Fig 16-2 Test circuit constructed from 
data obtained m experiment 2(a). 

16-1. (Note that the resist- 
ance of the ammeter consti- 
tutes part of R l .) Determine 
by calculation the values of 
R a b and E ab and compare with 
the values used in the circuit 
of of Fig. 16-2. 
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(6) Reciprocity Theorem. Set up a circuit such as shown in Fig. 
16-3. Record the value of the current I. Interchange the source <*f 
voltage and the ammeter and again record the value of the current. 

Report: Write a discussion of the results of this experiment and 
establish proof, by means of suitable equations, of the truth of these 
theorems. 

3. Distribution of Voltage and Current along an Infinite Line. 

References: Chapters IV and V. 

Apparatus needed: Artificial line of approximately 15 sections. 

Oscillator. 

Vacuum tube voltmeter or other means of measuring either the 
absolute values of voltages and currents or the ratios of voltages and 
currents at any point along the line to input voltages and currents. 

Exercises: Calculate the characteristic impedance, Z 0 , for the test 
line at 796 cycles per second, using the known parameters of the line. 
(If these values are not known then Z 0 can be found by the methods of 
Experiment 7 and Chapter VII.) Terminate the line by means of an 
impedance equal to Z Q , thus causing the line to simulate one of infinite 
length. Make all of the necessary measurements, at 796 cycles per 
second, in order to obtain either V\ and I\, the voltage and current at 
the line input terminals, and F„ and the corresponding values at the 
end of the nth section, or the ratios F„/Fj and I n /Ii- 

Report: Plot the voltage and current ratios V n /V x and I n /Ii against 
equivalent line length in miles. If the value of V n and I n were ob- 
tained, calculate the impedance at each junction between sections and 
plot Z against line length. The impedance at any point is Z n = V„/I n . 
If the ratios V n /Vi and I n /I i were obtained, then calculate the ratio 
of the impedance at any point to the input impedance as 

Vn Vn 

X± = L »_£» 

In V 1 Zi 

h h 

and plot against line length. Determine a by means of data obtained 
from the above plotted curves, using the equations 
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4. Distribution of Voltage and Current along Open- and Short- 
Circuit Lines. 

Reference : Chapters V and VI. 

Apparatus needed: Same as for Experiment 3. 

Exercises: (a) With the output terminals of the line open-circuited, 
measure either the ratios V n /V\ and I n /I\ or the input voltage and 
current and the corresponding values, V n and In, after each section of 
the artificial line, when using a frequency of 796 cycles per second. 

(6) Repeat for a short-circuit line. 

Report: Plot the voltage and current ratios V n /V\ and I n /Ii against 
equivalent line lengths in miles for both the open- and short-circuit 
lines. If the values of V n and I n were obtained, calculate the imped- 
ance at each junction between sections and plot curves of impedance 
against line length for both conditions of operation. If the ratios 
V n /Vi and I n /h were obtained, then calculate the ratio of the im- 
pedance at any point to the input impedance and plot against line 
length for both lines. Draw a curve through the intersections of the 
two voltage ratio curves and calculate the attenuation constant a 
from e~ al — V n /Vi. Draw a curve through the intersections of the 
two current ratio curves and calculate a from C al = I n /I x . The 
wavelength X can be obtained from the curves by noting the distances 
between appropriate minimum and maximum points on them. Using 
data obtained from the curves, calculate y, X, and v. 

6. Determination of Velocity of Propagation. 

References: Chapters V and VI. 

Apparatus needed: Artificial line terminated in its Z 0 . 

Oscillator. 

Cathode-ray oscilloscope. 

Exercises: Connect the oscillator, set at 796 cycles per second, and 
one pair of oscilloscope plates across the input terminals of the line. 
With the amplitude of the input oscillation, as viewed on the oscillo- 
scope, set at a convenient value, connect the other pair of plates across 
the ends of successive sections along the line. For each test make a 
note of the approximate phase relationship between input and output 
voltages, and, when sufficient sections have been placed in the line to 
obtain a phase shift of approximately 180° or some multiple thereof, 
adjust the frequency until the phase shift is an exact multiple of 180°. 
Record the number of sections in the line, the phase rotation, and the 
frequency, /. Repeat for other frequencies considerably different from 
796 cycles per second and from each other. 
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Report: For each test calculate the velocity of propagation and plot 
velocity against frequency. Calculate the propagation velocities for the 
frequencies used, from the known line parameters, and plot against fre- 
quency. Check against the value of v found from Experiment 4. 

6. Open-End Voltage as a Function of Line Length. 

Reference: Chapter VI. 

Apparatus needed: Same as for Experiment 3. 

Exercises: Using the known parameters of the line, determine by 
calculation whether Ferranti effect exists at 796 cycles per second and, 
if so, over what lengths of line. If there is no Ferranti effect at 796 
cycles per second, determine a convenient frequency for which the 
effect will exist. Check the calculations by taking voltage readings 
at the open end of lines of lengths between the limits of which Ferranti 
effect should exist. A convenient way to make this check is to connect 
a cathode-ray oscilloscope first at the input terminals of the line and 
then at the end of the above lengths of open line, noting in each in- 
stance whether or not there is an appropriate increase in output voltage. 

Measure, at a frequency for which Ferranti effect exists, the ratio 
of the output voltage of the open-circuit line to the input voltage at 
lengths equivalent to 1, 2, 3 • • • sections. 

Report: Plot the ratio, V T0 /Vi, of open-end voltage to input voltage 
against equivalent line length in miles. Plot ± sinh a and sin 6, as 
illustrated in Fig. 6-6, on the same sheet with the above ratio curve. 
Explain the significance of these curves. For what length of line is 
the open-end voltage a maximum? Under what conditions will the 
open-end voltage be larger than the sending-end value? What is the 
length or lengths of line for which the open-end voltage will be equal 
to the sending-end value? Check these values by proper interpre- 
tation of the test ratio curve and the plots of sinh a and sin 6. 

7. Determination of Characteristic Impedance. 

Reference: Chapter VII. 

Apparatus needed: Artificial line. 

Impedance bridge. 

'Oscillator. 

Exercises: Determine by means of the impedance bridge the neces- 
sary data for calculating open- and short-circuit impedances, Z 80 
and Z", of the line over a frequency range of 600 to 2000 cycles per 
second, taking a set of measurements at 796 cycles per second. Record 
the data as: Roy Lp, (C©), Rey L$, (C®), and j . 
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Report: Plot R 0 , L a , etc., against frequency. Calculate and plot 
Z 80 and Z 88 against frequency. On the same sheet plot the angles of 
Z 80 and Z 88 against frequency. Calculate Z 0 and its angle and plot 
both against frequency. Discuss these curves. Calculate a, 0, y, 
X, v and R , L, G , and C for a frequency of 796 cycles per second, em- 
ploying the method of Art. 59. Compare with corresponding items 
obtained from Experiments 3, 4, and 5. Explain how such measure- 
ments may be used to locate a fault (open circuit) on a transmission line. 

8. Impedance Characteristics of Filters. 

References: Chapters IX and X. 

Apparatus needed: Constant-fc, T-section, low- and high-pass filters 
having a characteristic impedance of approximately 600 ohms. 

Terminating half-sections for one of the above filters. 

Impedance bridge. 

Oscillator. 

Exercises: Terminate each filter with 600 ohms resistance and obtain 
the necessary data to calculate its input impedance over a frequency 
range which extends a considerable distance both above and below its 
respective cut-off frequency. Record the data as R 8 , L 8} (C 8 ), and/. 

Obtain the necessary data to calculate the open- and short-circuit 
impedances of the filters over the same frequency range and record: 
Raoy R'88) L 8 o, (C„) y L 88y ( C 88 )y and /. Connect the terminating half- 
sections to the appropriate filter and repeat the measurements for the 
determination of open- and short-circuit impedances. Again record 
the data as above. 

Report: Plot input resistance, R 8y and input reactance, X 8 , against 
frequency. Discuss the variation of these quantities with frequency 
and determine, by inspection of the curves, the approximate cut-off fre- 
quency of each filter. From the open- and short-circuit measurements 
determine the components R 0 and X 0 of the characteristic impedance, 
Z 0i of each filter as a function of frequency. Plot Ro and Xq against 
frequency and from these curves determine the cut-off frequencies. 
Compare these values of fo with the values obtained previously. 

Calculate and plot the absolute value of Zo against / for the filter 
having the terminating half-sections when operating with and without 
the terminating half-sections. Discuss the differences which exist be- 
tween the curves of R 0) X 0j and Z 0 for the two conditions of operating 
with and without the terminating half-sections. 
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9. Impedance Transformation. 

Reference : Chapter XI. 1 

Apparatus needed : Oscillator. 

Transformers and reactance T networks. 

Impedance bridge. 

Exercises : (a) Terminate the transformers with the following loads 
and measure the input impedance at 796 cycles per second. (1) Re- 
sistance. ' (2) Capacitive reactance. (3) Inductive reactance. (4) 
Impedances involving combinations of the above. 

( b ) Measure, at 796 cycles per second, the input impedances of the 
reactive T sections when terminated in pure resistance loads which vary 
in value over a considerable range. 

Report : List the input impedances measured in part a and compare 
with the terminating impedances. From the turn ratios of the trans- 
formers calculate the input impedance for each termination. Discuss 
any discrepancy which may appear. 

Check the value of each input impedance obtained in part b by using 
the known elements of the T section and the theory of Chapter XI. 

10. Impedance Matching by Short-Circuit Stubs. 

References : Chapter XI. 

Apparatus needed: Parallel-wire transmission line approximately 
three wavelengths long. 

HF oscillator generating about 100 megacycles per second. 

Voltage detector for determining voltages along the line. 

Short-circuited stub approximately one-quarter wavelength long 
and having a Z 0 equal to that of the transmission line. 

Terminating resistor, R . 

Exercises: Set up the line to be energized from the oscillator and 
tune to resonance at the fundamental by means of a short-circuiting bar. 
Use a suitable detector to determine the resonant condition. By means 
of the detector and an additional short-circuiting bar or by moving the 
first shunting bar, find an adjacent bar position which will again produce 
resonance. The wavelength and hence the frequency are determined 
from these measurements. 

Calculate the Z 0 of the line and the frequency of operation. 

With the line open-circuited at the receiving end, determine, by 
means of a detector, points of voltage (or current) maxima. Using 
the detector, obtain data for plotting the approximate distribution of 
voltage (or current) along the line. Connect a resistance across the 
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receiver end of the line of a value different from the characteristic im- 
pedance of the line and again determine the distribution of voltage 
(or current). Note any change produced by the terminating resistor. 

Calculate the length and position of a short-circuited stub which 
will match the line and cause reflection phenomena to disappear when 
the line is terminated by the above load resistance. Connect this 
matching stub to the energized line and again determine the voltage 
(or current) distribution. Make adjustments in the length of the 
stub and its position, noting in each instance whether any improvement 
occurs in the voltage (or current) distribution. 

Report: Plot curves showing the voltage (or current) distribution 
along the line before and after matching. Explain the theory under- 
lying this method. Check the position and length of the stub by use 
of Fig. 11-20, page 222. 

11. Properties of Wave Guides. 

References : Chapters XII, XIII, and XIV. 

Apparatus needed : UHF generator (3000 megacycles). 

Coaxial coupling line. 

Two transfer sections (wave guide to coaxial line). 

Horn. 

Wire grid to fit opening of the horn. 

Resonant chamber. 

Pinch pipe. 

Hand probe detector. 

(Note : For 3000 megacycles per second the diameter of the guide 
should be about 3 inches. The opening of the horn should be about 
12 inches.) 

Exercises : (a) Set up equipment as shown in Fig. 16-4. Terminate 
the wave guide in a horn across the opening of which has been fastened a 



Coaxial line 

Fig. 16-4. Horn coupled to a wave guide. 


cardboard panel. Using a hand probe, determine the pattern of the 
field. With a parallel-wire grid over the opening of the horn determine 
the effect on the field pattern as the grid is rotated. 
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Qb) Replace the horn with a resonant chamber as shown in Fig. 16-5 
and determine the positions of the plunger for obtaining two successive 
maxima or minima. Measure the wavelength \ g . 


1 

^ a /-\ 

j Shunt detector 

Wave 

1 — n 

—6 1 


j Resonant chamber 


Coaxial line 

Fig. 16-5. Resonant chamber coupled to a wave guide. 

(c) By means of a transfer section couple the wave guide to a coaxial 
wavemeter and measure the wavelength in air, X 0 . See Fig. 16-6. 


I j^Tuning stub 

— " — ? — ' T n 1 

p . Q Plunger 

— — ° — — v — 

To osc +- -■ ■■■ 'I 'Resonant chamber 

To wavemeter* == . 

Fig. 16-6. Wavemeter coupled to a wave guide through a transfer section. 

(i d ) Using a “ pinch pipe ” as shown in Fig. 16-7, determine the diam- 
eter of the tube for which cut-off occurs. 



Fig. 16-7. The use of a pinch pipe in wave guides. 


Report : Discuss the field patterns obtained in part a and compare 
with the theory as presented in Chapter XIV. Explain the effect of 
rotation of the wire grid in front of the horn. Check the value of \ g by 
means of the equation 

. X q Xq 

17 “ v/xjP^x! 

where X 0 = c// 0 . 

Check the diameter of the pinch pipe for which cut-off occurs with the 
relation d 0 = 0.585X a . 
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12. Properties of Wave Guides {Continued). 

References : Chapters XII, XIII, and XIV. 

Apparatus needed : The following apparatus is required in addition 
to that enumerated in Experiment 11. 

Two rods, one of polystyrene A and one of polystyrene B, to fit 
resonant chamber. 

Traveling detector. 

Four irises as shown in Fig. 16-9. 

Exercises : (a) Attach a resonant chamber with detector to a wave 
guide and source and insert an iris at the junction as shown in Fig. 16-8. 


Detector 


1 

^ Q ^Resonant chamber 

Wave 

guide 

L „ 

n 

!l 




n 

3 \ 

^ x Position of polystyrene rod 


Coaxial Position of irises 

feed line 


Fig. lfr-8. Resonant chamber with iris and polystyrene rod. 


Take readings of the detector current and plunger position over a range 
sufficient to obtain a good resonance curve. Repeat the test, using a 
different iris. Repeat, using the smallest iris and a rod of polystyrene A 
inserted in the resonant chamber between the detector and the plunger. 
Repeat, using a rod of polystyrene B together with the smallest iris. 


Traveling detector 


t 

r. ~Q~ 

Wave 

guide 


i 


^ (a) ( b ) 


Coaxial 
feed line 


D 0 

(') <c/) 




Fig. 16-9. Irises and traveling detector coupled to wave guide. 


(fc) Use the traveling detector in order to obtain data for plotting 
standing waves obtained when the detector section is terminated with a 
solid closure. Repeat for each of the other irises and also for an open 
end and the horn. See Fig. 16-9. 

(c) Terminate the traveling detector section with a 90° bend in the 
horizontal plane, followed by a horn. Check this arrangement for re- 
flections, which will be due to the presence of the bend. Repeat with 
the 90° bend in a vertical plane. 
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(d) With a transfer section attached to the traveling detector as 


shown in Fig. If 

II 

>-10, feed energy into i 

Traveling detector , 

- -9- T 1 

a properly terminated coaxial 

, /Tuning stub 

L, 

Wave 

guide 

Detector section 




To nsr 1 

““ 6 °~p 

Transfer section' 

If ° 

Coaxial line with 


Coaxial termination 

feed line 

Fro. 16 - 10 . Test for reflections from a transfer section. 


cable. Check the presence of reflections under this condition of opera- 
tion and with various adjustments. 

Report : For part a plot current as a function of plunger position for 
each iris used. Discuss the relationship between these curves. Plot 
curves showing the standing waves of part b and discuss the effects of the 
various terminations used. Write a general discussion of the significance 
of the results of parts c and d. 
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AN INTRODUCTION TO FOURIER SERIES 

In the Introduction it was stated that a transmission problem may be 
looked upon either as a transients problem or as one in which a number 
of frequencies are treated separately and the results combined. For 
instance, suppose that it is required to send a square-top pulse through a 
line. The conditions are that up to a time t = 0 the applied voltage is 
zero, from t = 0 to t = <1 the voltage is E, and after t = t\, E is zero 
again. It can be assumed that these pulses follow each other at regular 
intervals and that each interval is sufficiently long to allow the circuit 
to return to normal before a new pulse is applied. This is merely to 
prevent, for the moment, any complication due to overlapping. The 
problem, as outlined, is a transients one and could be solved as such. 

Another way of approach is to consider that the series of pulses can be 
broken down into a large number of sinusoidal waves of different fre- 
quencies. When all the frequencies and corresponding amplitudes are 
known the student can treat each component as a separate problem, 
and when he has thus solved for all components he can find the final 
result by the principle of superposition (see Art. 21). 

That such a series of square-top pulses can be reduced to a series of 
trigonometric functions has been shown to be the case. In fact, the 
process of reduction to a Fourier series, that is, to a series of trigonomet- 
ric functions, can be applied to any periodically recurring phenomenon 
which, wholly or by parts, can be written as an equation. A graphical 
analysis can be applied, however, even when a part or the entire wave 
cannot be written in the form of an equation. The immediate problem 
is to find the coefficients of a trigonometric series such that the series will 
sum up to the required function. Let the function be/(x). 

Assume that f(x) can be written as 

f(x) = Oj sin * + 02 sin 2 x + 03 sin 3a: + • • • + a n sin nx 

+ + 61 cos x + 62 cos 2 x + • • • + b n cos nx [A— 1] 

In this series it is necessary to find a 1( o 2 , a 3 , • • • a n , b 0 , b it 6 2 , 63, • • • f>„. 
Obviously, in order to find these coefficients it is necessary to have as 
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many independent equations as there are coefficients. Multiply equa- 
tion A-l by sin mx. Then there is obtained 

f{x) sin mx = a n sin nx sin mx + b 0 sin mx + b n cos ns sin mx [A-2] 


where n can have all values from 1 to infinity and the value of m can be 
given any arbitrary value. Let equation A-2, multiplied by dx , be 
integrated from 0 to 2ir. 


/»2t / %2t 

fix) sin mx dx = a n I sinnx sin mx dx + b Q I sin mx dx 
o J o J o 


« 

0 


+ b n I cos nx sin mx dx 


[A-3] 


Integrating these terms, the first one on the right becomes, after certain 
transformations 


a n 

/ [cos(nx — mx) — cos(nx + mx)] dx = 0 for n m 
2 O o 

= / (1 — cos 2 mx) dx for n = m 

2 O Q 

a m f 2 ’ a m r*' 

= — I dx — - — I cos 2 mx 2 mdx 

2 0 o 4771 O o 


= = (2 tt - 0) - (sin Amir - 0) 
2 4 m 

= CL f n(7r) 


The second integral on the right is zero. 

The third integral is 

b n r 2 * 

77 / [sin(n + m)x — sin(n — m)x] dx 
2 O o 


This integral will thus be equal to zero no matter whether n = m or 
t** m, for if n = m the integral is 

b r 2v 

-7 / (sin 2?ttx — 0) dx = 0 
2 

or if n s* m the integral is 


K 

2 


(sin px — sin qx) dx = 0 
o 


where p = (n + m) and q = (n — m). Thus the following equation is 
obtained: 
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or solving for a* 

1 C 2r 

am = - I f (x) sin mx dx [A-4] 


From this equation any one of the a’s can be found. 

To find the general b term, excluding b 0 , multiply equation A-l by 
cos mx dx, whereupon the following equation is obtained : 


f(x) cos mx dx = a n sin nx cos mx dx + b 0 cos mx dx 
+ b n cos nx cos mx dx 

Through a procedure similar to that used above the following equation 
results: 


or 



cos mx dx = b m 7r 


1 r 2ir 

b m = - I f(x) cos mx dx 

7T t/ 0 


[A-5] 


In order to find the b 0 term, equation A-l is multiplied by dx and 
integrated from 0 to 2w. Then 




a n sin nx dx 


b 0 dx 

o 


s*2t 

+ / b n cos nx dx 


0 + 6o(27r - 0) + 0 


[A— 6] 


27r6o 


from which 



[A-7] 


It is thus seen that all the a’s and b’ s can be found from equations 
A-4, A-5, and A-7, and it would be advantageous if the three equations 
could be made to appear reasonable on a physical basis. Integration is 
a summation process, and, if equation A-l is regarded merely as a rather 
complex wave and the net area between it and the x axis is to be found, 
it is seen that all of the sine and cosine terms are as often positive as they 
are negative and thus the net area associated with these terms becomes 
zero. The only remaining term is b 0) which, if present, is a constant of 
finite value either positive or negative and results in a definite area be- 
tween the limits x = 0 and x = 2tt. Since b Q is a constant, the area 
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represented by the right-hand side of equation A-6 is merely 2ir&o> 

j -*2ir 1 

/ (x) dx. Thus equation A-7 is obtained, 
o 

Consider now the physical aspects of determining <%. Write 

f(x) = d\ sin x + &2 sin 2x + • • • !>o 4 * cos x + 62 cos 2x + • • • 

[A-8] 

If this equation is integrated directly as it stands it has been shown that 
equation A-7 is obtained and the a n and b n disappear. In order to keep 
a n and b n from disappearing it is necessary to multiply equation A-8 
through by some factor which will retain one of the a terms or one of the 
b terms and cause all other terms including b 0 to fall out. This can only 
occur by multiplying by a function which will either cause the b 0 term 
to be zero or to be a function which has a negative area equal to its posi- 
tive area. The simplest multiplier for the purpose is a trigonometric 
function, sine or cosine. Suppose that sin mx be assumed as the multi- 
plier, then the right-hand side of equation A-8 will be made up of a 
number of terms of the form sin nx sin mx and cos nx sin mx. Note that 
a cosine term multiplied by a sine term whether they are of the same 
frequency or not will always result in a periodic function which is positive 
as often as it is negative and symmetrical in area about the x axis. The 
area associated with the cosine terms in equation A-8 then is zero if 
taken over at least one cycle of this function. Since multiplying a 
cosine and sine function together always increases the frequency it is 
seen that the interval of integration, covering as it does one wavelength 
of the fundamental, must cover an integral number of wavelengths of 
any one of the terms. Thus the b n terms drop out. The sin nx sin mx 
terms will also be periodic, positive as often as negative — except for 
one term. When m = n, the term sin 2 mx obviously is always positive 
and thus will have a finite area lying between the curve and the z-axis. 
Since the sin 2 mx wave, having a maximum amplitude of a^, is centered 
about an axis which is above the x axis by a distance a m /2 the area under 
this curve from x = 0 to x = 2w will be (a m /2)2v — dm* , which is an 

J /% 2 t 

I fix) sin mx dx. Thus equation A-4 is 
0 

obtained. 

A similar procedure will establish equation A-5. 

Let these equations be applied to a square-top pulse in order to de- 
termine what frequencies must be employed to transmit such a pulse 
over a telephone line. Assume that the pulse is as shown in Fig. A-l. 
Here the conditions are: f(x) = 1, x = 0 to z = x; and /(*) = 0, 
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x — ir to x — 2ir. The coefficients of the sine terms can be found 
from equation A-4. 

1 r 2 * 

dm = - I f(x) sin mx dx 
tJq 



l r 2ir 

sin mx dx + - / (0) 

r 


sin mx dx 



Fig. A-l. Plot of first five harmonics obtained in analysis of square-top wave. 


This breaking up of the integral is justified by the fact that only the area 
under /(x) multiplied by sin mx is being found and obviously the second 
part, from i r to 2i r, is zero. Then 



sin mx dx 


— — ( — cos mx) 
mir 




7T 

0 


= — ( — cos ra 7 r + cos raO) 
mir 


— — (1 — cos mir) 
mr 


1 n \ 2 

a x = - (1 — cos 7r) = - 

7T IT 


a* = — ( 1 — cos 2 t) = 0 
2tt 


a 8 = — (1 — cos 3 t) 
or 


_2 

3tt 


Whereupon 
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04 = 0 




The constant, b 0 , can be found from equation A-7. 

1 /»*■ 1 r 2ir 

(1) * + &/, < 0 >* 

1 /*' 1 , A . 1 

Note here that b 0 turns out to be simply the average height of the wave. 
The coefficients of the cosine terms can be found from equation A-5. 

l f l r 2 « 

b m = - I (1) cos mx dx + - I (0) cos mx dx 

7T J o 7T «/ ,r 

1 /•» 1 "I* 

= - I cos m dx = — (sin mx) 

7T t/ o m7T Jo 


= — (sin rmr — sin 0) = 0 for all values of m 
rmr 


Thus the series of frequencies becomes 

/(x) = b 0 + sin x + a 3 sin 3x + sin 5x + • • • 

12. 2 . 2 

== ~ H — sin x + — - sin 3x + — sm 5x + • . . 

2 7T 07T 07T 

= - + - \ sin x + \ sin 3x + ~ sin 5x + • • -1 [A-9] 

2 7T L O O J 

It is seen from this simple analysis that an infinite number of frequencies 
must be transmitted. They are all odd harmonics of the fundamental 
and their amplitudes slowly decrease with an increase in frequency. 
Eventually the amplitudes of the harmonics will become sufficiently low 
that they can be neglected. A direct-current term must also be trans- 
mitted. The presence of sharp comers on the original waveform is the 
cause of the large number of relatively high-amplitude harmonics which 
are necessary to represent this function correctly. This fact can be seen 
through inspection of Fig. A-l where equation A-9 is plotted superim- 
posed on the square-top pulse. 

A comparison should be made between the number of terms needed to 
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reproduce the square-top pulse and the number needed for such a func- 
tion as shown in Fig. A-2 where 

f(x) = sin x, x = 0 to x = x 

f(x) = 0, X = 7T tO X = 27T 

The student should determine the harmonics necessary to represent this 
function in order to see that the amplitudes fall off more rapidly as the 



Fig. A-2. Plot of first four harmonics obtained in analysis of half-wave 
rectification curve. 

frequency increases, than in the case of the square-top wave. It will be 
noted that the portions of poor fit are still at the sharp comers. 

PROBLEMS 

1. Plot equation A-9 for the terms shown. Let 0 < x < 2ir. 

2 . Find all the coefficients for terms up to the 5th harmonic in the wave repre- 
sented by 


0 < x < T 
t < X < 2ir 


/(x) = sin x 
fix) = 0 



APPENDIX II 
LOOP EQUATIONS 


Occasions often arise when a straightforward and easily followed 
system of solving coupled networks is of great value. The use of 
“ loop ” equations will often facilitate such calculations. The determi- 
nation of network currents by the use of loop equations and determi- 
nants will be illustrated by means of a number of typical examples. 
The basic principle of this method depends upon associating with each 
mesh, a loop current which is assumed to flow through all the com- 
ponent impedances appearing in the mesh under consideration. 



Fig. A-3. Network with two loop currents. 


In Fig. A-3 is shown a network with two loop currents. In this net- 
work a current I u associated with the mesh abed , flows through the 
generator E , the impedance and the impedance Z3. The current 
h> associated with the mesh cefd, flows through Z 2 , Z R , and Z 3 . The 
fact is immediately noted that two currents appear to be flowing 
through Z 3 , one in the direction c-d and the other in the direction d-c. 
The actual currents in the various impedances are as follows. 

In Zi the current is /1 

In Z 2 “ 11 “ h 

In Z 3 “ “ “ (h - 7 a ) or (/ 2 - h) 

In Z R “ “ “ I 2 

If the emf E is known there are thus only two unknowns, I\ and / 2 , 
and only two equations are needed to solve for them. The voltage 
rise in mesh abed is E } and the drops are the drops through Z x and 
Z 3 . Thus 

E = Z\I\ + Z z (Ii — J 2 ) 

0 = Z 2 / 2 + Z R I 2 + Z 3 (/ 2 — I\) 
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and upon rearrangement these equations become 


E = (Z\ + Z 3 )/i — Z3J2 

0 = — Z 3 /i + (Z 2 + z 2 + Z R )I 2 

These equations can, of course, easily be solved for I\ and I 2 . 
Zi z 2 

1 


Fig. A-4. Network with four loop currents. 

This method of solution will now be applied to a more complex net- 
work. Let the network be represented as in Fig. A-4. The loop 
equations are written as follows 

Ex = Z x h + Z 3 (I ! - / 3 ) + Z 4 (h - I 2 ) 

0 = Z h l 2 + Z 4 (I 2 - h) 

0 = Z 2 I 3 + Z 7 (I 3 — 7 4 ) + E 2 + ZqI 3 + Z 3 (/ 3 — Ii) 

Notice that, in this last equation, the emf E 2 is written along with the 
impedance drops as a drop (a positive term) because in progressing 
around the loop one goes from the high potential side of E 2 to the low 
potential side. 

E 2 = Z 7 (Ii — / 3 ) + Z 8 I 4 

These four equations may now be rewritten in better order with the 
emfs on the left side of the equality sign. 

£1 = ( Z\ + Z% + Z 4 )I\ — Z4/2 — Z3/3 
0 — —Z/Ji + ( Z 4 + Z 5 )/ 2 
— E 2 — — Z3/1 + (Z 2 + Z 3 + Z 3 + Z 7 )Is — Z7J4 
E 2 = — Z 7 Iz + (Z 7 + Z 8 )J 4 

The determinants needed for the solution are 

(Z\ + Z 3 + Z 4 ) — Z 4 —Z% 

— Z 4 (Z 4 + Z 5 ) 0 

— Z 3 0 (Z 2 + Z 3 + Zq + Z 7 ) 

0 0 -z 7 



0 

0 

Z 7 

(Z 7 + Zs) 
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Nt = 


Ns = 


N a = 


N 4 = 


E 1 

-Zi 

Zs 

0 

0 

0 Zi + Zs) 

0 

0 

— E2 

0 

(Z 2 + Zs + Zs + Z 7 ) 

-Z 7 

E2 

0 

-Z 7 

(Z 7 + 2$) 

(Zi + Zs + Z±) 

Ei 

-Z z 

0 

-Z 4 

0 

0 

0 

-Zs 

-e 2 

(Z 2 + Zs + Zs + Z 7 ) 

~Z 7 

0 

E 2 

-Z 7 

(Z 7 + Z 8 ) 

( Z\ + Zs + Z^) 

-Zi 

Ei 

0 

-Zi 

(Zi + Z 5 ) 

0 

0 

-Zs 

0 

— E 2 

— Z 7 

0 

0 

E 2 

(*7 + 

( Z\ + Zs + Zi) 

-Zi 

“*8 

Ei 

-Zi 

(Zi + Zs) 

0 

0 


— Z 3 0 (Z 3 + Z$ + Zq + Z 7 ) 

0 0 — Z'j E 2 

The loop currents are given by the following equations: 


h = 


Ni 


1 - Na 

h r" 


Ns 

A 




After the loop currents have been determined, the individual im- 
pedance currents are easily found by the following relations: 

Current in Z 3 = /1 — / 3 
Current in Z 4 = I\ — I 2 
Current in Z 7 = I 3 — / 4 


8a 

-WW- 


j 3 a 




6 a 


^WV 1 



k 

J3a 

Li 


' 5 ) |v- 


Fig. A-i 5. Network with three 
loop currents. 


As a further illustration of the method, 
a three-mesh network with known impe- 
dances and emfs will be solved. Let 
this circuit be represented in Fig. A-5. 
The direction in which the arrows are 
drawn is immaterial so long as consistency 
is employed in writing the equation. In 
the network 

iO-Mh-h)+Wi+h) 
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Note that for the 3-ohm resistance the total current is (/j + 7 3 ) 
because of the manner in which the arrow directions were taken. 

0 = 87 2 + 6(/ 2 + la) + j3 (/ 2 — /1) 
j5 = —jil 3 + 6(73 + I 2 ) + 3(7 3 + 7i) 

These equations are written: 

10= (3 +jS)h - /3/ 2 + 3/s 
0 = -j3h + (14 + jB)J* + 67 3 
j5 = 3/i + 6/2 + (9 — j4)f'j 

The determinants are: 



3 +j3 

-73 

3 


A = 

-73 

14+73 

6 

= 348 + 748 


3 

6 

9 — 74 

= 351 /7.86° 


10 

-73 

3 


= 

0 

14+73 

6 

= 1155 - 7500 


75 

6 

9 — 74 

= 1260 /— 23.40° 


3+j3 

10 

3 


N 2 = 


0 

6 

= 435 + 7180 


3 

75 

9 — 74 

= 470 /22.50° 


3+73 

-73 

10 


= 

-fl 

14 +/3 

0 

= -675 - j/'60 


3 

6 

75 

= 678 /-174.90° 


The mesh currents then become: 

1260/- 23.40° 

h = 35 / /7 g6 o = 3.59 /-31.26° =3.07 -71.863 

470 /22.60° 

h = 351 / 7 ^ = 134 £1® i° = 1298 + ^°- 339 

678/ -174.90° 

7 8 = ~ 3^ /7 86 i = = l-93 /-182.76° = -1.93 + 70.093 



APPENDIX III 
HYPERBOLIC FUNCTIONS 


Difficulty in the use of hyperbolic functions often arises because the 
student fails to note the close similarity between them and the more 
familiar circular functions. When mention is made of a function such 
as cos x any engineer knows instinctively what is meant; but when the 
student meets, for the first time, the function cosh x or sinh x he is im- 
mediately afflicted with h ysteria.. An attempt will be made here to 
place these two types of functions upon the same footing. In the first 
place a source of confusion arises because the circular functions are most 
often referred to degrees. Immediately one wishes to know what is 
analogous to degrees in hyperbolic functions. There is no analogous 
unit. By cos x } cosh x, etc., are meant certain functions of a number, 
x f which is given as so many radians . 

A beginning is made by writing down four functions out of which sub- 
sequent material will be developed. 

Circular Functions Hyperbolic Functions 

(1) sin x (3) sinh x 

(2) cos x (4) cosh x 


These items are merely four functions of the quantity x . Their defini- 
tions are: 


sin x — 


cos a; = 


4 * - «-** 

2 j 

t jx + r jx 


sinh x = 

cosh x = 


2 

€ X + €“* 


From these equations it is easily seen that, from all appearances, the 
v hyperbolic functions are simpler than the circular functions. 

It is known from past experience that sin x and cos x are periodic as x 
is increased from zero to plus or minus infinity. Presumably, for the 
present, it is not known how sinh x and cosh x behave, but their charac- 
teristics are easily deduced from the above equations. Obviously both 
sinh x and cosh x increase from certain low values to infinity as x is in- 
creased. When x is zero sinh x has the value zero and cosh x has the 
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value unity. Thus it is found that while circular functions are periodic, 
hyperbolic functions are not. Tables can be made for both types of 
functions and any one of the four 
quantities mentioned can be 
found by looking for the appro- 
priate value of x. As an illus- 
tration, assume that the values 
of sin 5 and sinh 5 are to be 
found. Since circular-function 
tables are usually compiled in 
terms of degrees instead of ra- 
dians it is necessary to change 
the 5 radians to degrees, which 
is done by multiplying by 57.3. 

Thus the procedure is to look 
up sin 286.5° [= sin ( — 73.5°) 

= - sin 73.5° = - 0.959]. Sinh 5 
can b e_found directly f rom the 
tables a nd is 74.2 

With this brief introduction, 
a development concerning hyper- 
bolic functions alone will be 
undertaken. In Fig. A-6 are 
shown plots of e x and f~ x for 
positive values of x. Their sum 
and difference divided by 2 are 
also shown, thus giving a picture 
of the two fundamental func- 
tions. Other functions are defined 
on the basis of these two in the 
same manner as in circular functions, 
etc. 



Fig. A-6. Variation of hyperbolic and 
exponential functions. 

Thus there exist tanh x } coth x> 


, _ 1 sinh x e x — e x 

tanh x = = = 

coth x cosh x € x + c x 

This function begins at zero for x = 0 and increases asymptotically to 
unity as x increases. For the present purposes these four functions will 
be the only ones necessary. 

There exists a whole array of identities involving these functions 
in much the same way as those involving circular functions. For 
instance, it will be desirable to know other means of expressing the fol- 
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lowing combinations: 

sinh a cosh b 
cosh a sinh b 
sinh a sinh b 
cosh a cosh b 

Using fundamental definitions, the first product becomes 




sinh a cosh b = 


6 & + € 


-6 


ja+b 


+ e a ~ 6 - r a+& - € 


a+6 


- — a — 6 


e a+6 _ -(a+w r . _ e 


.0—6 —(a— 6) 


+ 


4 ‘ 4 

sinh (a + b) + sinh (a — b) 


[A-10] 


Interchanging a and b in equation A-10 will give the second product. 
A close analogy to equation A-10 can be obtained for this product if use 
is made of the fact that sinh x = — sinh (— x). This relation can be 
shown as follows: 


sinh x = 


€ — € 


sinh (—x) = 



— sinh x 


A similar procedure will show that the cosh x is not changed in value by 
changing the sign of x. Thus 


Similarly 


and 


cosh a sinh b 


sinh a sinh b 


cosh a cosh b 


sinh (a + b) — sinh (a — b) 
2 

cosh (a + b) — cosh (a — b) 
2 

cosh (a + 5) + cosh (a — 6) 
2 


[A— 11] 
[A— 12] 
[A— 13] 
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Thus four identities have already been found which are similar in form 
to the corresponding ones in circular functions. From these can be 
obtained 

cosh (a + b) [= (A-12) + (A-13)] = cosh a cosh b + sinh a sinh b 

[A-14] 

cosh (a — b) [= (A-13) — (A-12)] = cosh a cosh b — sinh a sinh 6 

[A-15] 

sinh (a + 6) [= (A-10) + (A— 11)] = sinh a cosh b + cosh a sinh 6 

[A— 16] 

sinh (a — 6) [ = (A-10) — (A-ll)] = sinh a cosh b — cosh a sinh b 

[A— 17] 

By making use of the fundamental definitions the following useful re- 
lations can also be easily proved : 

cosh 2 x — sinh 2 x = 1 [A- 18] 

cosh 2 x + sinh 2 x = cosh 2x [A-19] 


In order to determine certain expanded forms of equations for hyper- 
bolic functions of complex quantities, two relations between circular and 
hyperbolic functions are needed. From the basic definitions 


Also 


sinh jx = 


j(* ix - «-'*) 

2 j 


= j sin x 


. . + r ix 

cosh jx = 


cosx 


Using these, equations A-14, A-15, A-16, and A-17 are readily trans- 
formed to 

cosh (a + jb ) = cosh a cosh jb + sinh a sinh jb 

= cosh a cos b + j sinh a sin b [A-20] 

cosh (a — jb) = cosh a cos b — j sinh a sin b [A-21] 

sinh (a + jb) = sinh a cosh jb + cosh a sinh jb 

— sinh a cos b + j cosh a sin b [A-22] 

sinh ( a — jb) = sinh a cos b — j cosh a sin b [A-23] 

It is thus seen that hyperbolic functions of complex quantities can be 
expressed as complex quantities, M + jN, and if a and b are known any 
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One of the expressions (equations A-20, A-21, A-22, and A-23) can he 
calculated. 

Useful forms of equations A-20 and A-22 result when expressed in 
polar form. From equation A-22, using equation A-18 


sinh (a + jb) = sinh a cos b + j cosh a sin b 


— V sinh 1 * a cos 2 b + cosh 2 


a sin 2 b j 


tan 


__ x sin b cosh a 
cos b sinh a 


= Vsinh 2 a(l — sin^ b) + sin 2 6(1 + sinh 2 a) / tan 1 — ° 

[_ cos o smh a 


= V sinh 2 a + sin 2 b j 
Similarly 


tan 


sin b cosh a 
cos b sinh a 


[A-24] 


cosh (a + jb) = V cosh^ a cos 2 6 + sinh 2 a sin 2 b [ tan 1 S - ~ sm ^ q 

l cos b cosh a 


= V(1 + sinh^ a) cos^ b + sinh 2 a(l 



sin b sinh a 
cos b cosh a 


V sinh 2 a + cos 2 b 



sin b sinh a 
cos b cosh a 


[A-25] 


It is a different matter, however, if, instead of a and b being given, the 
function of (a + jb) is given and it is required to find a and b. For ex- 
ample, assume that tanh (a + jb) = M + jN is given in which M and 
N are known. Consider the following development: 


M + jN = tanh (a + jb) 


sinh (a + jb) 
cosh (a + jb) 


Rationalizing 

M + jN 


sinh a cos b + j cosh a sin b 
cosh a cos 6 + j sinh a sin 6 


ainh a cosh a cos*b -f sinh g cosh q sin 2 b — j sinh 2 a cos b sin b -f j cosh 2 a cos b sin b 
cosh 2 a cos 2 b + sinh 2 a sin 2 b 


Using equation A-18 and the relation presented in the development of 
equation A-25 


M+jN 


sinh a cosh a + j sin b cos b 
sinh 2 a + cos 2 b 
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Equating real and quadrature parts and making use of equation A-16 


sinh a cosh a 


sinh 2a 


sinh 2 a + cos 2 b 2 (sinh 2 a + cos 2 b) 


sin b cos b 


sin 2b 


[A-26] 


[A— 27] 


sinh 2 a + cos 2 b 2 (sinh 2 a + cos 2 b) 

From equations A-24 and A-25 

+ AT* - | Af +jy |* - | tanh (. + J6) |» - | gg 

_ sinh 2 a + sin 2 b 
sinh 2 a + cos 2 b 


1 + M 2 + N 2 = 


, 2 sinh 2 a + cos 2 b + sinh 2 a + sin 2 b 


sinh 2 a + cos 2 6 

2 sinh 2 a + 1 _ cosh 2 a 

sinh 2 a + cos 2 b sinh 2 a + cos 2 b 


from equations A-18 and A-19. Similarly 


1 - (M 2 + N 2 ) 


, 2 _ sinh 2 a + cos 2 b — sinh 2 a — sin 2 b 


sinh 2 a + cos 2 b 


_ cos 2b 
sinh 2 a + cos 2 b 

Using equations A-26 and A-28 gives 

2 M 


tanh 2a = 


1 + M 2 + N 2 


[A— 29] 


[A-30] 


and using equations A-27 and A-29 


tan 2b = 


1 - (M 2 + N 2 ) 


[A— 31] 


In using these equations it must be noted that the function in equation 
A-31 is multivalued, and in order to fix b definitely some additional 
information must be available. In particular, if the signs of the numera- 
tor and denominator of equation A-31 are known separately, then the 
quadrant of 2b is definitely fixed. The sign of the numerator is found, 
of course, from the original expression, tanh (a + jb) = M + jN. The 
sign of the denominator takes care of itself because of the fact that both 
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M and N appear in it squared. As an illustration, refer to Art.' 60 
where 


tan 2b = 


-2 X 1-54 
1 - 2.479 


or the ratio of two negative quantities. Accordingly, since only angles 
in the third quadrant have tangents with a negative numerator and 
negative denominator, the angle 2 b lies in the third quadrant. 

Where cosh (o + jb ) is given, with the requirement that a and b be 
found, it will be necessary to change to the hyperbolic tangent. This 
can be effected as follows: 


and 


sinh 2 (a + jb) = cosh 2 (a + jb) — 1 
sinh (a + jb) = Vcosh 2 (a + jb) — 1 


tanh (a + jb) = 


V cosh 2 (a + Jb) — 1 
cosh (a + jb) 


[A-32] 


When sinh (a + jb) is given, there is obtained 

tanh (a + jb) = - r - sinh - (a - + ^ L= [A-33] 

V sinh 2 (a + jb) + 1 


Equations A-32 and A-33, although relatively simple in appearance, are 
somewhat difficult to use. The student is advised to work out an ex- 
ample in order to become familiar with the procedure. 



APPENDIX IV 

ALTERNATIVE SOLUTION FOR Z 0 AND y 1 

Expressions for Z 0 and y in terms of distributed line parameters were 
derived in Chapter V. An alternative method of obtaining these same 
relations can be found from equations 4-1 and 4-7, which give Z 0 and y 
for finite sections of a line, by allowing the length of the section to be- 
come infinitesimally small. The equations for Z 0 and y for finite sections 
of a line are 



It has been stated previously that since these equations apply to sections 
of finite length they cannot be exactly correct. It is to be expected then 
that, if the length of the section is allowed to become vanishingly small, 
Zo and y should approach their true values as given by a fine with dis- 
tributed parameters. 

Let it be recalled that Z\ is the series impedance and Z 2 is the shunt 
impedance of the finite section of line, whereas z is the series impedance 
and y is the shunt admittance per mile. Since the length of line is to be 
allowed to become very small, its value will be given by Ax. From the 
definition of Ax and z it is clear that Z\ — zAx, and 1/Z 2 , the admittance 
of the section, will be yAx. Let these values be substituted into equ ac- 
tion 4-1. 



As Ax approaches zero, Z 0 becomes Vz/y, which is equation 5-16 as 
developed in Chapter V. 

For the evaluation of y, equation 4-7 will first be expanded by the 

1 Everitt, W. L., Communication Engineering , New York, McGraw-Hill Book Co., 
1937. 
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binomial theorem. Thus the radical becomes 

and equation 4-7 can be written 


+ 


[A-35] 


«» = 1 + 


(0 


+ KI) + i(l) 




+ 


fA— 36] 


Since Zi/Z 2 = zy(Ax) 2 

e T = 1+ Vzy (Ax) + \(zy)(A x) 2 + $(zy) h (Ax) 3 + • • • [A-37] 
Compare this expression for t y with the usual exponential series. 

= 1 + y + *y 2 + £y 3 + * • • [A— 38] 

Since Ax is being allowed to approach zero, the terms in (Ax) 3 and 
higher may be neglected, and the others equated, term by term. Thus the 
series for the first three terms would be identical if y were made equal to 
Vzy(Ax), and this y would be the propagation constant for the infinitesi- 
mally short section. Assume that there is a very large number, n, of 
these short sections per mile. Then the attenuation constant per mile 
is y m = ny = nVzy(Ax). However, if n is the number of sections of 

length Ax per mile, then nAx = 1, and y m = yfzy, or in the more usual 
notation without the subscript 


y = Vzy 



APPENDIX V 

ALTERNATIVE DERIVATION OF EQUATIONS 6-5 AND 6-6 1 

The derivation of certain general equations of a transmission line by a 
method which provides a means of partly visualizing the phenomenon 
which takes place is presented here. Reflection, as it occurs on a trans- 
mission line, actually consists of a sequence of events: (1) A wave 
front proceeds along the line and when it arrives at the termination, pro- 
vided the termination is other than Z 0 , part of its energy is absorbed and 
part is reflected; (2) the reflected wave travels back along the line until 
it meets the sending-end impedance, where part of its energy is further 
absorbed and the remainder is again reflected toward the receiving end. 
This process of reflection continues until the loss in the line and in the 
terminating impedances reduces the energy of the wave to zero. The 
resultant line current or voltage, as measured by instruments, is the sum 
of all of these reflected waves. Obviously, since these waves are con- 
tinually subject to the effects of attenuation and phase constants, the 
phenomenon is impossible to visualize clearly. 

A simplification which will provide an opportunity of forming a physi- 
cal picture of reflection, even though it is incorrect, is desirable. It is 
known that if a line is terminated in its characteristic impedance Z 0 it 
acts as an infinite line, propagation takes place in one direction only, and 
its current and voltage at any point may be readily calculated. Hence, 
it is proposed to fashion two correctly terminated lines out of the given 
line together with its improper termination. These two lines can then 
be treated separately, their currents and voltages at any point found, 
and by the superposition theorem these currents or voltages can be 
added together to obtain the true current or voltage. 

Let it be assumed that there are provided (1) a generator of emf E g and 
impedance Z gy (2) a line of characteristic impedance Z 0 and propaga- 
tion yZ, and (3) a receiving-end impedance Z r . In Fig. A-7 are shown 
the given line a and the successive stages involved in the process of 
breaking it up into two correctly terminated lines. 

In Fig. A-7 b the generator impedance Z g has been replaced by two 
impedances ( Z g -Z 0 ) and Z 0 . Likewise the receiving-end impedance Z T 

1 Everitt, W. L. f Communication Engineering , p. 132, New York, McGraw-Hill 
Book Co., 1937. 
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has been replaced by the impedances (Z r -Z 0 ) &nd Z 0 . Inspection of the 
diagram will show this break-up to be perfectly legitimate. Since the 
compensation theorem, Art. 23, allows an impedance drop to be re- 
placed by an equivalent generated emf, the circuit of Fig. A-7c is ob- 
tained by substituting the emf’s E a and JE& for the impedance drops 



Fia. A-7. Transformation of a given line into two correctly terminated lines. 

I'iZfZo) and / r (Z r -2r 0 ). The two circuits of Figs. A-7 d and A-7e are 
obtained from Fig. A-7 c and each of them will yield part of the final 
result. It will be noted that in d a correctly terminated line is trans- 
mitting toward the right and its generator is made up partly of the origi- 
nal generator and partly of the fictitious generator added because of the 
drop through the impedance (Z g -Z 0 ). The diagram in e represents a 
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correctly terminated line transmitting toward the left, and its generator 
is a fictitious one owing to the impedance drop / r (Z r -^o)- In neither of 
these lines will there be any reflection. After the current and voltage at 
any point of the line are calculated due to each circuit separately the 
results can be superposed to give the actual existing values. It must be 
realized, however, that obviously the picture of only two waves, one to 
the right and one to the left, is wrong. However, the great advantage 
of the method lies in the fact that it often enables problems to be handled 
by a graphical or step-by-step analytical method. 

The following notation will be used in the analytical derivation of 
equations 6-5 and 6-6: 


V ' 

is 

the 

line voltage at sending end due to sending-end generator 

V[ 

V' 

u 

U 

it 

it 

“ receiving “ 

u 

tt tt n 

tt 

a 

it 

u 

a 

“ sending “ 

u 

“ receiving-end 

it 

V 

tt 

it 

tt 

tt 

“ receiving “ 

tt 

tt tt a 

tt 

t 

u 

tt 

it 

current 

“ sending “ 

a 

“ sending-end 

tt 

I'r 

u 

tt 

tt 

tt 

“ receiving “ 

tt 

tt tt tt 

tt 

i: 

a 

tt 

tt 

n 

“ sending “ 

u 

“ receiving-end 

tt 

t: 

a 

tt 

tt 

tt 

“ receiving “ 

tt 

tt it u 

tt 


The following equations can be written, based upon Figs. A-7 d and 
A-7e. On a correctly terminated line V r = V 8 t~ yl and 7 r = I 8 e ~ yl , from 
equation 4-8. The propagation constant for the entire line is yl. 

Is ~ l[ + ij [A-39] 

Ir = I' r + 1" [A-40] 

From Fig. A-7 d, 


/: = 


Eg ~ I.jZg - Z 0 ) 

2Z 0 


[A— 41] 


From Fig. A-7e, 


wl __ wt —*l __ [Eg — h {Zg — Z 0 )]t yl 
Ir ~ lsi - 2Z 0 


l" = 

*r 


-IrjZr ~/ q ) 

2Z 0 


[A-42] 
[A— 43] 


„ _ -IrjZr ~ Zv)<- yl 
‘ 2Z 0 


[A-44] 


Let equations A-41 to A-44 be substituted into equations A-39 and 
A-40. 

/ E,-I.(Z g -Z 0 ) IrjZr - Z 0 )r yl 

2Zq 2Z 0 


[A— 45] 
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[Eg - I,(Zg - Z 0 )]e-» l I r (Z r - Z 0 ) 


[A-46] 


Eg - I,{Zg - Zo) - IriZr - Z 0 )t-> 1 


[A-47] 


E g r * 1 - I s (Zg - Z 0 )e~ yl - Ir(Z r - Zo) 


[A-48] 


Equations A-47 and A-48 may be treated as simultaneous equations 
and solved for J T and I,. The solution yields 

/ _ ^EgZp fA-491 

r {Z 0 + Z r ){Z g + Z 0 )* yl + {Z 0 - Z r ){Z a - z 0 )e~ yl 1 J 

7 = Mh + z ^ yl ± [h - rA -Wl 

* {Zo + Z r ){Z g + Z 0 )S l + {Zo- Z r ){Z g - Zo )^ 1 1 UJ 

It is desirable to have these equations expressed in terms of V„ the 
voltage across the line, instead of the generator emf E g ; so by making 
Eg = V s and Z g = 0 the input voltage across the line V, will appear in 
the equations. Thus 

2VsZ 0 

r {Zo + Z r ) Z Q t yl +{Zo- Z r ){- Z 0 )e- yl 


_ <-yi 


+ ZqZ t 


t yi + r yi 


Zo sinh yl + Z r cosh yl ^ ^ 

This equation is the same as equation 6-5, where VtyS takes the place 
of yl. Likewise 

/ = YA¥± + Z ^ 1 + ~ 

4 {Zo + Z r )Zoe" + {Zo - Z T ){-Zo)r yl 

which, on rearranging and making substitutions of the hyperbolic func- 
tions, becomes 

= V S {Z 0 cosh yl + Zr sinh yl) 

* Z 0 {Z r cosh yl + Z 0 sinh yl) 1&J 

This corresponds to equation 6-6. 
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The preceding analysis easily leads to a reasonably satisfactory physi- 
cal picture of the conditions on an open- (or a short-) circuited trans- 
mission line if a may be considered as zero. For this case, since there is 
no decrease in the amplitude of the wave as it progresses along the line, 
the superposition of the two waves traveling in opposite directions is 
comparatively easy to visualize. The wave traveling toward the re- 
ceiver end of the line will be considered as the direct wave and the one 
sent back from the receiver end as the reflected wave. The voltage (or 
current) along the line at any point may be considered as the vector sum 
of these two waves. 

As an illustration, let the voltage distribution on a short-circuited line 
be considered. It should be remembered that, with respect to time, 
vectors rotate counterclockwise and with respect to distance traversed 
they rotate clockwise. For this illustration, since it is the distribution 



Fig. A-8. Representation of reflection on a short-circuited line. 


along the line at a particular instant which is of interest, the vectors 
concerned will rotate clockwise as long as one is progressing in the direc- 
tion of transmission. The voltage vector at the receiving end of the line 
undergoes a phase shift of 180° because only in this way can the sum of 
the two vectors produce the necessary boundary condition at a short 
circuit, that of zero voltage. The vector, after reversal, may be con- 
sidered at successive points along the line back to the sending end, its 
rotation always being clockwise, and at certain points the vectors repre- 
senting the direct and reflected waves are found to be 180° out of 
phase just as they are at the receiving end. Thus there are positions 
along the line of zero voltage, and also positions of maximum voltage 
where the vectors are added linearly. 

The general situation can be seen more clearly in Fig. A-8, where a 
1 ^-wavelength line is considered. V[ represents the input voltage at 
the sending end of the line. As one progresses along the line the direct 
wave vector takes positions at every quarter-wavelength, as shown by 
the vectors V[, V' 2 , • • • V[. At the receiver end a complete reversal of 
V' r takes place in order to fulfill the condition of zero voltage at that 
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point. This new vector is designated as V”, and its successive positions 
at points separated by quarter wavelengths along the line are repre- 
sented by Vi, V", • • • V". As stated previously, the voltage at any 
point of the line will be given by the vector sum of the two vectors at 
that point. Thus at S the voltage is a maximum, V[ + Vi', at a it is 
zero, and so on along the line until zero voltage is again attained at r. 
If the negative loops were reversed to indicate merely meter readings 
then the similarity between this curve and the curve of V for the short- 
circuited line of Fig. 6-13 could easily be seen. 



APPENDIX VI 
MAXWELL’S EQUATIONS 

Maxwell's equations are usually written in vector form. However, 
for the purposes of certain derivations presented in this text, the equa- 
tions which are of immediate use will be written in scalar form because 
the use of vector notation here serves no useful purpose. Written in this 
manner, the two equations will appear as six. The first group of three 
refers to the relation between electric currents and the resultant magnetic 
fields, and the second group refers to the relation between the electric 
field and the time rate of change of current, or magnetic field. It will be 
seen presently that these equations are merely general statements of the 
circuital law of magnetism and Faraday's emf law respectively, expressed 
in differential forms. The equations are especially useful in the treat- 
ment of the propagation of electromagnetic waves, and they find applica- 
tion not only in radio but also in many problems of wire or guided trans- 
mission. Many books treat of their derivation and reference should be 
made to them for greater completeness. 1 

Derivation of Maxwell’s Equations in Cartesian Coordinates, (a) 
Maxwell 1 s First Law. The first set of equations is based on the circuital 
law of magnetism which in equation form and in rationalized units is 

j>H-dl = I [A— 53] 

1 Doherty, R. E., and E. G. Keller, Mathematics of Modern Engineering , New York, 
John Wiley & Sons, 1947. Bronwell, A. B., and R. E. Beam, Theory and Application 
of Microwaves, New York, McGraw-Hill Book Co., 1947. Hund, A., Phenomena in 
High Frequency Systems , New York, McGraw-Hill Book Co., 1936. King, R. W. P., 
Electromagnetic Engineering , Vol. 1, New York, McGraw-Hill Book Co., 1945. 
Marchand, N., Ultrahigh Frequency Transmission and Radiation , New York, John 
Wiley & Sons, 1947. Mcllwain, K., and J. G. Brainerd, High Frequency Alternating 
Currents , New York, John Wiley & Sons, 1939. Page, L., Introduction to Theoretical 
Physics, New York, Van Nostrand Co., 1930. Ramo, S., and J. R. Whinnery, Fields 
and Waves in Modern Radio , New York, John Wiley & Sons, 1944. Schelkunoff, S. A., 
Electromagnetic Waves , New York, Van Nostrand Co., 1943. Skilling, H. H., Funda- 
mentals of Electric Waves, New York, John Wiley & Sons, 1948. Stratton, J. A., 
Electromagnetic Theory , New York, McGraw-Hill Book Co., 1941. Ware, L.A., 
Elements of Electromagnetic Waves, New York, Pitman Publ. Corp., 1949. Sarbacher, 
R. I., and W. A. Edson, Hyper and Ultrahigh Frequency Engineering , New York, 
John Wiley & Sons, 1943. 
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where H is the magnetic-field intensity in amperes per meter and l is 
the displacement or distance along the closed path which encircles the 
current. In this derivation, the current I is expressed in amperes and 
the displacement l is expressed in meters. (It is understood that in 
general H is a function of .both time and space.) 

If all space is assumed to be filled with electric currents and the 
associated magnetic fields, it is a relatively simple matter to establish 



Fig. A-9. Element of volume in the electromagnetic field. Cartesian coordinates. 

the relationships between the space variations in H and the current 
densities which exist at any point in space. This set of relationships is 
sometimes referred to as Maxwell’s first law. Let Fig. A-9 represent 
an elemental section 'of space filled with electric and magnetic fields, and 
with the associated currents. Also let p x , p y , and p z represent the current 
densities in the x, y, and z directions respectively. The magnetic-field 
intensities along the x, y, and z axes respectively will be represented by 
H x , H yi and H z . The general principle involved in the establishment of 
the first equation to be considered can be seen by treating only one 
surface of the element of volume. Assume that the area ocbao is 
selected. Through this area the total current is 

I z = Pxdydz = pxdA 


[A— 54] 
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Around the boundary of this surface there exist magnetic intensity or 
H vectors, two of which are indicated in Fig. A-9, namely, H y along the 
dy path and H z along the dz path. 

The magnetic potential drops around the. ocbao loop taken individually 
are 

dUifaiong oc) = Hydy 

d(H z dz) m z 

dU 2i along cb) = H z dz + dy = H z dz + dydz 

dy dy 

JT7 r TT J I d (// ydy ) ”| dHy 

dU mong ia) = ” H^jdy H — — dz = —H y dy - — dydz 

dU^faiongao) == H z dz 


In arriving at these expressions it is of course recognized that dz is not a 
function of y and neither is dy a function of z. The four magnetic 
potential drops are to be taken in the ocbao direction around the loop 
since +I X establishes H vectors in this direction around the loop in 
accordance with the right-hand rule. 

From the circuital law of magnetism (equation A-53), it is plain that 


or 


j>H ■ dl = dU i + dU 2 + dU 3 + dU 4 

= ~ dydz = p x dydz [A— 55] 


dH z dH y 
dy dz 


[A— 56] 


In this equation p x the current density existing over the dydz face 
and directed along the x axis is made up of two parts. One is the 
conduction current density gE x , where g is the specific conductance per 
unit volume and E x is the x component of the electric-field intensity in 
volts pel* meter. The other is the displacement current density, dDJdt , 
where D x is the electric flux density. Since D = e£, where e is the 
permittivity of the medium, the total current density may be written 


p . dE * 

Px = gE x + s 


Equation A-56 now becomes 


djh 

dy 


dHy 

dz 


= gE x + e 


dt 


[A— 57] 


In an exactly similar manner two other equations, for the remaining 
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two coordinate directions, may be derived. They are 


and 


dH x 

dz 

dHy 

dx 


dH * — fjJP i_ p 

dHx -nF +* dEz 

— r~ - + 5 "tt 

dy dt 


[A-58] 

[A-59] 


These three equations together make up the expression of one of Max- 
well’s laws. They express three of the neeessary relations which must 
always exist between H and E in the electromagnetic field. 

(6) Maxwell's Second Law. Equations A-57, A-58, and A-59 are 
based on the circuital law of magnetism. Another set of three equations 
based on Faraday’s law will now be derived. Again Fig. A-9 will be 
used with the p’s replaced by flux densities B and with the H’s giving 
place to corresponding electric intensities (2?’s) expressed in volts per 
meter. 

Consider the area ocbao and assume that the flux density B x is decreas- 
ing so that its derivative with respect to time is negative. Also assume 
for the moment that the boundaries of the area are fine wires, with 
practically infinite resistance if we wish, in which emf’s are induced by 
the time rate of change of B x . The decrease of flux through the area 
will induce a voltage e in the wire boundary which will be in the sense 
ocbao . The magnitude of this voltage is given by Faraday’s law to be 

e = <fE-dl=-~^-^-dydz [A-«0] 

%j at dt 


where E is the electric intensity vector 

l is the displacement directed along the periphery of loop oabco 
<t>x is the magnetic flux crossing the dydz surface 
B x is the flux density at the dydz surface 

The minus sign accounts for the fact that the voltage induced in the 
ocbao loop is measured by the time rate of decrease of magnetic flux 
through the loop. 

The electric potential differences around the closed path ocbao (taken 
in the right-hand screw direction around +B X ) are individually 

(along oc) “ Eydy 

(along cb) = E z dz H - dy = E z dz + — dydz 

oy dy 

^3 (along ba) = “ dz ] = ~ ^ <^2 

^(alongoo) = 
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?Tom equation A-60 it is seen that 

6 = dv\ + dv 2 4" ^3 4 dv* = ( — 

\ oy dz / 


dB 

dydz = T^dydz [A-61] 

dt 


Recognizing that B* = mo#x 

dE z dE \ 

dy 


y dH x 

— = ~ MO 'T7" 
cte cM 


[A-62] 


If the same procedure is applied to faces dxdz and to dxdy respectively, 
we find that 


and 


dE x 


8H y 

dz 

dx 

dt 

6Ey 

dEx _ 

dH z 

dx 

dy 



[A— 63] 
[A— 64] 


Equations A-62, A-63, and A-64 express three more necessary rela- 
tions which always exist between the H and E vectors in the electro- 
magnetic field. Taken collectively, they are sometimes referred to as 
Maxwell's second law. 

Equations A-57, A-58, A-59, A-62, A-63, and A-64 have been 
derived in rationalized mks units and hence are most directly applicable 
in this system of units where 

Mo = 4:ir X KT~ 7 henry /meter, the permeability of free space 
e == eo€ r , the permittivity expressed in farads/meter 
q> — l/(36x X 10 9 ) farad/meter, the permittivity of free space 
€ r = the relative permittivity or dielectric constant of the me- 
dium, having a value of unity for free space and essentially 
unity for air 

g = the conductivity of the medium expressed in mho-m/sq m, 
the numerical value for hard-drawn copper being 0.566 X 
10 8 mho-m/sq m. 


The symbol mo may actually be interpreted to mean MoMr where Mr is 
the relative permeability of a ferromagnetic medium, but, since only 
nonferromagnetic materials are encountered here, the numeric Mr is 
considered to be unity and as such does not appear in the equations. 

Derivation of Maxwell’s Equations in Cylindrical Coordinates. The 
derivation of Maxwell's equations in cylindrical coordinates follows 
exactly the general principle used in the above development for Cartesian 
coordinates, the differences having to do with the fact that some of the 
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elemental lengths are not independent of the other coordinates. The 
elemental volume to be employed here is shown in Fig. A-10 where the 
coordinates are r, 6, and z. It will be noticed in particular that the 
elemental length oa is a function of r as well as of 6. 

(o) Maxwell’s First Law. First the line-integral law of magnetism 
will be applied to the face oabco of the elemental volume at which the 



Fig. A-10. Element of volume in the electromagnetic field. 

Cylindrical coordinates. 

current density p r exists. The magnetic potential drops around the 
oabco path taken individually are 

d C/i (^ong oo) — H$rdd 

irr _ rT j , d(Hzdz) Tr ,1 dH z 

d U 2 (aiong ab) = #*dz H tz — dd = HjLz + - • rdddz 

ou r ou 

(since dz is not a function of 0 ) 

dU 3 (along be) = - [Wdfl + <fe] - -H 6 rdB - d -jfrdMz 

d U 4 (along co) ~ H^lZ 

Hence 

j>H -dl - dU\ + dU 2 + dU 3 + dU t = ~ ^) rd9de 

* p r rd6dz [A-65] 
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and 


or 


1 dH z dHe 
r dd dz 


[A— 66] 


1 dH z 


it =gEr+ * 


dE r 

dt 


[A— 67] 


A similar procedure may be applied to the other faces of the elemental 
volume which touch the point o, the point in space which is actually 
under investigation in the limit of shrinking dr, dd , and dz to zero. 
Because of the nonsymmetry of the coordinates however, it may be well 
to outline the method employed in applying the line integral law to the 
faces ocdgo and ogfao. 

Consider first the ocdgo face across which the current Je (= pedrdz) 
flows. The individual magnetic potential drops around the periphery 
of this face are 


^^1 (along oc) * H z dz 

dJJ 2 ( a i 0 n g cd) = H r dr + dz = H r dr + drdz 

oz oz 

itt ["„ j i d(Hzdz) j 1 „ j dH z 

dU 3(al0 n e d s ) = - H z dz H — — dr = -H z dz - — 


drdz 


d £^4(along go) Hj-dr 

Hence 

dHr 

dz 


dHz p dE e 

— - e £, + ,— 


[A— 68] 


Consider next the ogfao face across which the current I z (= p z rd$dr) 
flows. The component magnetic potential drops taken around the 
periphery of this face are 


dU i (along og) H r dv 

dU of) = Herdd + ^tH&rdd) ^ 1 . d (Hjr) 

dr r dr 

iTT r tt , , d(H r dr) ~1 1 dH r 

dJJ 3 ( a iong/o) = — H/Ir H — — do = -Hrdr •— - rdddr 

L dd J r do 


dU 4 (along an) Herdd 

It follows, as before, that 

ir dJHf) 

r L dr 



[A-69] 
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Taken collectively, equations A-67, A-68, and A-69 describe the same 
physical facts in cylindrical coordinates as equations A-57, A-58, and 
A-59 do in rectangular coordinates. 

v (b) Maxwell's Second Law. In Fig. A-10 we may replace the p* s by 
B ’ s and apply Faraday’s emf law to each of the faces of the elemental 
volume which touch point o . The magnetic flux piercing face oabco } 
for example, is <t> r = B r rd6dz , and the resulting induced emf is 

/ aD all 

E • dl = -7 rdddz = -r 1 * rdddz 

at at 


Since 2? enters into the line integral exactly as H did previously, we may 
write, from equation A-67, 



IdEz 

dE$ 

8H r 

[A-70] 


r‘ 86 

dz 


From equation A-68, 






8E r 

dE z _ 

8H e 

[A-71] 


dz 

dr 

~ »1T 

From equation A-69, 





1 

8 (E$r) 

d_Er 1 _ 

8Hz 

[A-72] 

r 

dr 

dd J 


Taken collectively, 

equations 

A-70, 

A-71, and 

A-72 specify in 


cylindrical coordinates the same interrelationships which exist between 
the E ’ s and H’s as equations A-62, A-63, and A-64 do in rectangular 
coordinates. 

Illustrative Example . In order to illustrate the application of Maxwell’s 
equations to a relatively simple case, the depth of penetration of an electro- 
magnetic wave into a metal will be found employing the field configuration 
shown in Fig. A-ll. The assumption will be made that at the surface of the 
conducting plate shown 

E x — E a = 0 and H v = H M = 0 [A— 73J 

leaving only E y and H x as finite quantities. In accordance with Poynting’s 
theorem, 2 it is understood that, with E y and H z present at the surface of metal, 
power will be crossing the surface and dissipated in the metal. Physically, 
E v represents the electric intensity vector caused by current flow in the y 
direction, and H z is the magnetic-field intensity vector established by the 
same current. 


2 See Art. 104. 
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On substitution of the relations given in equation A-73 into equations 
A-57, A-58, A-59, A-62, A-63, and A-64 there are obtained two equations in 
E y and H x 




[A-74] 


and 


dE v dfiHx 
dz dt 


[A-75] 


where E v and H x are functions of both time and space. 

Let H x « and E y = 6 ^ [A-76] 

where tK x and S„ are functions of space only. See page 271. 



Fig. A— 11. Illustrating depth of penetration of electromagnetic wave in metal. 


Using the relations given by equation A-76, the time derivatives of H and 
E with respect to t become 

dfxH x _ dfj£K ;e i(at 
dt dt 


and then 


= jo)fuK 




dt 

dt 


(g 4- jo> s)6^"‘ 

' jufuK xf 1 " 1 


[A-77] 
[A— 78] 
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Dividing out the exponential terms gives 
dtK x 


dz 

dSy 

dz 


= {g + 

= jbOfuKx 


[A-79] 

[A-80] 


Differentiate equation A-80, and substitute, from equation A-79, 

= JWMto + iwe)S y [A-81] 

dz 2 

In those cases where g cos, equation A-81 becomes 8 

= jwng&v 


dz 2 


[A— 82] 


The solution of this type of differential equation is given by & v = Ae y * 
where A and y are constants to be determined. 


d& v 

dz 


yAe yt 


and 


^ f = f 


Thus & v = Ae yz is a solution to equation A-82 provided 



y- = jung 


or 


[A-83] 

Hence 

B, - • S 0 

[A— 84] 


wherein A is an arbitrary constant which is specified by the surface value of 
E y at z = 0. The electric-field intensity vector E v is thus shown to decrease 
exponentially for negative values of z as indicated in Fig. A-ll. 

The depth, along the —z direction, at which Ae v 2 reduces to 0.368 
(or e -1 ) of its surface value is called the depth of penetration. This depth, 
indicated as the distance 5 in Fig. A-ll, is 



[A-85] 


8 For copper conductors g — 0.565 X 10 8 mho-m/sq m, and m - 0.1745 X 10“ 9 /; 

hence for / equal to 10 9 cycles per second (1000 megacycles) g a*. 



380 


APPENDIX VI 


where p = 1/p is the resistivity of the conductor material 
Ho — 4tt X 10“ 7 henry/meter 
Hr = the relative permeability of the metal 


giving 


a 



meter 


[A-86] 


This particular depth of penetration is used to establish approximate formulae 
for the high-frequency resistance of metallic conductors. (See Art. 12.) 

It is also of interest to calculate an effective or intrinsic impedance of the 
metal using expressions for E y and H x within it. The component E v can be 
written from equation A-84 as 

E v (re&l) = Ae 8Z cos (ot + sz) 2^0 
or 

^l/(real) = A& 9 COS (ot + Sz) /0° [A— 87] 


Equation A-80 can be written as 

cjr __ j d&y 

c oh oz 
or 


or 


or 


cojjl dz 

= — [Ae' z jse 1(ut+,z) + Ase*V ( " <+ ** ) ] 

03 H 

A n 

== £8Z e j(ujt+8Z) ^ 

coh 

A~ s 

= — c**(l — j)[cos (cot + sz) + j sin (cot -f sz)] 
coh 

IT V2 As 

ftr( real) = «"COS | 


ft 


a: (real) 


COH 

V2 As 
coh 


( w< + sz ~t) 

«"cos {o 3 t + sz) /— 45° 


[A-88] 


[A-89] 


Using equations A-87 and A-89, an intrinsic impedance Z t can be defined 
for the metal as 

Zi = %- = ohms [A-90] 

V2s 


or on substituting for s, from equation A-83, 


Z x = 



ohms 


[A-91] 


which indicates that within the metal the magnetic field lags the electric field 
by 45°. 
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ELEMENTS OF BESSEL FUNCTIONS 


A. Solution of the Zero-Order Equation. The immediate problem 
is to obtain a solution of the following differential equation : 


d 2 y 1 dy 
dx 2 x dx 


+ y = 0 


[A-92] 


This equation is “ Bessel's equation of order zero ” and is the simplest 
of the equations to be considered here. As a solution of equation A-92 
try the series : 

y — ci o ~h 0 \X + a 2 x 2 + a 3 :r 3 + • • • + a n x n -f- • • • [A— 93] 

This may be written y = a n x v if it is remembered that a summation is 
implied. First however let the first few terms of equation A-93 be 
substituted into equation A-92. 

~ (o\ + 2 a 2 x + 3 a^x 2 + • • •) 
x dx x 

d 2 y 

~ 2 — 2a 2 + 6a 3 x + • • • 


Thus, on substitution into equation A-92, 

2a 2 + G a-sx + — + 2 a 2 + 3 a 3 x + a 0 + 0 \X + (higher powers of x) = 0 
x 


This expression, instead of being zero when x — 0, becomes infinite, 
owing to the term ai/x. Thus a\ must be set equal to zero. Remember- 
ing that ai = 0 and going back to the solution 

y = o n x n 

= ua n x n ~ l 
dx 


= n(n - l)a n x n 2 

equation A-92 becomes 

n(n — 1 )a n x n ~ 2 + na n x n ” 2 + a n x n = 0 [A-94] 
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The left side of this equation represents a polynomial with an infinite 
number of terms, each made up of a coefficient and some power of x. 
Since the equality must hold for all values of x y then the coefficient of 
each power of x must be zero. In equation A-94 two powers of x 
are represented, x n and x n ~ 2 . A selection must be made so that only 
one power is given. This can be done by substituting for all n ’ s in the 
first two terms the quantity (n + 2). In order to see this clearly it 
may be necessary to write out the first few terms of the series. When 
this is done there results 


(n + 2 )(n+ 1 )a n + 2 x n + (n + 2 )d n + 2 x n + a n x n = 0 

The x n can now be factored out and the coefficient set equal to zero. 
Thus 

a n+ 2 [( n + 2)(n + 1) + (n + 2)] + a n = 0 
Solving for a n+2 gives 


ci n 

a ” +2 " (n + 2) 2 


[A— 95] 


All the coefficients of the series can be found from this equation. It is 
found that two of the coefficients can be arbitrarily chosen. One of 
these, a u has already been set equal to zero ; the other, a 0 , can be set 
equal to unity. On this basis then the coefficients are 


From equation A-95, 


/ 


do — 1 
<21 = 0 


d 2 

#3 

0 4 

05 

06 


2 2 

0 

a 2 _ 1 

“ 4 2 " 2 2 • 4 2 

0 

_ 1 
2 2 • 4 2 • 6 2 


The series A-93 now becomes 
x 2 


1-S + 


2 2 2 2 • 4 2 2 2 • 4 2 • 6 : 


+ J 0 (x) [A-96] 
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This is one particular solution of the equation A-92. It is usually 
written as Jo (x) and called Bessel’s function of the first kind and zero 
order . At x = 0 it is seen to have the following characteristics : 

Jo(x) = y = 1 x = 0 


dJ 0 (x) _ dy 
dx dx 


x = 0 


Since equation A-92 is a second-order differential equation, its general 
solution must be made up of a combination of two independent particular 
solutions, one of which is Jp(x). The other standard particular solution 
is denoted by F 0 (x) and is called Bessel’s function of the second kind 
and zero order. This is the form standardized by Weber, and its deriva- 
tion is beyond the scope of this brief treatment. 1 Values of both Jo(x) 
and Y 0 (x) can be found in suitable tables. 2 Curves of Jo 0*0 and Y 0 (x) 
are given in Figs. A-12 and A-13 respectively. The general solution of 
equation A-92 then becomes 

y = A</ o 0*0 + BYp{x) [A— 97] 


It will be of interest later to write out the first derivative of Jp(x). 
It is as follows (from equation A-96) : 


dJ 0 (x) 

dx 


_ X X' 

2 + W 


r i _£i_ x 4 i 

|_2 2 2 • 4 + 2 2 • 4 2 • 6 ” J 


[A-98] 


B. Solution of the First-Order Equation. Bessel's equation of the 
first order is 



Let a solution of this equation be assumed in the form . 

y = x m (a 0 + Oix + a 2 x 2 + a 3 x 3 + • • • + a n x n + • • •) [A-100] 

where the a’ s are not necessarily the same as in the previous article. 

1 Refer, for a further treatment, to Mathematical Methods in Engineering y by 
K&rm&n, T. and M. A. Biot, p. 50, McGraw-Hill Book Co., New York, 1940. 

2 Jahnke, E., and F. Emde, Funktionentafeln y Leipzig, B. G. Teubner, 1938. 
McLachlan, N. W., Bessel Functions for Engineers , New York, Oxford University 
Press, 1934. Watson, G. N , A Treatise on the Theory of Bessel Functions , Cambridge 
(Eng.), The University Press, 1922. 
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X 

Fig A-12 Curves icpicstnting the vanation ol J o(j) aid Ji(x) w ith x 



x 


Fig. A-13. Curves representing the variation of Fo(z) and Y\(x) with x. 
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Following a procedure somewhat like the foregoing, 
y = a n x n+m 

1 - ^ a n x n+m = a n x n+m - a n x n ~ 2+m 

- • y- = - (n + m)a n x n+m ~ 1 = (n + m)a n x n+m ~ 2 
x dx x 

= (n + m)(n + m — l)a„x n+w "“ 2 
ax 

Thus equation A-99 becomes after the substitution 

(n + m)(n + m - l)a n x n+m ~ 2 + (n + m)a n a: n+w -“ 2 + a n x n +*» 

- a n x n+m ~ 2 = 0 

Factor out x m . 

x m [(n + m)(n + ra — l)a n x n ~ 2 + (n + m)a n x n ~ 2 + a n x n — a n x n ~ 2 ] = 0 

[A-101] 

Remembering that the lowest value of n is zero, write out the coefficient 
of x~ 2 . This is, letting n = 0 in the first, second, and fourth terms, 

m(m — l)a 0 + ma 0 — a 0 = 0 

from which m = 1. 

Write out the coefficient of x _1 by using n = 1 in the first, second, and 
fourth terms. 

(m + l)mai + (m + l)ai — a x = 0 
where from the above, m = 1. Therefore 

2ai -f* 2ai — d\ = 0 
which requires a\ to be zero. 

Going back to equation A-101 and writing out the general coefficient 
by substituting for n in the first, second, and fourth terms the quantity 
(n + 2) ; and factoring out x m and x n : 

(n + m + 2) (ft + m + l)a n + 2 + (n + m + 2 )a n+2 + a n - a n+2 = 0 
where again m = 1. Therefore 

(n + 3)(n + 2)a n + 2 + (n + 3)a n + 2 + a n — a n+2 = 0 
Solve for a n + 2 . 

an+2 (n + 4)(n + 2) 


[A-102] 
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The coefficients for the series become 


From equation A-102, 


do = do 
oj = 0 


&2 = 


gQ 

4*2 


d% = 0 


a 4 


ap 

6 4 • 4 -2 


Thus the solution becomes 


y = x ^a 0 


apx , _ 
4-2 + 6 


OpJ -4 _ \ 

•4-4-2 ') 


In this solution a 0 is arbitrary and is set equal to in the standard form 
denoted by Ji(x): 


J iW 


/I x 2 
" * \2 2 2 • 


4 + 2 2 • 4 2 • 6 


) 


which is seen to be the same as equation A-98 except for sign. Thus 
in general the first derivative of the solution of the zero-order equation 
is the negative of the solution for the first-order equation. That is 


dJoQc) 

dx 


= - J i(*) 


[A-103] 


There is also a solution of the second kind for the first-order equation, 
corresponding to F 0 (x). It is 

7l(x) = lA_104] 


For Bessel’s first-order equation the general solution is 

y = CJi(x) + DYi (x) [A-105] 

where Ji(x) and Yi (x) can be found in appropriate tables, for usual 
values of x. Curves of Ji(x) and F x (x) are found in Figs. A-12 and 
A-13 respectively. 

C. The Hankel Functions of Zero Order. It has been seen that two 
solutions for the equation of zero order are Jo (x) and F 0 (a:). Various 
combinations of these two functions may be used as solutions of Bessel’s 
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equation, depending on circumstances. Two of these combinations 
are immediately useful in transmission theory and are defined as 1 

Hh(x) = Jo(x) +jY 0 (x) [A-106] 

and 

H 2 0 (x) = J 0 (x) - jY 0 (x) [A-107] 


These are known as the Bessel functions of the third kind and zero order 
or as Hankel functions of zero order. 

D. Transformation of Variable. A differential equation frequently 
appears as follows : 


d 2 y 

dx 2 


1 dy 
x dx 


+ --T + m2 y - o 


[A-108] 


where m is a constant. This equation can be transformed into the 
standard Bessel equation of zero order by a change of variable, z = mx. 



m 


d_/dy\ _ md / mdy \ 2 d 2 y 

dx Viz / dz \ dz / m dz 2 


Substituting into equation A-108 


2 dry m 2 dy 2 
m 2 — o + — •— + m 2 y = 0 
dz* z dz 


out of which the m’s can be canceled, resulting in equation A-92, for 
which solutions have been found to be Jq{z) and Y 0 (z). Thus the 
solution for equation A-108 is 

y - AJ 0 (mx) + BY 0 (mx) [A-109] 

Similarly the solution for the first-order equation can be found to be 

y = CJi(mx) + DYi(mx) [A— 110] 
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WIRE TABLE, STANDARD ANNEALED AND HARD 
DRAWN (97.3% Cond.) COPPER 


o’ • 

J5 

Diam- 
eter in 
Mils at 
20°C 

Cross Section at 20 °C 

Ohms per 1000 feet* 

Annealed 

Hard Drawn (97.3% Conductivity) 

Circular 

mils 

Square 

inches 

20°C, 68°F 

0°C, 32°F 

20°C, 68°F 

25°C, 77°F 

50°C, 122° F 

0000 

460.0 

211 600. 

0.1662 

0.049 01 

0.046 52 

0.050 37 

0.051 33 

0.056 15 

000 

409.6 

167 800. 

0.1318 

0.061 80 

0.058 67 

0.063 52 

0.064 73 

0.070 80 

00 

364.8 

133 100. 

0.1045 

0.077 93 

0.073 98 

0.080 10 

0.081 62 

0.089 27 

0 

324.9 

105 600. 

0.082 89 

0.098 27 

0.093 28 

0.101 0 

0.102 9 

0.112 6 

1 

289.3 

83 690. 

0.065 73 

0.123 9 

0.117 6 

0.127 4 

0.129 8 

0.142 0 

2 

257.6 

66 370. 

0.052 13 

0.156 3 

0.148 3 

0.160 6 

0.163 7 

0.179 0 

3 

229.4 

52 640. 

0.041 34 

0.197 0 

0.187 0 

0.202 5 

0.206 4 

0.225 7 

4 

204.3 

41740. 

0.032 78 

0.248 5 

0.235 8 

0.255 4 

0.260 2 

0.284 6 

5 

181.9 

33 100. 


0.313 3 

0.297 4 

0.322 0 

0.328 1 

0.358 9 

6 

162.0 

26 250. 

0.020 62 

0.395 1 

0.375 0 

0.406 0 

0.413 8 

0.452 6 

7 

144.3 

20 820. 

0.016 35 

0.498 2 

0.472 9 

0.512 0 

0.521 8 

0.570 7 

8 

128.5 

16 510. 

0.012 97 

0.628 2 

0.596 3 

0.645 6 

0.657 9 

0.719 6 

9 

114.4 

13 090. 


0.792 1 

0.751 9 

0.814 1 

0.829 7 

0.907 4 

10 

101.9 

10 380. 

0.008 165 

0.998 9 

0.948 1 

1.027 

1.046 

1.144 

11 

90.74 

8234. 

0.006 467 

1.260 

1.196 

1.294 

1.319 

1.443 

12 

80.81 

6530. 

0.005 129 

1.588 

1.508 

1.632 

1.663 

1.819 

13 

71.96 

5178. 

0.004 067 


1.901 

2.058 

2.098 

2.294 

14 

64.08 

4107. 

0.003 225 

2.525 

2.397 

2.595 

2.645 

2.893 

15 

57.07 

3257. 

0.002 558 

3.184 

3.023 

3.273 

3.335 

3.648 

16 

50.82 

2583. 

0.002 028 

4.016 

3.812 

4.127 

4.206 

4.600 

17 

45.26 

2048. 

0.001 609 

5.064 

4.806 

5.204 

5.303 

5.800 

18 

40.30 

1624. 

0.001 276 

6.385 

6.061 

6.562 

6.687 

7.314 

19 

35.89 

1288. 



7.642 

8.275 

8.433 

9.223 

20 

31.96 

1022. 

0.000 802 3 

10.15 

9.637 

10.43 

10.63 

11.63 

21 

28.46 

810.1 

0.000 636 3 

12.80 

12.15 

13.16 

13.41 

14.66 

22 

25.35 

642.4 

0.000 504 6 

16.14 

15.32 

16.59 

16.91 

18.49 

23 

22.57 

509.5 



19.32 

20.92 

21.32 

23.32 

24 

20.10 

404.0 

0.000 317 3 

25.67 

24.37 

26.38 

26.88 

29.40 

25 

17.90 

320.4 

0.000 251 7 

32.37 

30.72 

33.27 

33.90 

37.08 

26 

15.94 

254.1 

0.000 199 6 

40.81 

38.74 

41.95 

42.75 

46.75 

27 

14.20 

201.5 

0.000 158 3 

51.47 

48.85 

52.89 

53.90 

58.96 

28 

12.64 

159.8 

0.000 125 5 

64.90 

61.60 

66.70 

67.97 

74.34 

29 

11.26 

126.7 


81.83 

77.68 

84.10 

85.71 

93.74 

30 

10.03 


0.000 078 94 

103.2 

97.95 

106.1 

108.1 

118.2 

31 

8.928 

79.70 

0.000 062 60 

130.1 

123.5 

133.7 

136.3 

149.1 

32 

7.950 

63.21 

0.000 049 64 

164.1 

155.7 

168.6 

171.9 

188.0 

33 

7.080 

50.13 

0.000 039 37 

206.9 

196.4 

212 6 

216.7 

237.0 

34 

6.305 

39.75 

0.000 031 22 

260.9 

247.6 

268.1 

273.3 

298.9 

35 

5.615 

31.52 

0.000 024 76 

329.0 

312.3 

338.1 

344.6 

376.9 

36 



0.000 019 64 

414.8 

393.8 

426.4 

434.5 

475.2 

37 

4.453 

19.83 

0.000 015 57 

523.1 

496.5 

537.6 

547.9 

599.2 

38 

3.965 

15.72 

0.000 012 35 

659.6 

626.1 

677.9 

690.9 

755.6 

39 

3.531 

12.47 

0.000 009 793 

831.8 

789.5 

854.8 

871.2 

952.8 

40 

3.145 

9.888 

0.000 007 766 

1,049.0 

995.6 

1,078. 

1,099. 

1,201. 


’Resistance at the stated temperatures of a wire whose length is 1000 feet at 20°C. 

3 88 















INDEX 


Admittance, characteristic, 223 
Amplifier, 67 
Attenuating sections, 189 
Attenuation, 63, 187, 260 
below cut-off, 309 
constant, 63, 81, 83, 84, 293 
factor, 64, 123 
line, 66 

of cylindrical wave guide, 307, 310 
minimum, 261, 311 
of filter, 160, 178 

of rectangular wave guide, 260, 288, 
293 

minimum, 260 

Balanced section, 190 
Band-elimination filter, 167 
cut-off frequencies of, 168 
design equations for, 168 
Band-pass filter, 163 
cut-off frequencies of, 165 
design equations for, 166 
Bei function, 25 
Bel, 64 

Ber function, 25 

Bessel functions, 24, 246, 297, 319, 381 
Bilateral impedance, 48 
Boundary conditions, 247 

Cable, coaxial, 6, 246 
Cable line, 81 

Calculator, transmission line, 233 
Campbell’s equation, 133 
Capacitance, 10, 12, 13, 136 
of coaxial line, 12, 330 
of concentric cylinders, 12 
of parallel wires, 10 
proximity effect on, 13 
Cartesian coordinates, Maxwell’s equa- 
tions, 3T0 

Characteristic admittance, 223 
Characteristic impedance, 57, 75, 85, 
109, 157, 180, 282, 306, 329, 337 


Characteristics of filter, 338 
Charge, electrostatic, 10 
Chart, Smith, 239 

Circle diagram for impedance matching, 
225, 233 
Circuit, 1 
dielectric, 1 
electric, 1 
magnetic, 1 

Circuital law of magnetism, 4, 370 
Circular functions, 355 
Circular mil, 17 

Coaxial cable, capacitance of, 12, 330 
comparison with wave guide, 312 
high-frequency inductance of, 9 
self-inductance of, 6, 330 
transmission, 84 

Coaxial line, capacitance of, 12, 330 
characteristic impedance of, 329 
electric field in, 328 
electromagnetic theory of, 323 
inductance of, 6, 330 
• magnetic field in, 328 
mode of transmission in, 327 
propagation constant of, 327 
Compensation theorem, 48, 52 
Components, field, 291, 302, 319 
Composite filter, 175 
Concentric cylinders, capacitance of, 12 
Conductance, leakage, 32 
shunt, 31, 135 
specific, 372 

Conduction current density, 248, 372 
Conductivity, 250, 374 
Conformal transformation, 233, 237 
Conjugate, impedance, 53 
matching, 198 

Constant, attenuation, 63, 81, 83, 293 
line, measurement of, 129 
phase, 63, 81, 83, 85, 328 
propagation, 57, 61, 64, 76, 300, 363 
wavelength, 63, 83 
Constant-fe filter, 146, 148 
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Current, conduction, density, 248, 372 
displacement, density, 248, 372 
Cut-off frequencies, of band-elimination 
filter, 168 

of band-pass filter, 165 
Cut-off frequency, 155, 165, 257, 275, 
300, 320, 327 

Cylindrical coordinates, 252 
Maxwell’s equations in, 374 
Cylindrical wave guide, see Wave guide 

Decibel, db, 65 
Delay distortion, 68 
Density, conduction current, 248, 372 
displacement current, 248, 372 
Depth of penetration, 29, 377, 380 
Designation of modes, 270, 297 
Detection, 260, 263, 266 
Detector, crystal, 266 
traveling, 266, 342 
Determinants, 39, 351 
Dielectric circuit, 1 
Direct wave, 93, 104, 106, 368 
Displacement current density, 248, 372 
Distortion, 57 
delay, 68 
frequency, 68, 82 
phase, 82 

Distortionless line, 82 
Dominant mode, 270, 313 
Dominant wave in cylindrical guides, 313 
characteristic impedance, 321 
cut-off frequency, 320 
phase velocity, 321 
wavelength, 321 

Efficiency, 138 
of high-frequency line, 139 
Electric field, in coaxial line, 328 
in cylindrical wave guide, 297, 302, 
305, 319 

in rectangular wave guide, 247, 273, 
279 

Electric field intensity, 11 
Electromagnetic theory of coaxial line, 
323 

Electrostatic charge, 10 
Electrostatic flux, 10 
Equivalent v section, 37, 333 
Equivalent T section, 37, 128, 333 


Excitation, 263 
modes of, 249, 263, 265 
Experiments, 333 

Factor, attenuation, 123 
reflection, 122, 211 
Faraday’s law, 373 
Ferranti effect, 98, 337 
Field components, 291, 302, 319 
Field configuration, 246, 253 
in cylindrical guides, 303 
in rectangular guides, 253 
Field distribution, 247 
E and H , 249 

electromagnetic, properties of, 247 
intensity, electric, 11 
translation, 237 
Filter, attenuation of, 160 
band-elimination, 167 
band-pass, 163 

characteristic impedance of, 157, 338 
characteristics of, 338 
constant-/:, 146, 148 
characteristic impedance, 157, 158 
cut-off frequency, 156 
composite, 175 

illustrative design of, 185 
effect of resistance in, 168 
high-pass, 147, 157, 257 
constant-/:, 158 

characteristic impedance, 157, 158 
cut-off frequency, 156 
m-derived, 179 

characteristic impedance, 180-181 
cut-off frequency, 177 
impedance, 157 
low-pass, 146, 156 
constant-/:, 158 

characteristic impedance, 157, 158 
cut-off frequency, 156 
m-derived, 177 

characteristic impedance, 180, 181 
cut-off frequency, 177 
m-derived, 175, 177, 179 
characteristic impedance of, 180, 
181 

cut-off frequencies, 176, 177 
high-pass, 179 
low pass, 177 
phase shift in, 160 
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Filter, m-derived, v section, 147 
prototype, 148 

rejection, single frequency, 169 
T section, 147 
Flux, electrostatic, 10 
Flux linkage, 2 
Fourier series, 344 
Four-terminal network, 43 
Free space, permeability, 3 
permittivity, 11 

Frequency, cut-off, 155, 165, 257, 276, 
300, 320, 327 

Frequency distortion, 68, 82 
Functions, bei, 25 
ber, 25 

Bessel, 24, 246, 297, 319, 381 
circular, 355 
Hankel, 386 
hyperbolic, 355, 389 

Gain, 67 
reflection, 122 
Group velocity, 287 
Guide, wave, see Wave guide 

Half-section, terminating, 182 
Half-wavelength line, 209 
Hankel functions, 386 
High-frequency inductance, 6 
High-frequency line, 108 
efficiency of, 139 
half-wavelength, 209 
quarter-wavelength, 205, 209 
High-frequency resistance, 28 
of parallel conductors, 30 
of coaxial line, 30 
High-pass filter, 147, 157, 257, 301 
Hyperbolic functions, 355 
table of, 389 
Hyperbolic radian, 78 
H pad, 189 

Ideal transformer, 121 
Impedance, bilateral, 48 
characteristic, 57, 75, 85, 109, 157, 180, 
282, 306, 329, 337 
of filter, 157, 180 
conjugate, 53 
half-wavelength, 112 
input, 96, 109 


Impedance, intrinsic, 291, 380 
iterative, 58 
linear, 48 
matched, 120 

matching, 98, 182, 198, 210, 225, 230, 339 
of filter, 157 

open-circuit, 41, 59, 104, 110 
output, 42 

quarter-wavelength, 112 
sending-end, 96 
series, 58, 71 

short-circuit, 41, 59, 106, 110, 113 
shunt, 58, 71 
surge, 75 
transfer, 96 

transformation of, 189, 192, 198, 233, 
339 

transformer, 205, 210 
Inductance, 2, 135, 330 
definition of, 5 
external, 4 
high-frequency, 6 
internal, 2 
of coaxial cable, 6 
of coaxial line, 330 
of parallel wires, 5 
self-, 2, 26 

Infinite line, 57, 71, 335 
Input impedance, 96 
lossless line, 109 
open-circuit line, 96 
short-circuit line, 97 
Insertion loss, 123 
Intensity, electric field, 11 
Intrinsic impedance, 291, 380 
Iris, 342 

Iterative impedance, 58 

Kirchhoff’s law, 36, 38 
Klystron, 266 

Lattice network, 44 
Law, circuital, of magnetism, 4 
Faraday’s, 373 
Kirchhoff’s, 36, 38 
line integral, 376 
Maxwell’s, first, 370, 375 
second, 373, 377 
Ohm’s, 36 

Leakage conductance, 32 
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lime, attenuation, 66 
cable, 81 
coaxial, 323 
constants, 135 
correctly terminated, 57 
distortionless, 82 
half-wavelength, 209 
high-frequency, 108 
infinite, 57, 71, 335 
open-circuit, 91, 102, 336 
power, 135 

quarter-wavelength, 112, 205, 209 
high-frequency, 205 
short, 32 

short-circuit, 91, 105, 336 
transmission, representation of, 32 
Linear, impedance, 48 
transformation, 234 
Line integral law, 376 
Linkage, flux, 2 
Loading, 84, 86, 132 
coils, 89 
effect of, 86 

Longitudinal wave, 313 
Loop equations, 351 
Loss, insertion, 123 
reflection, 122, 123 
Low-pass filter, 146, 156 
L section, 192 

Magnetic circuit, 1 
Magnetic field, in coaxial line, 328 
in cylindrical guide, 297, 302, 319 
in rectangular guide, 247, 278 
Magnetic potential drop, 372, 375 
Magnetism, circuital law of, 4, 370 
Match, reflection, 189 
Matched impedance, 120 
Matching, conjugate, 198 
graphical treatment of, 98 
impedance, circle diagram method, 225 
mathematical treatment, 210 
networks, 198 

terminating half-sections, 182 
two-stub method, 230 
Matching stubs, 210, 227, 240, 339 
circle diagram method, 228, 230 
mathematical treatment, 210 
two-stub method, 230 
Maximum power transfer theorem, 48, 52 


Maxwell’s equations, 246, 270, 370 
Cartesian coordinates, in, 370 
cylindrical coordinates, in, 374 
first law, 370, 375 
second law, 373, 377 
Af -derived filter, 175 
high-pass, 179 
low-pass, 177 

Mode, designation of, 270, 297 
dominant, 270, 313 
Mode of excitation, 249 
designation of, 270, 297 
Mode of transmission, 251, 253, 254, 
270, 327 

Neper, 63 
Networks, 36 
four-terminal, 43 
lattice, 44 
matching, 198 
theorems of, 48 
three-terminal, 36 
transformation of, 40 

Ohm’s law, 36 

Open circuit, distance to, 115 
Open-circuit impedance, 41, 59, 96, 104 
Open-circuit line, 91, 102, 336, 368 
Optimum size wave guide, 311 
Output impedance, 42 

Parallel wires, capacitance of, 10 
self-inductance of, 5 
Parameter, 1 

capacitance, 1, 10, 12, 13, 136 
conductance, 1, 32 
determination of, 129 
distributed, 71 
inductance, 1, 2, 135 
resistance, 1, 17 
Pass band, 148 
criteria of, 148 

Penetration, depth of, 29, 377 
Permeability, 3, 20 
of free space, 3, 374 
relative, 3, 374 
Permittivity, 11 
of free space, 11, 374 
relative, 11, 374 

Phase, constant, 63, 81, 83, 85, 328 
distortion, 82 





